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1 Introduction

This supplement gives derivatives and other details concerning the Edgeworth expansion of
estimators in the exploratory factor analysis model.

2 Derivatives of the Quartic Rotation Criterion in Factor

Analysis

The first four derivatives of the quartic criteria in (25) are the following:

D
(1)
Q;γλ

= 4 (γ ′
λ ⊗ Imp)NmpW (γλ ⊗ γλ) ,

D
(2)
Q;γλ,γ′

λ

= 4 dvec [NmpW (γλ ⊗ γλ) , mp, mp]

+8 (γ′
λ ⊗ Imp)W

∗ (γλ ⊗ Imp) ,

D
(3)
Q;γλ,γ′

λ
,γ′

λ

= 16 dvec
{

(Nmp ⊗ Imp) vec [W∗ (γλ ⊗ Imp)] , mp, m2p2
}

+8 (γ′
λ ⊗ Imp)W

∗, and

D
(4)
Q;γλ,γ′

λ
,γ′

λ
,γ′

λ

= 8 dvec
{

[

(Imp ⊗ 2Nmp ⊗ Imp) +
(

I(m2p2,mp) ⊗ Imp

)]

× vec (W∗) , mp, m3p3
}

,

where W∗ = NmpWNmp and Nmp is defined in Corollary 1.1. All higher-order derivatives are
zero.

3 Derivatives of the Constraint Function in Factor Analysis

The covariance structure, from (28), is

Σ = Σ(θ) = (Σ)
1

2

D∆(Σ)
1

2

D , where

∆ = ΞΦΞ′ + Ψ, Ξ = ΛΓλ, Ψ = Ip −Λ2, θ =
(

γ′
λ φ′ λ′ σd

′
)′

,

γλ = vecΓλ, λ is the p-vector that contains the diagonal components of Λ, φ contains the distinct

correlation coefficients in Φ, σd contains the p diagonal components of (Σ)
1

2

D , and 1p is a p-vector

of ones. The vectors λ, φ, and σd are related to the matrices Λ, Φ, and (Σ)
1

2

D as follows:

L′
p,21 vecΛ = λ, vecΛ = Lp,21λ,

1

2
L′

m vecΦ = φ, vecΦ = Lmφ + vec Im,

L′
p,21 vec (Σ)

1

2

D = σd, and vec (Σ)
1

2

D = Lp,21σd, where
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Lm
def
=

m
∑

i=1

m
∑

j=i+1

2Nm

(

em
i ⊗ em

j

)

ed′
h , h =

(2m − i)(i − 1)

2
+ j − i, d =

m(m − 1)

2

and Lp,21 is defined in (3).
Partition θ in

θ =

(

θ1

θ2

)

, where θ1 =

(

γλ

φ

)

and θ2 =

(

λ

σd

)

.

The dimensions associated with θ, θ1, and θ2 can be arranged as follows:

k̇ =









mp
1
2m(m − 1)

p
p









, k = mp +
1

2
m(m − 1) + 2p, k̇1 =

(

mp
1
2m(m − 1)

)

,

k1 = mp +
1

2
m(m − 1), k̇2 =

(

p
p

)

, and k2 = 2p.

The constraint function in (28) depends solely on θ1 and is

g(θ1) = 0, where

g(θ1) =

(

g1(θ1)
g2(θ1)

)

,

g1(θ1) = A [Im2 − (Im ⊗Φ)Lm,22] (Γ
′
λ ⊗ Im) I(m,p)D

(1)
Q;γλ

,

g2(θ1) = L′
p,21 vec (ΓλΦΓ′

λ) − 1p,

A is defined in (27), and Lp,21 is defined in (3). The dimension of g is q × 1, where
q = m(m − 1) + p. The dimension of the ith component of g is qi × 1, where

q̇
def
=

(

q1

q2

)

=

(

m(m − 1)
p

)

.

Denote the identified parameters as τ , where

τ =

(

τ 1

τ 2

)

, τ 1 = G′θ1, ν1 = k1 − q, τ 2 = θ2, ν2 = k2, ν̇2 = k̇2,

and G is any k × ν1 semiorthogonal matrix that satisfies R(G) = N
(

D
(1)
g;θ′

1

)

. The derivatives of g

with respect to θ1 can be written as

D
(1)
g;θ′

1

=
2
∑

i=1

2
∑

j1=1

Ei,q̇D
(1)
gi;θ′

1,j1

E′

j1,k̇1

,

D
(2)
g;θ′

1
,θ′

1

=

2
∑

i=1

2
∑

j1=1

2
∑

j2=1

Ei,q̇D
(2)
gi;θ′

1,j1
,θ′

1,j2

(

Ej1,k̇1
⊗Ej2,k̇1

)′

,

D
(3)
g;θ′

1
,θ′

1
,θ′

1

=

2
∑

i=1

2
∑

j1=1

2
∑

j2=1

2
∑

j3=1

Ei,q̇D
(3)
gi;θ′

1,j1
,θ′

1,j2
,θ′

1,j3

(

Ej1,k̇1
⊗Ej2,k̇1

⊗Ej3,k̇1

)′

, and
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D
(4)
g;θ′

1
,θ′

1
,θ′

1
,θ′

1

=

2
∑

i=1

2
∑

j1=1

2
∑

j2=1

2
∑

j3=1

2
∑

j4=1

Ei,q̇D
(4)
gi;θ′

1,j1
,θ′

1,j2
,θ′

1,j3
,θ′

1,j4

×
(

Ej1,k̇1
⊗Ej2,k̇1

⊗Ej3,k̇1
⊗Ej4,k̇1

)′

.

