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1 Introduction

This supplement gives derivatives and other details concerning the Edgeworth expansion of
estimators in the exploratory factor analysis model.

2 Derivatives of the Quartic Rotation Criterion in Factor
Analysis

The first four derivatives of the quartic criteria in (25) are the following:

DY) = 4V L) Ny W (7, ®7,),
Dglm,.,; = 4dvec[Ny, W (7 ®7y) , mp, mp]
+8 (YA @ Limp) W7 (75 @ L)
D(QB?)’YAW&*‘/& = 16dvec {(Nyp ® Lyy) vec [W* (v, @ Lp)] , mp, m*p” }

+8 (vA ® L,p) W*, and

(4

N A s 8 dvec{ [(Imp ® 2Ny ® Imp) + (I(m2p2_’mp) & Imp)}

x vec (W™) , mp, mgpg},

where W* = N,,,, WN,,,,, and N, is defined in Corollary 1.1. All higher-order derivatives are
Z€ro.

3 Derivatives of the Constraint Function in Factor Analysis

The covariance structure, from (28), is

, E=AT,, U=L,—A% 0=(7 ¢ X o),

vy = vecI'y, A is the p-vector that contains the diagonal components of A, ¢ contains the distinct
1
correlation coefficients in ®, o4 contains the p diagonal components of ()7, and 1, is a p-vector
1

of ones. The vectors A, ¢, and oy are related to the matrices A, ®, and (X)3 as follows:

L, vecA =X, vecA =Ly,
Lo
§Lm vece® = ¢, vec® =L, ¢+ vecl,,,

1 1
L, 5, vec (2)3 = 04, and vec (X)7 = Ly 2104, where



def = N om—i)(i—1) . . m(m — 1
Lm:ZZ (rgemyel, p=Em=00ZD ;0 _mm—1)

2

and Ly, 21 is defined in (3).

Partition @ in
0 = (g;) . where 6, = <7¢j> and 0y = <3;> .

The dimensions associated with @, 81, and @ can be arranged as follows:

mp
1
- | gm(m—1) _ 1 _ C mp
k= » , k—mp+2m(m 1)+2p, ki = Lnm — 1))
p
1 . D
klzmp+ gm(m—l), ko = D N and k2:2p
The constraint function in (28) depends solely on 67 and is
g(01) = 0, where
g1(01)
0 =
g( 1) <g2(01)) ’
81(01) = A (L2 — (I, ® ®) Lyn 22] (T ® L) Ly DY,

g22(01) = L;_ﬂ vec (T ®TY)) — 1,

A is defined in (27), and Ly, 2; is defined in (3). The dimension of g is g x 1, where
q =m(m — 1) + p. The dimension of the i*" component of g is ¢; x 1, where

()5 )

Denote the identified parameters as 7, where
_(T1 _ _ _ _ R
T = <T), T1=G01, vi=k—q, T2=02 2=k, vV2=ko,
2

and G is any k x v; semiorthogonal matrix that satisfies R(G) = N (D(gl;,

with respect to 81 can be written as

DM _ (1) /
g,G/ - Z Z Ei qD o' ; Ejl,l'q’

=1 j71=1 !

2

2 2

2 . Y

ge’ o, = => > D E qD 0, .0 (Ejl,kl ®Ej2,k1) ;
Jo=1

1,52
=1 j71=1

2

2 2
D(3 b oo Z S8 ZlE 7qu“ o

1]2’01
i=1 j1=1j2=1j3

1,53
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) The derivatives of g

’
(Ej17k1 ® Ej27k1 ® Ej37k1) ; and
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DY

g,e/e'e/e/—ZZZZZEW 8171;19/ 0% 550

1,527 1,377 1,54
=1 j1=1j2=1js=1js=1

’
X (Ej17k1 ® Ejz ky ® EJ% ky ® EJ4 kl) ’

The nonzero components of the above derivatives are the following:

1 1
DVg = Al — (L@ ®) Lzl Uy (T @ Ty DG, )
2
+A (L2 = (T @ @) Lyn,22] Lo ) (T @ TH) DG,
Lips = (In,®vecl,®L,),
D(gll)§9/1,2 = —Alp, m)Imm 3 [Lm @ Lyn,22 (I, @ TY) D(Ql;)»h )
Imm,3 = (Im ®vecl,, ® Im) ;
1
D<g2{9,1 L= 2, (MhesL,),
DY, = L, (T\®T,)L
g2;07 , p,21 A A ms
(2) _ (2)
Dg1;9i,1791,1 = Al = (In @ ®) Lin 22 {I;npﬁ (Imp ® I(m,p)DQ;nn&) 2Nomp
/ (3)
+I(m,m) (Im ® F )DQ 'YA)'YA)’YX}
(2) _ ’ ’ (2)
Dgl;e’l,lﬂ’l,z = Al 3{ [Lm’” (I ®T3) Dy, v @ L }
+ |:Lm,22]::np73 ( mp ® I(m p)D(l) ) ® Lm:| }
2
D(gz);e’l,lﬂ’l,l = 2L, (L, @ vec® O L) (L) @ Lnp)
2 1
Doy o, = 2Ly (L@ veeL, @T) (g @ L)