The nonzero components of the above derivatives are the following:

D
(1)
g1;θ′

1,1
= A [Im2 − (Im ⊗Φ)Lm,22] I

′
mp,3

(

Imp ⊗ I(m,p)D
(1)
Q;γλ

)

+A [Im2 − (Im ⊗Φ)Lm,22] I(m,m) (Im ⊗ Γ′
λ)D

(2)
Q;γλ,γ′

λ

,

Imp,3 = (Im ⊗ vec Ip ⊗ Im) ,

D
(1)
g1;θ′

1,2
= −AI(m,m)I

′
mm,3

[

Lm ⊗ Lm,22 (Im ⊗ Γ′
λ)D

(1)
Q;γλ

]

,

Imm,3 = (Im ⊗ vec Im ⊗ Im) ,

D
(1)
g2;θ′

1,1
= 2L′

p,21 (ΓλΦ⊗ Ip) ,

D
(1)
g2;θ′

1,2
= L′

p,21 (Γλ ⊗ Γλ)Lm,

D
(2)
g1;θ′

1,1,θ′

1,1
= A [Im2 − (Im ⊗Φ)Lm,22]

{

I′mp,3

(

Imp ⊗ I(m,p)D
(2)
Q;γλ,γ′

λ

)

2Nmp

+I(m,m) (Im ⊗ Γ′
λ)D

(3)
Q;γλ,γ′

λ
,γ′

λ

}

D
(2)
g1;θ′

1,1,θ′

1,2
= −AI′mm,3

{

[

Lm,22 (Im ⊗ Γ′
λ)D

(2)
Q;γλ,γ′

λ

⊗ Lm

]

+
[

Lm,22I
′
mp,3

(

Imp ⊗ I(m,p)D
(1)
Q;γλ

)

⊗ Lm

]

}

D
(2)
g2;θ′

1,1,θ′

1,1
= 2L′

p,21 (Ip ⊗ vecΦ⊗ Ip)
′ (

I(m,p) ⊗ Imp

)

,

D
(2)
g2;θ′

1,1,θ′

1,2
= 2L′

p,21 (Ip ⊗ vec Im ⊗ Γ′
λ)

′ (
I(m,p) ⊗ Lm

)

,

D
(3)
g1;θ′

1,1,θ′

1,1,θ′

1,1
= A [Im2 − (Im ⊗Φ)Lm,22]

{

I′mp,3

(

Imp ⊗ I(m,p)D
(3)
Q;γλ,γ′

λ
,γ′

λ

)
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×
[

(2Nmp ⊗ Imp) + I(m2p2,mp)

]

+ I(m,m) (Im ⊗ Γ′
λ)D

(4)
Q;γλ,γ′

λ
,γ′

λ
,γ′

λ

}

,

D
(3)
g1;θ′

1,1,θ′

1,1,θ′

1,2
= −AI′mm,3

{

[

Lm,22I
′
mp,3

(

Imp ⊗ I(m,p)D
(2)
Q;γλ,γ′

λ

)

2Nmp ⊗ Lm

]

+
[

Lm,22 (Im ⊗ Γ′
λ)D

(3)
Q;γλ,γ′

λ
,γ′

λ

⊗ Lm

]

}

,

D
(3)
g2;θ′

1,1,θ′

1,2,θ′

1,1
= 2L′

p,21 (Ip ⊗ vec Im ⊗ vec Im ⊗ Ip)
′ (

I(m,p) ⊗ Lm ⊗ Imp

)

,

D
(4)
g1;θ′

1,1,θ′

1,1,θ′

1,1,θ′

1,1
= A [Im2 − (Im ⊗Φ)Lm,22] I

′
mp,3

(

Imp ⊗ I(m,p)D
(4)
Q;γλ,γ′

λ
,γ′

λ
,γ′

λ

){

Im4p4

+I(m3p3,mp)

[

Im4p4 +
(

Imp ⊗ I(mp,m2p2)

)

(Imp ⊗ 2Nmp ⊗ Imp)
]

}

, and

D
(4)
g1;θ′

1,1,θ′

1,1,θ′

1,1,θ′

1,2
= −AI′mm,3

{

[

Lm,22I
′
mp,3

(

Imp ⊗ I(m,p)D
(3)
Q;γλ,γ′

λ
,γ′

λ

)

×
(

I(m2p2,mp) (Imp ⊗ 2Nmp) + Im3p3

)

⊗ Lm

]

+
[

Lm,22 (Im ⊗ Γ′
λ)D

(4)
Q;γλ,γ′

λ
,γ′

λ
,γ′

λ

⊗ Lm

]

}

.