3) _ (3)
Dg1;0’111,0’111,0’111 = A [Im2 - (Im ® (I)) Lm,22] {I;np,B (Imp ® I(m,p)DQ ’hx’hx’h)
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X [(2Nmp @ Innp) + Lin2p2,mp) | + Lim,m) Im @ T )Dg)v AN '7/\}
D(gi);ea,l,eg,l,eg,2 = —AL,, 3{ { m.22Lp 5 ( mp & I<m,p>D(Q2)7 A ) 2Nmp ® Lm}
+ [Lm722 (In ®T%) DS),“ s @ L } }
D(g?;ei, 01,0, 2L, 5, (I, ® vec I, @ veel, @ 1) (T p) © Lin @ Inyp)
Dg);e;,l,e;,l,e;,l,e;,l = AL,y - (I, ®®)Ly2»]I,,; (Imp ® I(m7p>Dgl;)m'r;rr&ﬁ&) {Im4”4

+I(m3p37mp) [Im4p4 + (Imp ® I(mp7m2p2)) (Imp ® 2Ny ® Imp)] }, and
(4) _ (3)
Dgl;G’IJ ,0’11] ,0’11] ,0’112 - AImm 3{ |:Lm 22Imp 3 (Imp ® I(m,p)DQWM’Y&ﬁ/}\)

X (I(mzpz)mp) (Imp ® 2Nmp) + Imaps) (39 Lm:|

Qi YA YA YA

n [Lm,zz (L, ® T,) D , @ Ly, }}

4 Derivatives of X in Factor Analysis

Recall that X is parameterized as 3(0), where

0. T ) mp

0= O | | @ with dimensions k = zm(m —1) ,
05, A p
0,. (of) p

where the * subscript is employed to distinguish between

A
0, = (Z;\) and 61, = 7, and between 6y = (Ud> and 9, = ¢.

The first three derivatives of vec X can be written as

(1) ZDO' HA Es k’

2) '
Da' 0.0 — ZDU 0.,.0, ( k®Et,k) ; and

s=1t=1



4 4 4
(3) _ 3) '
DG;G',G/,G’ - Z Z Z DU;BQ*,GQ*,G;* (Es,k ® Et,k ® Eu,k) :

s=1t=1u=1

The nonzero components of the derivatives are as follows:

D(l)

.0’
o301,

D(l)

D(2)

-0’ ’
0701*703*

D®

.0’ /
00,0,

D@

. ’
0702*703*

D@

. ’
00,0,

D®

-0’ /
0703*703*

D(3)

7;01.,01..65.
D(3)

.0’ U ’
0;61,,01..03,

D(3)

.0’ U !
0;61,,01,.04,

N, ((2)FATA@ & (D)5A).

ON, :(z)gA © vec'L, ® ()7 AT (T @ L)

ON, :(z)gA ® vec'l, ® @g} 2N, (Tx® ®1L,) ® Ly1],
9N, :(z)é ® vec'l, ® Ip} 2N, (ATA® ® A) © L,.21],
9N, :(E)L%AI‘X @ ved Ty @1, (Lin @ L),

9N, :(E)L%AI‘X ® vec'(ATy) ® Ip} (L © Lp21),

r 1 1
2N, [(2)F @ ve (DA@T —1,) © ()3 (Lpo1 ® Lyot),
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r_.1
N, [(2)2 ® vedI, ® Ip} (2N, [A (TA®T), — 1) @ L] Ly21 ® Ly},

2N, (I, ® ve¢ A ® I,) (Lp 21 @ Ly 21) ,

1 1
2N, [(2)3A @ vec'Ly, @ ()3 A & vec'Ln| [Lnp) © Lmzpam) (Ln) @ L)) -

2N, [(Z)5A @ vec'T, @ (2)5]

x [2N, (I, @ vec' @ @ 1)) (L) @ Lnp) @ Ly 21]

2N, [(£)F @ vecT, @ L] [2N, (A @ vec'® @ A) (T ) @ Lnp) @ L1
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1 1
DErS;)B’ 05,04, 2N, [(E)BA ® vec'l, ® (E)[z)}

150Y 25

x [2N, (I, @ vec'I,, ® T'y) (I(m)p) ®Ly,) ® Lyoi],

3 1

DSy o 0 = 2N, [(2),_.2, ® ved'I, ® Ip} [2N,, (A @ vec'T,, ® ATY) (Imp) ® Lin) @ Lyaa] ,
3 1 1

Dy o0, = 2N [(B)F @ vedT, @ vecLy, (B)3 ] (Tyepe) ©12)