4 Derivatives of Σ in Factor Analysis

Recall that Σ is parameterized as Σ(θ), where

θ =









θ1∗

θ2∗

θ3∗

θ4∗









=









γλ

φ

λ

σd









with dimensions k̇ =









mp
1
2m(m − 1)

p
p









,

where the ∗ subscript is employed to distinguish between

θ1 =

(

γλ

φ

)

and θ1∗ = γλ and between θ2 =

(

λ

σd

)

and θ2∗ = φ.

The first three derivatives of vecΣ can be written as

D
(1)
σ;θ′ =

4
∑

s=1

D
(1)
σ;θ′

s∗
E′

s,k̇
,

D
(2)
σ;θ′,θ′ =

4
∑

s=1

4
∑

t=1

D
(2)
σ;θ′

s∗,θ′

t∗

(

Es,k̇ ⊗Et,k̇

)′

, and
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D
(3)
σ;θ′,θ′,θ′ =

4
∑

s=1

4
∑

t=1

4
∑

u=1

D
(3)
σ;θ′

s∗,θ′

t∗,θ′

u∗

(

Es,k̇ ⊗Et,k̇ ⊗Eu,k̇

)′

.

The nonzero components of the derivatives are as follows:

D
(1)
σ;θ′

1∗

= 2Np

(

(Σ)
1

2

DΛΓλΦ⊗ (Σ)
1

2

DΛ
)

,

D
(1)
σ;θ′

2∗

=
(

(Σ)
1

2

DΛΓλ ⊗ (Σ)
1

2

DΛΓλ

)

Lm,

D
(1)
σ;θ′

3∗

= 2Np

[

(Σ)
1

2

DΛ (ΓλΦΓ′
λ − Ip) ⊗ (Σ)

1

2

D

]

Lp,21,

D
(1)
σ;θ′

4∗

= 2Np

(

(Σ)
1

2

D∆⊗ Ip

)

Lp,21,

D
(2)
σ;θ′

1∗
,θ′

1∗

= 2Np

[

(Σ)
1

2

DΛ ⊗ vec′Φ ⊗ (Σ)
1

2

DΛ
]

(

I(m,p) ⊗ Imp

)

,

D
(2)
σ;θ′

1∗
,θ′

2∗

= 2Np

[

(Σ)
1

2

DΛ ⊗ vec′Im ⊗ (Σ)
1

2

DΛΓλ

]

(

I(m,p) ⊗ Lm

)

,

D
(2)
σ;θ′

1∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

DΛ ⊗ vec′Ip ⊗ (Σ)
1

2

D

]

[2Np (ΓλΦ⊗ Ip) ⊗ Lp,21] ,

D
(2)
σ;θ′

1∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]

[2Np (ΛΓλΦ⊗Λ) ⊗ Lp,21] ,

D
(2)
σ;θ′

2∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

DΛΓλ ⊗ vec′Γλ ⊗ Ip

]

(Lm ⊗ Lp,21) ,

D
(2)
σ;θ′

2∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

DΛΓλ ⊗ vec′(ΛΓλ) ⊗ Ip

]

(Lm ⊗ Lp,21) ,

D
(2)
σ;θ′

3∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′ (ΓλΦΓ′
λ − Ip) ⊗ (Σ)

1

2

D

]

(Lp,21 ⊗ Lp,21) ,

D
(2)
σ;θ′

3∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]

{2Np [Λ (ΓλΦΓ′
λ − Ip) ⊗ Ip]Lp,21 ⊗ Lp,21} ,

D
(2)
σ;θ′

4∗
,θ′

4∗

= 2Np (Ip ⊗ vec′∆⊗ Ip) (Lp,21 ⊗ Lp,21) ,

D
(3)
σ;θ′

1∗
,θ′

1∗
,θ′

2∗

= 2Np

[

(Σ)
1

2

DΛ ⊗ vec′Im ⊗ (Σ)
1

2

DΛ⊗ vec′Im

]

[

I(m,p) ⊗ I(m2p,m)

(

I(m,p) ⊗ Lm

)]

,

D
(3)
σ;θ′

1∗
,θ′

1∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

DΛ ⊗ vec′Ip ⊗ (Σ)
1

2

D

]

×
[

2Np (Ip ⊗ vec′Φ ⊗ Ip)
(

I(m,p) ⊗ Imp

)

⊗ Lp,21

]

,

D
(3)
σ;θ′

1∗
,θ′

1∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]

[

2Np (Λ ⊗ vec′Φ ⊗Λ)
(

I(m,p) ⊗ Imp

)

⊗ Lp,21

]

,
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D
(3)
σ;θ′

1∗
,θ′

2∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

DΛ ⊗ vec′Ip ⊗ (Σ)
1

2

D

]

×
[

2Np (Ip ⊗ vec′Im ⊗ Γλ)
(

I(m,p) ⊗ Lm

)

⊗ Lp,21

]

,

D
(3)
σ;θ′

1∗
,θ′

2∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]

[

2Np (Λ ⊗ vec′Im ⊗ΛΓλ)
(

I(m,p) ⊗ Lm

)

⊗ Lp,21

]

,

D
(3)
σ;θ′

1∗
,θ′

3∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ vec′Ip, (Σ)
1

2

D

]

(

I(p2,p2) ⊗ Ip2

)

× [2Np (ΓλΦ⊗ Ip) ⊗ Lp,21 ⊗ Lp,21] ,

D
(3)
σ;θ′

1∗
,θ′

3∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]{

2Np (Λ⊗ vec′Ip ⊗ Ip)

× [2Np (ΓλΦ⊗ Ip) ⊗ Lp,21] ⊗ Lp,21

}

,

D
(3)
σ;θ′

1∗
,θ′

4∗
,θ′

4∗

= 2Np (Ip ⊗ vec′Ip ⊗ vec′Ip ⊗ Ip)
(

I(p2,p2) ⊗ Ip2

)

× [2Np (ΛΓλΦ⊗Λ) ⊗ Lp,21 ⊗ Lp,21] ,

D
(3)
σ;θ′

2∗
,θ′

3∗
,θ′

3∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ vec′Ip ⊗ (Σ)
1

2

D

]

(

I(p2,p2) ⊗ Ip2

)

× [(Γλ ⊗ Γλ)Lm ⊗ Lp,21 ⊗ Lp,21] ,

D
(3)
σ;θ′

2∗
,θ′

3∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]

[2Np (ΛΓλ ⊗ vec′Γλ ⊗ Ip) (Lm ⊗ Lp,21) ⊗ Lp,21] ,

D
(3)
σ;θ′

2∗
,θ′

4∗
,θ′

4∗

= 2Np (Ip ⊗ vec′Ip ⊗ vec′Ip ⊗ Ip)

×
(

I(p2,p2) ⊗ Ip2

)

[(ΛΓλ ⊗ ΛΓλ)Lm ⊗ Lp,21 ⊗ Lp,21] ,

D
(3)
σ;θ′

3∗
,θ′

3∗
,θ′

4∗

= 2Np

[

(Σ)
1

2

D ⊗ vec′Ip ⊗ Ip

]

×{2Np [Ip ⊗ vec′ (ΓλΦΓ′
λ − Ip) ⊗ Ip] (Lp,21 ⊗ Lp,21) ⊗ Lp,21} , and

D
(3)
σ;θ′

3∗
,θ′

4∗
,θ′

4∗

= 2Np (Ip ⊗ vec′Ip ⊗ vec′Ip ⊗ Ip)
(

I(p2,p2) ⊗ Ip2

)

×{2Np [Λ (ΓλΦΓ′
λ − Ip) ⊗ Ip]Lp,21 ⊗ Lp,21 ⊗ Lp,21} ,

where Lp,21 is defined in (3), and Lm is defined in §3 of this supplement. Permutations of the
above derivatives also are required. For example,

D
(2)
σ;θ′

2∗
,θ′

1∗

= D
(2)
σ;θ′

1∗
,θ′

2∗

I(k2,k1), D
(3)
σ;θ′

1∗
,θ′

2∗
,θ′

1∗

= D
(3)
σ;θ′

1∗
,θ′

1∗
,θ′

2∗

(

Iν1
⊗ I(k2,k1)

)

,

and D
(3)
σ;θ′

2∗
,θ′

1∗
,θ′

1∗

= D
(3)
σ;θ′

1∗
,θ′

1∗
,θ′

2∗

I(k2,k2

1
).
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Derivatives of vecΣ with respect to the identified parameter τ can be computed as

D
(1)
σ;τ ′ = D

(1)
σ;θ′D

(1)
θ;τ ′ ,

D
(2)
σ;τ ′,τ ′ = D

(2)
σ;θ′,θ′

(

D
(1)
θ;τ ′ ⊗D

(1)
θ;τ ′

)

+ D
(1)
σ;θ′D

(2)
θ;τ ′,τ ′ ,

D
(3)
σ;τ ′,τ ′,τ ′ = D

(3)
σ;θ′,θ′,θ′

(

D
(1)
θ;τ ′ ⊗D

(1)
θ;τ ′ ⊗D

(1)
θ;τ ′

)

+D
(2)
σ;θ′,θ′

(

D
(2)
θ;τ ′,τ ′ ⊗D

(1)
θ;τ ′

)

J21,ν + D
(1)
σ;θ′D

(3)
θ;τ ′,τ ′,τ ′ ,

where derivatives of θ with respect to τ are given in Theorem 2, derivatives of g with respect to θ1

are given in §3 of this supplement, and J21,ν is defined in Corollary 1.1.