X 2N, Th® ®1,) ® Ly @ Ly 1],
Dgfg;)e’l*ﬂé*ﬁi* = 2N, [(E)L%, ® vec'I, ® Ip] {QNZ, (A ®@vedI, ®1,)
% 2N, (T2 @ © 1) © Ty 21] © Lo },
D o o = 2N, (L@ vedT, @vedl, @ L) (T2 o) @ L2)
X 2N, (AT\® ® A) ® Ly 21 ® Ly, 211,
Df;)eg*,ag*,eg* = 2N, [(E)D% ® vec'L, ® vec'T, ® (Z)Dﬂ (Lp2,p2) @ 12)

X [(TA®@T\) Ly, @ Lo ® Ly o1],

3 1

DY o o = 2N, [(2)5 ® vec'l, ® I,,} 2N, (AT @ vec'Ty @ 1) (L ® Lp21) @ Ly.a1]
3

DYy o o = 2N, (L@ vedT, @ vecT, @1,)

X (I(pz)p2) (24 Ip2) [(AI‘A X AI‘A) L, ® Lpﬁgl ® Lpﬁgl] ,

1
Dgrg;)e’ 0;,.0,, 2N, [(2)1:2) ® vec'l, ® IP]

3% 27 3%

X {2Np [Ip X VeC/ (I‘)\‘I’I‘S\ — Ip) (24 Ip] (Lp121 X Lpﬁgl) (24 Lp721} s and

DYy o o = 2Ny (L@ vecl, @ vec'L, @ ) (L2 42 © Lz

3519440

X {2Np [A (FA‘I’F/A - Ip) ® Ip] Lp,21 ® Lp,21 ® Lp721} )

where Ly, 21 is defined in (3), and L, is defined in §3 of this supplement. Permutations of the
above derivatives also are required. For example,

@ _p® @ _n®
Dg6,.0,. = Door. 0, Y02 Doy o, 01, = Doy 010, (Tn @Toin)

(3) _1®
and DU;eé*,0&*70,1* B Dg;ei*’gllweé*:[(k%k%)'
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Derivatives of vec ¥ with respect to the identified parameter 7 can be computed as

1) 1) 1)
Dl(T;T/ = D(o-;B/D(G;T”
(2) _ (2) (1) (1) (1) 1(2)
lo e 0 DU;B/,G’ (DH Heald ® D ) Do- B/DH T
(3) _ (3) (1) (1) (1)
Do’;T/,T/,T’ - Do- ;07,0'.,6’ (DO;T’ ® DB;T’ ® D )

+D} 4 (DS

o' T

' ® Dél;l,) Jo1,u D(l) Dy,

(21 0 %

where derivatives of 8 with respect to 7 are given in Theorem 2, derivatives of g with respect to 64
are given in §3 of this supplement, and Js; , is defined in Corollary 1.1.

5 Derivatives of the Log Likelihood Function in Factor

Analysis

If £ is the Wishart log likelihood function, then expressions for the derivatives of £ and for Z; and

K, are the following:

1 <1>

\/_
Z, =
K, =

(2) -

LT,

5\
=

Z, =

Ky =

_D(g) Y
\/ﬁ LT, 7T

_Dfrl)-;’\/—(s - 0')7

1.
5135}3;/\/5(5_0),

VR0 p

1
0D, + I8 L e (2 e =) Vs o)
~Bow DY @ va(s— o),

D L (57 @5 Vals - o)] - By D, @ vis - o)

lporpom o f

2 o' " oT
Vvaby, (D ( M, @D, ) IN,
_/mD ( 2 DY ) N, - Vg 5@

o, 2 o' o T

50 oo Y ) _
+ VeCDa';‘r/ ® Do’;‘r/ (IPV ® I(Pap) ® IP) IV ® Da';‘r/ ® \/ﬁ (S 0')



Zs

K3

K4

jjg)'l;)‘r"

<o (1)

+Dg;r {Dt(fl;)‘r’ ©2N, (I, @ vee ™' ® T,)’ |:D571;)‘r/ ®Vn(s— 0')} }

DY Lo (3 o E )il o)]

o7, 7,7’

DY) (LS '@veestoxl)

% |(L D)) 2N, @ Vi (s — o)

B, [Df;,ﬁ, V(s — 0')} ,

DY DD Y (1 o1 I,)|L®D
vecD, , @D, ", (pl/® (p,p) @ p) v ®

+BiY, {DS})T, ©2N, (I, @ vee X ® T,) [ij;)f, ® Vi (s — a’)} }

o,T,7,7

D e (e SV (s o))

@V (s— o)

Details—9

D (Lo loveS losl) {(Iu ® DS};L,) ON, ® v/ (s — o')}

(1) [

B, DY @ V(s - )], and

jjt(:;)‘li/ (Dz(fl)-r’ T/ o,

_lparpe

2 o' "o, T and

2] D YN PR {(2—1 BveeE 1) (D(l)

o,/

o,

2b-(l)/ (D(2)

o,/

»DW )Jﬂ _1poer
o1’ i 2

o', T’ ; o,T,7,7

DY) (= @vee S @veeT @ %Y (DY), @ DY), @D

{21, ,2) + 312, +4(N, @ L,)}

l (2)r

() Ly
2DO';T,T/I(p27V) (Da;‘r’,‘r’ ® IV) J21xV - §D0';T/D0';‘r’,‘r/,‘r/7

(2_1 @vecE ' ® 2_1) D)

o,

®D) ) 2N, -DY) (L, @D,

(Il,z ® 155,11,) Jor,

)

® D,(,-ll,-/) ® Iu} J21,u
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b, = (3 'es )DL,
bff?‘r',‘r' = (271 & zil)Dt(f;).’./_’T/,

J21, is defined in Corollary 1.1, s = vec S, and S is defined in (29).