5 Derivatives of the Log Likelihood Function in Factor

Analysis

If L is the Wishart log likelihood function, then expressions for the derivatives of L and for Zi and
Ki are the following:

1√
n
D

(1)
L;τ =

1

2
D̈

(1)′
σ;τ ′

√
n (s− σ),

Z1 =
1

2
D̈

(1)′
σ;τ ′

√
n (s− σ),

K1 = 0,

1√
n
D

(2)
L;τ ,τ ′ = −

√
n

2
D̈

(1)′
σ;τ ′D

(1)
σ;τ ′ +

1

2
D

(2)′
σ;τ ,τ ′

[

Iν ⊗
(

Σ−1 ⊗Σ−1
)√

n (s− σ)
]

−...
D

(1)′

σ;τ ′

[

D
(1)
σ;τ ′ ⊗

√
n (s− σ)

]

,

Z2 =
1

2
D

(2)′
σ;τ ,τ ′

[

Iν ⊗
(

Σ−1 ⊗Σ−1
)√

n (s− σ)
]

− ...
D

(1)′

σ;τ ′

[

D
(1)
σ;τ ′ ⊗

√
n (s− σ)

]

,

K2 = −1

2
D̈

(1)′
σ;τ ′D

(1)
σ;τ ′ = −Iτ ,

1√
n
D

(3)
L;τ ,τ ′,τ ′ =

√
n
...
D

(1)′

σ;τ ′

(

D
(1)
σ;τ ′ ⊗D

(1)
σ;τ ′

)

2Nν

−√
nD

(2)′
σ;τ ,τ ′

(

Iν ⊗ D̈
(1)
σ;τ ′

)

Nν −
√

n

2
D̈

(1)′
σ;τ ′D

(2)
σ;τ ′,τ ′

+
(

vec D̈
(1)
σ;τ ′ ⊗ D̈

(1)
σ;τ ′

)′
(

Ipν ⊗ I(p,p) ⊗ Ip

)

[

Iν ⊗D
(1)
σ;τ ′ ⊗

√
n (s− σ)

]



Details—9

+
...
D

(1)′

σ;τ ′

{

D
(1)
σ;τ ′ ⊗ 2Np

(

Ip ⊗ vecΣ−1 ⊗ Ip

)′
[

D
(1)
σ;τ ′ ⊗

√
n (s− σ)

]}

+
1

2
D

(3)′
σ;τ ,τ ,τ ′

[

Iν2 ⊗
(

Σ−1 ⊗Σ−1
)√

n (s− σ)
]

−D
(2)′
σ;τ ,τ ′

(

Iν ⊗Σ−1 ⊗ vecΣ−1 ⊗Σ−1
)′

×
[(

Iν ⊗D
(1)
σ;τ ′

)

2Nν ⊗√
n (s− σ)

]

−...
D

(1)′

σ;τ ′

[

D
(2)
σ;τ ′,τ ′ ⊗

√
n (s− σ)

]

,

Z3 =
(

vec D̈
(1)
σ;τ ′ ⊗ D̈

(1)
σ;τ ′

)′
(

Ipν ⊗ I(p,p) ⊗ Ip

)

[

Iν ⊗D
(1)
σ;τ ′ ⊗

√
n (s− σ)

]

+
...
D

(1)′

σ;τ ′

{

D
(1)
σ;τ ′ ⊗ 2Np

(

Ip ⊗ vecΣ−1 ⊗ Ip

)′
[

D
(1)
σ;τ ′ ⊗

√
n (s− σ)

]}

+
1

2
D

(3)′
σ;τ ,τ ,τ ′

[

Iν2 ⊗
(

Σ−1 ⊗Σ−1
)√

n (s− σ)
]

−D
(2)′
σ;τ ,τ ′

(

Iν ⊗Σ−1 ⊗ vecΣ−1 ⊗Σ−1
)′
[(

Iν ⊗D
(1)
σ;τ ′

)

2Nν ⊗√
n (s− σ)

]

−...
D

(1)′

σ;τ ′

[

D
(2)
σ;τ ′,τ ′ ⊗

√
n (s− σ)

]

, and

K3 =
...
D

(1)′

σ;τ ′

(

D
(1)
σ;τ ′ ⊗D

(1)
σ;τ ′

)

2Nν −D
(2)′
σ;τ ,τ ′

(

Iν ⊗ D̈
(1)
σ;τ ′

)

Nν

−1

2
D̈

(1)′
σ;τ ′D

(2)
σ;τ ′,τ ′ , and

K4 = 2D
(2)′
σ;τ ,τ ′I(p2,ν)

{

(

Σ−1 ⊗ vecΣ−1 ⊗Σ−1
)′
(

D
(1)
σ;τ ′ ⊗D

(1)
σ;τ ′

)

⊗ Iν

}

J21,ν

+ 2
...
D

(1)′

σ;τ ′

(

D
(2)
σ;τ ′,τ ′ ⊗D

(1)
σ;τ ′

)