6 Expressions for Cumulant Functions in Factor Analysis
Under Normality

The quantities w; for ¢ = 1,2,3,4,6 in Corollary 4.2 can be written as follows:

wp = %agvec (I;) - %V'Dg)_,_,ﬁ,vec (T;l),
w = wi—2tr DU (Ve ) (1 - Ps)DY), (aw )]

+a'l; Agvee (L) +4tr [Pe (EV®L,) (I, — Ps)N, (EV QL)

1 _ . _
—52T 4D DY) vee (I,)

o;T!

1 . _
+5tr DY, (T2 — P2)DY), (aa @ T,

2 o,

+tr [AQD“)’ (Vexs) DS}T,} - %V’Dﬁl,,,ag

o’

_%vaS;L,yT,_T, [a@vee (1)) + évfngf;,_,, (L' L") DEL v
_%vfnfg,ﬁ, vee (I, DY), (Vo= DY T - BY . (an ']}

gy [D(l)' D?, (a® AQ)} + [vec(VEV)]' (Lz — Pg)D., _vec (T; 1)

o' "o, T

1 __ ; __ 1 _
+vDY . [ae L DL DY), vee (L] + 5 tr [AT AsL]

o',/ o,/

1 N e
_5 |:VeC (I_’.l):| D‘(TQ;)_’/./J./ (Ip2 — PE)D(O?;)T/,T/ (a ® a)7

3 _
wg = _§V/Dt(72;)‘r’,‘r" (a®a)+ 32T, AsIa +tr(ZV)?,
wy = dwiws— 6v’DE,2;)_r/7_r, [a ® T;lD‘(,l;)_;, Vec(VEV)]

+12 [vec(VEV)]’ DY A,T,a+ 12a'T,AoT, Aol a

o;T!
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—12v'D?

oirrar [A© AgLral +3tr(ZV)* — 2V’DS’;)T,7_,_,7_,_, (a®a® a)
—6a’i.,.A2DE,1;)_;,f)t(,2;)_,_/7_,_, (a®a)+4a'T, A3 [La ® La}
+3vD? {a ® T;lD(l.),f/b@) (a® a)}

o7, o; o7/,

+3v'D? (aa’ ® i.,__l) D, v

o, o/,

we = IOwg,
1 1 _ .

Py = 5D§};L,171D§}3T’,, a=1,Dg, v=DVa

V = dvec(v,p,p), as= (T;l®i_,__1) Dg.rr, Ag=dvec(ag,v,v),
——1 =1 =1 9

az = (I_,_ I oI )Dﬁ;-r,-r,-ra As = dvec(as, v, v°),

and DS)_,_, and Df) 1+ are defined in §5 of this supplement. The quantity Py is the projection

-

operator that projects onto R(DS)T,) along N(DS)_;,)

7 Expressions for Cumulant Functions in Factor Analysis
Under Arbitrary Distributions with Finite 12" Cumulant

Under the simulation conditions described in §6 of the article, the random covariance matrix can
be written as

1
S=n"'Y'MY, wheren=N—-1, M=1Iy— (N) 1n1Y, (30)

Y = 1y + Xo®PE/(S)] + Xs 0 (2)]

Qo=

3

PrE
— 1y +XC, X=(Xo Xj), c_(‘;% )(2)

and the components of the N x (p + m) matrix X are iid random variables scaled to have mean

1
zero and unit variance. The non-zero components of the diagonal matrix (X)3 are arbitrary

positive constants. Without loss of generality, (E)g can be equated to I,. The m x m matrix ® is
the matrix of correlations among the rotated factors. The components of E and ¥ are scaled such
that the matrix of correlations among the columns of Y is A = E®E' + V.

If 8 = 3(0) is a scalar, then it follows from §5 in this supplement and Theorem 4 in the article
that

Qu=t\i(s—0). Q=4 [Vi(s—o)®Va(s—o)],
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and Q3 =45 [Vn(s—o)®@Vn(s—0o)@Vn(s—o)],

where n = N — 1 and £ is a p**-vector of constants. It follows from (30) that the random @
quantities also can be written as

Qi=£vn(s"—0"), Q=46 [Vn(s"—0o")@Vn(s"—a")], (31)
and Q3 = €5 [Vn(s* — o) @ Vn(s* —o*) @ V/n(s* —o*)|, where

0 =Cl, £,=[C®C|L, £ =[CeCwC|L,

o* =vec(I), k =m +p, s* = vec(S*), and S* = n~!X’MX. Furthermore, £5 can be replace by
2Nj2 (2N ® 2Ny,) £2/8 so that €5 satisfies

€y = Nyp28y = (Ij2 @ Ni) £y = (Ni @ Ij2) £s. (32)
For later use, the following variants of £;, €2, and £3 are defined:

Ly = dvec(fy,k, k), Ly = dvec(y, k2, k), (33)

Lz = dvec(€3, k*, k%), and L} = dvec(£3, k2, k%),

where dvec(A, b, ¢) is the a x b matrix that satisfies vec(A) = vec [dvec(A, b, ¢)], provided that
vec(A) is an ab x 1 vector.

7.1 Covariance Matrix for \/n (s* — o)
Denote the i component of X by X;; and denote the r* cumulant of Xi; by k. That is,

k1 =0, Ko=1, K3= E(XZ-?’J-)7 and k4 = E(ij) -3,
etc. Also, define W, as

Z e (34)

where e; is the i*" column of I, and ei ? is the ¢*"-order Kronecker product of e; with itself. For
example, e??’ —e; Re; Re;.

Define Q95 as

Qo X Var [Vn(s* —o*)] = nE(s*s”) —no*o™. (35)
To compute the expectation, it is convenient to write S* as
o N N / / 1 XN /
S :E;;X”‘”X ZXX Négxx7 (36)

where X/ is the i row of X, and m;; is the ij*" component of M; i.e., m;; = n/N and
ms; = —1/N if i # j. Then,

**/_

N N N N
Z Z Z Z 1112m1314 X’ZlX;g ®Xi2X/i4)
1=lio=143=144=1

3|}—‘

1 2 1
= —E(X; X}, ®X;, X} )+ NE (XX ® XoX5) + %E (XX, @ X1 X5) + NE (XX, @ XoX)
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2

1
Waoks + 2Ny + o 0™'] + N2Nk + 2 ore

_ﬁ[
N N

= %ng/@; + 2Ny +no*o”,

where Wy is defined in (34). The matrix Was also can be computed as Wao = Diag[vec(I)],
where Diag(a) is a diagonal matrix whose diagonal components are a1, as, . ... It follows from the

above analysis that
NK4

922 - WWQQ + 2Nk (37)

7.2 Functions of Even Powers of \/n (s* — o)
7.2.1 E(Q?)
The expectation of Q% can be computed as

E(Q}) = £E [Va(s" = ")V (s" — o) £ = £,Q20:.

7.2.2 E(Qs)

The expectation of Q2 can be computed as
E(QQ) = £/2E [\/ﬁ (S* — 0'*) X \/ﬁ (S* — 0'*)] = £/2(.UQ2 = trace (LQQQQ) y (38)

where was = vec(a2),

and Lo is defined in (33).

7.2.3 E(Q2)

The expectation of Q3 requires fourth order moments of \/n (s* — o*). It follows from the central
limit theorem that

Vn(s®*—o*)@Vn(s*—o*)~Z+0, (nfé) , where (39)

Z ~N [w22, 2Nj2 (Q22 ® 922)] .
Accordingly, the expectation of Q3 can be computed as
E(Q3) = 4LE [\/ﬁ (s* —o*)Wn(s* —o*) @vn(s* —o*)y/n(s* — a*)'} £

= £} [woswhy + 2Nj2 (22 ® N22)] €2+ O (n71)

= [tI‘aCG(LQQQQ)]2 + 2 trace (LQQQQLQQQQ) + O (n_l) .

The O(n~1!) term is a function of kg and lower-order cumulants. The kg term is

2 k
PSS (e e Loles @ )

i=1

where e; is the i*" column of Ij,. Inclusion of this term does not change the order of accuracy of
the cumulant functions, nor does it affect the accuracy of the Edgeworth approximation.
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7.2.4 E(Q:1Qs)
Employing (39), the expectation of Q1Q3 can be computed as

F(Q1Qs) = (€1 ® £3) vee {E [V (s — o™ )W (s" — o) @ Vi (s" — ") (s* — )]}
= (£1 ® fg)l vec {QNk2 (922 & 922) + w22w/22} + O (n_l)

= trace [(5/1922 X 922) 2N 2 Lg} + w'22L3922£1 +0 (n_l) ,

where L3 is defined in (33). The O(n™!) term is a function of kg and lower-order cumulants. The
Kg term is
7’L2lig

N3

=1

(eiLie;)(e; ®e; ®e; ®e;) Li(e; ®e;),

where L is defined in (33). Inclusion of this term does not change the order of accuracy of the
cumulant functions, nor does it affect the accuracy of the Edgeworth approximation.

7.2.5 E(Q1Q2)
Employing (39), the expectation of Q3Q2 can be computed as

E(QIQ2) = (L1 ®6)E[Vn(s* —o*)vn(s* —o*) @ Vn(s* —o*)yn(s* —o*)] L
= (6, @ £1) [waawhy + 2Nj2 (D2 ® Na2)] €2 + O (1)
= trace(Lgﬂgg)E’lﬂggfl + 25’192214292261 + 0 (nil) .
The O(n~1) term is a function of kg and lower-order cumulants. The kg term is

n2’€8 / 2 ’
N3 (eiLlei) (ei & ei) Lg(ei ® ei)-
=1

Inclusion of this term does not change the order of accuracy of the cumulant functions, nor does it
affect the accuracy of the Edgeworth approximation.