J21,ν − 1

2
D

(3)′
σ;τ ,τ ,τ ′

(

Iν2 ⊗ D̈
(1)
σ;τ ′

)

J21,ν

− D
(1)′
σ;τ ′

(

Σ−1 ⊗ vecΣ−1 ⊗ vecΣ−1 ⊗Σ−1
)′
(

D
(1)
σ;τ ′ ⊗D

(1)
σ;τ ′ ⊗D

(1)
σ;τ ′

)

×
{

2I(ν,ν2) + 3I(ν2,ν) + 4 (Nν ⊗ Iν)
}

− 1

2
D

(2)′
σ;τ ,τ ′I(p2,ν)

(

D̈
(2)
σ;τ ′,τ ′ ⊗ Iν

)

J21,ν − 1

2
D̈

(1)′
σ;τ ′D

(3)
σ;τ ′,τ ′,τ ′ , where

...
D

(1)

σ;τ ′ =
(

Σ−1 ⊗ vecΣ−1 ⊗Σ−1
)

D
(1)
σ;τ ′ ,
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D̈
(1)
σ;τ ′ =

(

Σ−1 ⊗Σ−1
)

D
(1)
σ;τ ′ ,

D̈
(2)
σ;τ ′,τ ′ =

(

Σ−1 ⊗Σ−1
)

D
(2)
σ;τ ′,τ ′ ,

J21,ν is defined in Corollary 1.1, s = vecS, and S is defined in (29).

6 Expressions for Cumulant Functions in Factor Analysis

Under Normality

The quantities ωi for i = 1, 2, 3, 4, 6 in Corollary 4.2 can be written as follows:

ω1 =
1

2
a′

2vec
(

Iτ

)

− 1

4
v′D

(2)
σ;τ ′,τ ′vec

(

I
−1

τ

)

,

ω2 = ω2
1 − 2 tr

[

D
(1)′
σ;τ ′

(

V ⊗Σ−1
)(

Ip2 −PΣ

)

D
(2)
σ;τ ′,τ ′(a ⊗ I

−1

τ )
]

+a′Iτ A3vec
(

Iτ

)

+ 4 tr
[

PΣ (ΣV ⊗ Ip)
(

Ip2 −PΣ

)

Np (ΣV ⊗ Ip)
]

−1

2
a′IτA2D

(1)′
σ;τ ′D̈

(2)
σ;τ ′,τ ′vec

(

I
−1

τ

)

+
1

2
tr
[

D̈
(2)′
σ;τ ′,τ ′

(

Ip2 −PΣ

)

D
(2)
σ;τ ′,τ ′(aa

′ ⊗ I
−1

τ )
]

+ tr
[

A2D
(1)′
σ;τ ′

(

V ⊗Σ−1
)

D
(1)
σ;τ ′

]

− 1

2
v′D

(2)
σ;τ ′,τ ′a2

−1

2
v′D

(3)
σ;τ ′,τ ′,τ ′

[

a ⊗ vec
(

I
−1

τ

)]

+
1

8
v′D

(2)
σ;τ ′,τ ′

(

I
−1

τ ⊗ I
−1

τ

)

D
(2)′
σ;τ ′,τ ′v

−1

2
v′D

(2)
σ;τ ′,τ ′ vec

{

I
−1

τ D
(1)′
σ;τ ′

[

(

V ⊗Σ−1
)

D
(1)
σ;τ ′I

−1

τ − D̈
(2)
σ;τ ′,τ ′

(

a ⊗ I
−1

τ

)]}

− tr
[

D
(1)′
σ;τ ′D̈

(2)
σ;τ ′,τ ′ (a⊗ A2)

]

+ [vec(VΣV)]′
(

Ip2 −PΣ

)

D
(2)
σ;τ ′,τ ′vec

(

I
−1

τ

)

+
1

4
v′D

(2)
σ;τ ′,τ ′

[

a ⊗ I
−1

τ D
(1)′
σ;τ ′D̈

(2)
σ;τ ′,τ ′vec

(

I
−1

τ

)]

+
1

2
tr
[

A2Iτ A2Iτ

]

−1

2

[

vec
(

I
−1

τ

)]′

D̈
(2)′
σ;τ ′,τ ′

(

Ip2 −PΣ

)

D
(2)
σ;τ ′,τ ′(a ⊗ a),

ω3 = −3

2
v′D

(2)
σ;τ ′,τ ′(a ⊗ a) + 3a′Iτ A2Iτ a + tr(ΣV)3,

ω4 = 4ω1ω3 − 6v′D
(2)
σ;τ ′,τ ′

[

a ⊗ I
−1

τ D
(1)′
σ;τ ′ vec(VΣV)

]

+12 [vec(VΣV)]
′
D

(1)
σ;τ ′A2Iτa + 12a′IτA2Iτ A2Iτ a
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−12v′D
(2)
σ;τ ′,τ ′

[

a ⊗A2Iτa
]