7.2.6 E(QIQs)
Let Mz(t) be the moment generating function of the random vector Z ~ N(0, 232). Then,

Mz (t)
/ / N __
B(2Z 022 027 = o te 0t 8 00 00U

t=0
= [I(k‘l,k?) + (Ikz & 2Nk2)] (w22w122 & 922) [(Ikz ® 2Nk2) + I(k2,k4)}

+ [I(k4,k2) + (Ik2 ® 2Nk2)] (2Nk2 X Ik2) (922 ® Qoo ® 922) .
Employing (39), the expectation of Q3Q3 can be computed as

E(Q}Q3) = (L1 ® 4 © 1) E(ZZ' © ZZ' @ ZZ') L5+ O (n™)

= 3£/1922£1 {E;QQQL;;WZQ + trace [(5/1922 & Ik2) Lgﬂzg] + w’22L3922£1}
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+6 (€222 ® £1825) L Q221 + O (n71)

where Lz and L3 are defined in (33).

7.2.7 E(Q3Q3)

Let Mz(t) be the moment generating function of the random vector Z ~ N(0, £232). Then,

%Mz (t)
B(ZZ © 727 97 Z) —
(22 22 0 2B ) = G 9t 5 0t 8 00 & 9C oo

= [(Ik2 %] I(kz,k‘*)) “+ (Ik2 X 2Nk2 [%9] I;ﬁ)} ((4)22 X LUQQ)(U/22

+ [(Ikz ® I(kQ,k“)) + (T2 ® 2N ® Ikz)} 2N (Qa2 ® Naz ® wag) 2N 2.
Employing (39), the expectation of Q3Q3 can be computed as

E(QIQ3) = (b2 ®£:) E(ZZ' ® ZZ' ® ZRZ) (41 ®£1) + O (n™ ")
= 85’192214292214292261 =+ 4traCG(Lgﬂgg)(ﬁ&ﬂgngQggel)

+2(£/1 QQQEl) trace(QQQLQQQQLQ) + (£'1 QQQEl) [tI‘aCC(LQQQQ)]2 + 0] (7’1,71) )
where L is defined in (33).

7.2.8 1 [E(Q}) - 3E(Q})?]

Because of the multiplier n, it is not sufficient to use the asymptotic normality of
Vi (s* —o*) ® \/n(s* — o*) in (39) to compute n [E(Q?) — 3E(Q?)?]. To proceed, note that

N N
1 1
Q1 =2\/n(s*—c*)=+n N;‘/M—W;‘/M , where (40)
ko k
Z ZLLQT (Xini - 5q7~) if 1 = j,
=1r=1
Vii=9"% "%
>0 LigrXig X if i # 7,
qg=1r=1

1 ifg=r,
5qr = .
0 ifg#m,
and Lq ;; is the i7" component of Ly in (33). Note that Vj; are iid random variables for
i=1,...,N. It follows that

TLE(Q%) =E (T40 — 4751 + 619 — 4T3 + T04) , Where (41)

g9

3 N fF (N

i#j
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The expectations of T;; and like terms are functions of £; as well as the cumulants of X;;.
Specifically, the following functions of £; play important roles:

1 = I;Lgﬂlk, co = 1;€L§)2W/21E?2, c3 = tr (L®4) , Cqg=tr (L1®2) , (42)
s = 1L, c¢6=1,LY°L$% 1, ¢ = tr (LiLiLiLy), g = tr (D;LLiLy),

co = LWuLPWhl, c19 =Wy LaWhH 9% ¢ = 1, L2L,Wh £y,

ez = LLOWihey, ci3=tr (LiLY?Ly), ciq = 4 Wo LiLi W), £,

c15 = tr (L?P’) c16 = 1}€L1®31k7 c17 = tr (L1LiLy),

cig = L WouLiWhily, c19=1,LY*W)h £y,

A®" is the 7" component-wise power (i.e., 7*"-order Hadamard product) of the matrix A, Ly is
defined in (33), Wa; is defined in (34), and D is a diagonal matrix that has the same diagonal
components as L. That is,

k
} : /
D1 = eiLLiiei.
=1

Expectations of T13 and Ty, have magnitude O(n_l) or smaller and, therefore, these terms
can be dropped. The first term can be expanded as

3
E(Ti) = 17 B(NVi +4NnVEV;; + 3NnVEV3

HONT(N = 2)V3Vi; Ve + NN = 2)(N = 3)V;iVi Vi Vis )

n? 3nt 2
= FE(V;%) s [EWVD],

where i, 7, r, and s each have different values. Straightforward, but tedious, algebra reveals that

E(VZ) = cakg + 2¢1, and (43)