+ 3 tr(ΣV)4 − 2v′D
(3)
σ;τ ′,τ ′,τ ′(a ⊗ a ⊗ a)

−6a′IτA2D
(1)′
σ;τ ′D̈

(2)
σ;τ ′,τ ′(a ⊗ a) + 4a′IτA3

[

Iτ a ⊗ Iτ a
]

+3v′D
(2)
σ;τ ′,τ ′

[

a ⊗ I
−1

τ D
(1)′
σ;τ ′D̈

(2)
σ;τ ′,τ ′(a ⊗ a)

]

+3v′D
(2)
σ;τ ′,τ ′

(

aa′ ⊗ I
−1

τ

)

D
(2)′
σ;τ ′,τ ′v,

ω6 = 10ω2
3,

PΣ =
1

2
D

(1)
σ;τ ′I

−1

τ D̈
(1)′
σ;τ ′ , a = I

−1

τ Dβ;τ , v = D̈
(1)′
σ;τ ′a,

V = dvec(v, p, p), a2 =
(

I
−1

τ ⊗ I
−1

τ

)

Dβ;τ ,τ , A2 = dvec(a2, ν, ν),

a3 =
(

I
−1

τ ⊗ I
−1

τ ⊗ I
−1

τ

)

Dβ;τ ,τ ,τ , A3 = dvec(a3, ν, ν2),

and D̈
(1)
σ;τ ′ and D̈

(2)
σ;τ ′,τ ′ are defined in §5 of this supplement. The quantity PΣ is the projection

operator that projects onto R(D
(1)
σ;τ ′) along N (D̈

(1)′
σ;τ ′).

7 Expressions for Cumulant Functions in Factor Analysis

Under Arbitrary Distributions with Finite 12th Cumulant

Under the simulation conditions described in §6 of the article, the random covariance matrix can
be written as

S = n−1Y′MY, where n = N − 1, M = IN −
(

1

N

)

1N1′
N , (30)

Y = 1Nµ′ + X2Φ
1

2 Ξ′(Σ)
1

2

D + X3Ψ
1

2 (Σ)
1

2

D

= 1Nµ′ + XC, X =
(

X2 X3

)

, C =

(

Φ
1

2 Ξ′

Ψ
1

2

)

(Σ)
1

2

D ,

and the components of the N × (p + m) matrix X are iid random variables scaled to have mean

zero and unit variance. The non-zero components of the diagonal matrix (Σ)
1

2

D are arbitrary

positive constants. Without loss of generality, (Σ)
1

2

D can be equated to Ip. The m × m matrix Φ is
the matrix of correlations among the rotated factors. The components of Ξ and Ψ are scaled such
that the matrix of correlations among the columns of Y is ∆ = ΞΦΞ′ + Ψ.

If β = β(θ) is a scalar, then it follows from §5 in this supplement and Theorem 4 in the article
that

Q1 = `∗′1
√

n (s− σ), Q2 = `∗′2
[√

n (s− σ) ⊗√
n (s− σ)

]

,
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and Q3 = `∗′3
[√

n (s− σ) ⊗√
n (s− σ) ⊗√

n (s− σ)
]

,

where n = N − 1 and `∗i is a p2i-vector of constants. It follows from (30) that the random Q
quantities also can be written as

Q1 = `′1
√

n (s∗ − σ∗), Q2 = `′2
[√

n (s∗ − σ∗) ⊗√
n (s∗ − σ∗)

]

, (31)

and Q3 = `′3
[√

n (s∗ − σ∗) ⊗√
n (s∗ − σ∗) ⊗√

n (s∗ − σ∗)
]

, where

`1 = C`∗1, `2 = [C ⊗C] `∗2, `3 = [C ⊗C⊗C] `∗3,

σ∗ = vec(Ik), k = m + p, s∗ = vec(S∗), and S∗ = n−1X′MX. Furthermore, `2 can be replace by
2Nk2 (2N ⊗ 2Nk) `2/8 so that `2 satisfies

`2 = Nk2`2 = (Ik2 ⊗Nk) `2 = (Nk ⊗ Ik2 ) `2. (32)

For later use, the following variants of `1, `2, and `3 are defined:

L1 = dvec(`1, k, k), L2 = dvec(`2, k
2, k2), (33)

L3 = dvec(`3, k
4, k2), and L∗

3 = dvec(`3, k
2, k4),

where dvec(A, b, c) is the a × b matrix that satisfies vec(A) = vec [dvec(A, b, c)], provided that
vec(A) is an ab× 1 vector.

7.1 Covariance Matrix for
√

n (s∗ − σ∗)

Denote the ijth component of X by Xij and denote the rth cumulant of Xij by κr. That is,

κ1 = 0, κ2 = 1, κ3 = E(X3
ij), and κ4 = E(X4

ij) − 3,

etc. Also, define Wqr as

Wqr =

k
∑

i=1

e
⊗q
i e⊗r′

i , (34)

where ei is the ith column of Ik and e
⊗q
i is the qth-order Kronecker product of ei with itself. For

example, e⊗3
i = ei ⊗ ei ⊗ ei.