E(V}) = —56macsms — 36cicq + camg — 28c3mg + 420c3my — 18¢2my — 35c3m?
—240clom§ + 56003m§ — 360comy + 48m§cl4 — 240m502 + 2409m?1 — 144cqgmy
+24come + 96m3ery — 320m3cia + 96csmy + 48myce — 48mycs + 96m3cy3
+3cim3 + 8mies + 720ce — 630cs + T2c5 — 144cg + 24mascigms + 12¢1camy
+32maciams + 48¢7 4 216¢9 — 288cs + 12¢2 + 27¢2, where

m, = E(X[j),

and ¢, is defined in (42).
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The expectation of the second term in (41) can be expanded as

2 N 3 /N
E(Tn) = 7B (Zm—) > Vi

i=1 i#£]

n? N N N N N N
= WEKZ VS) ZVz‘j +3 ZVﬁij ZVz‘j + Z ViiVijVag Z%j
i=1 i i#j i i#j#g i
6n3 9
= WE (V”VJJV”) , because

E(ViVi) =0V j#kand E(V;;Vj;VegVis) =0V i £ j#g, r#s.
Straightforward, but tedious, algebra reveals that
E (Vi3V;;Vij) = croms(ms — 2ms) + 4(c1a — c10)m3 + 4(c11 — c10)m3, (44)

where ¢; is defined in (42) and m; is defined in (43).
The expectation of the third term in (41) can be expanded as

. N 2/ N
E(Tz) = 378 (Z V) > Vi
=1

i#]

n N N N N N N
_ 2 2
= i (ZV) SN ViVes |+ DoVEV | DD ViiVas
i=1 i#£j T#S i£] i#j r#s
= %E [ANnVV 4+ 2Nn(N = 2)VEV,2 4+ ANnV;; Vi3 Vi3 + 8Nn(N — 2) ViV Vie Vi |
2n2(N — 2
= 2T 2 B (VEVE 4 ViV, Vi) + 0 (7).

Straightforward, but tedious, algebra reveals that

E(Vé) = ¢, and

E (ViiVi;Vi;Vik) = cuam3,

where ¢; is defined in (42) and m; is defined in (43).
Further algebra, together with (43), (44), and (45), reveals that

n [E(Q]) —3E(Q])?] = csks + 24cokg + 32k3k5012 + 8K3 (5 + 3cg) (45)

+48k4(ce + 2¢8) + 96&%013 +48c7 + O (nfl) ,

where ¢; is defined in (42) and m; is defined in (43).
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7.3 Functions of Odd Powers of /n (s* — o*)

Expectations of functions of odd powers of \/n (s* — o*) depend on £;, €5, and £3 through the
following functions:

di = O WoyLoWyty?, di =€ (T2 — Wap) LyWal9?, (46)
de = L WopuLoWo LiWh £y, diy =4£] (T2 — Waz) LaWa Ly W), £,
ds = € WaoLs (I @ L) Waoly, df =4£] (Iy2 — Wao) Ly (I, ® L) Wk,
di = WLy (Ijz — Wa) €52, di =€) Itz — Wao) Ly (T2 — W) €57
ds = £, WaLyvee(LiLy), di=#€ (L — Was) Lo vee (L1 L),
ds = LiWoLoWo L1y,  df = £) (T2 — Wag) LoWo LY?1,,
d7 = £ WaoLy (Wil @ Wi £y), ds = £) (T2 — Wao) Lo (Whily @ Whi#y),
ds = LyWyoly, dg=tr[Wh Lo (Whit; ®1;)], dio=tr[(D;®I;)Ls],
din = tr{(W4 (I; ®L1) @ It] (I ® Wa1) Lo},  diz = tr (WH; LoWoLy),
dis = tr[WaoLy (In ®L1)], dis = tr[(Ix ® Ly) Ly],
dis = trace(Waoolsa), dig = trace (La),

D; is defined in (42), W31 and Wy, are defined in (34), and Ly and Ly are defined in (33).

7.3.1 E(Q:1Q2)

Using (32), it can be shown that Q2 can be written as

Q2= [Va(s" —o") @ Vi (s" — o) (47)

Zzwijy‘—gzzwﬁgﬂLpZZ%m )

i=1 j=1 =1 f#g i#i 79
k ok k
where Vijtq = Z Z Z Z e, ®e.) Ly(es®e;) Rijrg,
g=1r=1s=1t=1
(Xinir — 5q7«) (stXft — 551&) le = j and f =49,
Ror — (XigXir — 0gr) Xrs Xt ifi=7jand f # g,
TN Xig X (X g X g0 — 6st) ifi#jand f =g,
Xinerstgt if i 7é.7 and f 7é 9,

Sqr is defined in (40), e, is the ¢*® column of I, and Ly is defined in (33). It is readily shown that
E(Vijzg) = E(Vigij) = E(Vijgs) = E(Vjigg) ¥ 4,5, . 9,
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E (Viij;) = E (Viigg) = E(Vijgg) = E(Vijis) =0V i#j # [ # 9,
E (‘/”“) = tr (WQQLQ) K4 + 2 tI‘(LQ), and (48)

E (Vijij) = tr(La).

Note that o
n n n
E(Q2) = WE <N‘/;l” + W%ﬁj) = N tr(WagLio)ky + 2tr(L2),

which matches the result in §7.2.1.
Using (47) and (40), the expectation of /nQ1Q2 can be written as

VnE (Q1Q2)

2 L& N N g N T
ZFE Z‘/ii_ﬁz‘/ij sziijj—ﬁzzviifg“"ﬁzzwijfg
i=1 j=1

i=1 i#] i=1 f#g i#5 [#9

2 4N SN
= %E NViiViiii = ANViiVijij + —=ViViji — 2NVijViijj + —=Vi;jViiis
AN SN(N — 2)
_Fvij‘/ijij B — Vij Vikji
n2 —1
= mE [ViiViiis — 4ViiVijij; — 2VijViigs) + O (n™1)

Straightforward, but tedious, algebra reveals that

+4(d11 — ds)m3 + 2(d12 — ds)m3 + 8(dys — ds)(ms — 1)
+8(d1a — d1o — 2d13 + 2dg),
E(ViViji) = doms,
E (VijViij;) = dirm3,
where m,. is defined in (43) and dy is defined in (46). Further algebra reveals that
VIE (Q1Q2) = dske + 4k4(dio + 2d13) + 4dy1k5 + 8dis + O (n71) . (50)

7.3.2 E(Q?)
It follows from (40) that

3

LN
VnE (Q7 = 2E ZVii_EZVij

i=1 i£]
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n2 N N N 3 N N
= B2V Y VAV + DD VaVigVer = S DY ViEV,
=1

i#j i G =1 f#g

3 NN 3 N N ] NN
—e D VaViVag g DD D VidVigVes = o D0 D0 D Vi VigVis

i#] f#g i=1 f#gr#s i£] fFgr#s

2
= 2B (Vi =6V, Vi) +.0 (7).

because the remaining terms have expectation zero or are O(n~1). Straightforward, but tedious,
algebra reveals that

E (Vj) = c15(me — 3my +2) + 6(c1z — c15)m3 + 12(c19 — c15)(ma — 1) (51)
+4(c16 — c15)m3 + 8(c17 — 3e1g + 2¢15), and

E (ViVj;Vij) = cism3.
Further algebra reveals that

VIE (QF) = 15k + 12c19k4 + 4c16k3 + 8c1r + O (1) (52)

7.3.3 E(Q1Q2)
It follows from (40) that

ViE (Q7Q2)
n3 N 1 & S IN N g NN L NN
= ZVii—gZVz‘j Zzwz‘jj—ﬁzzwﬁg_ymzzvijm
- i == i=1 %9 i#) 179

Most of the terms in /nE (Q?Qg) are smaller than O(n~!) and can be dropped. The remaining
terms are given below:

7’L4

VIE (Q1Q2) = N1 [E (Vi) E (Viass) + 6E (Vi3V} Viiji) + 3E (Vi) E (VidViaui)]
12n3(N — 2) )
———r— B (Vid) E(ViVijip) + B (ViVy3Vis Vg )]

6n3(N — 2) _
1 (B (Vi) B (ViViisg) + 4B (VaVi; Vi Viigs) + B (ViVi Vig) E (Vi) + O (7).
Straightforward, but tedious, algebra reveals that

E (ViVi;Viig;) = ldi(my— 1)+ 2d}] (mg — 3my + 2) (53)
+4[(dy — dy) (myg — 1) + 2(d5 — d})] m3

+8[(ds — d1) (ma — 1) +2(d3 — d7)] (ma — 1)
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48[(ds — 2ds — dg + 2dy) (ma — 1) + 2(dE — 2d5 — s + 2d7))]
+4[(de — d1) (ma — 1) +2(dg — d7)] (m4 — 1)

+2[(dr — d1) (mq — 1) + 2(d; — d7)] m3,

E(ViVjji;) = doms,

E (ViViiViViigs) = [(d7r — di) (k4 + 2) + 2(d5 — d})] m3,
E (VijViij;) = diam3,

E(ViVijVifVigs) = [da(ka + 2) + 2d3) m3,

where d, and df are defined in (46). Further algebra reveals that
VIE (Q3Q2) = (c15d15 + 3cads + 6dy ) kg ka (54)
2[6(dy + d}) + 3c1ds + ci5dig) ke
+12 [4d3 + 2(cadi3 + dg) + cadig + crodys] K3
+4 [e16dis + 6(da + di) + 3cadir] Kars
+8[6(ds + ds + dg + c1d13) + 12(d3 + d3) + 3(c19d16 + cadia + c1dio) + c17d15] Ka
+8[6(dy + df +dy + d}) + 3erdyy + cr6dig) K3

+16 [301d14 + 6(d5 + dg) + Cl7d16] +0 (nil) ,

where ¢, is defined in (42) and d; and d; are defined in (46).