Define Ω22 as

Ω22
def
= Var

[√
n (s∗ − σ∗)

]

= nE(s∗s∗′) − nσ∗σ∗′. (35)

To compute the expectation, it is convenient to write S∗ as

S∗ =
1

n

N
∑

i=1

N
∑

j=1

XimijX
′
j =

1

N

N
∑

i=1

XiX
′
i −

1

nN

N
∑

i6=j

XiX
′
j , (36)

where X′
i is the ith row of X, and mij is the ijth component of M; i.e., mii = n/N and

mij = −1/N if i 6= j. Then,

nE(s∗s∗′) =
1

n

N
∑

i1=1

N
∑

i2=1

N
∑

i3=1

N
∑

i4=1

mi1i2mi3i4E
(

Xi1X
′
i3
⊗Xi2X

′
i4

)

=
n

N
E
(

Xi1X
′
i1
⊗Xi1X

′
i1

)

+
1

N
E (X1X

′
1 ⊗X2X

′
2) +

n2

N
E (X1X

′
2 ⊗X1X

′
2) +

1

N
E (X1X

′
2 ⊗X2X

′
1)
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=
n

N
[W22κ4 + 2Nk + σ∗σ∗′] +

1

N
2Nk +

n2

N
σ∗σ∗′

=
n

N
W22κ4 + 2Nk + nσ∗σ∗′,

where W22 is defined in (34). The matrix W22 also can be computed as W22 = Diag[vec(Ik)],
where Diag(a) is a diagonal matrix whose diagonal components are a1, a2, . . .. It follows from the
above analysis that

Ω22 =
nκ4

N
W22 + 2Nk. (37)

7.2 Functions of Even Powers of
√

n (s∗ − σ∗)

7.2.1 E(Q2
1)

The expectation of Q2
1 can be computed as

E(Q2
1) = `

′
1E
[√

n (s∗ − σ∗)
√

n (s∗ − σ∗)
′]

`1 = `
′
1Ω22`1.

7.2.2 E(Q2)

The expectation of Q2 can be computed as

E(Q2) = `′2E
[√

n (s∗ − σ∗) ⊗√
n (s∗ − σ∗)

]

= `′2ω22 = trace (L2Ω22) , (38)

where ω22 = vec(Ω22),

and L2 is defined in (33).

7.2.3 E(Q2
2)

The expectation of Q2
2 requires fourth order moments of

√
n (s∗ − σ∗). It follows from the central

limit theorem that

√
n (s∗ − σ∗) ⊗√

n (s∗ − σ∗) ∼ Z + Op

(

n− 1

2

)

, where (39)

Z ∼ N [ω22, 2Nk2 (Ω22 ⊗Ω22)] .

Accordingly, the expectation of Q2
2 can be computed as

E(Q2
2) = `′2E

[√
n (s∗ − σ∗)

√
n (s∗ − σ∗)′ ⊗√

n (s∗ − σ∗)
√

n (s∗ − σ∗)′
]

`2

= `′2 [ω22ω
′
22 + 2Nk2 (Ω22 ⊗Ω22)] `2 + O

(

n−1
)

= [trace(L2Ω22)]
2

+ 2 trace (L2Ω22L2Ω22) + O
(

n−1
)

.

The O(n−1) term is a function of κ8 and lower-order cumulants. The κ8 term is

n2κ8

N3

k
∑

i=1

[(ei ⊗ ei)
′L2(ei ⊗ ei)]

2
,

where ei is the ith column of Ik. Inclusion of this term does not change the order of accuracy of
the cumulant functions, nor does it affect the accuracy of the Edgeworth approximation.
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7.2.4 E(Q1Q3)

Employing (39), the expectation of Q1Q3 can be computed as

E(Q1Q3) = (`1 ⊗ `3)
′ vec

{

E
[√

n (s∗ − σ∗)
√

n (s∗ − σ∗)
′ ⊗√

n (s∗ − σ∗)
√

n (s∗ − σ∗)
′]}

= (`1 ⊗ `3)
′ vec {2Nk2(Ω22 ⊗Ω22) + ω22ω

′
22} + O

(

n−1
)

= trace
[(

`′1Ω22 ⊗Ω22

)

2Nk2L3

]

+ ω′
22L3Ω22`1 + O

(

n−1
)

,

where L3 is defined in (33). The O(n−1) term is a function of κ8 and lower-order cumulants. The
κ8 term is

n2κ8

N3

k
∑

i=1

(e′iL1ei)(ei ⊗ ei ⊗ ei ⊗ ei)
′L3(ei ⊗ ei),

where L1 is defined in (33). Inclusion of this term does not change the order of accuracy of the
cumulant functions, nor does it affect the accuracy of the Edgeworth approximation.

7.2.5 E(Q2
1Q2)

Employing (39), the expectation of Q2
1Q2 can be computed as

E(Q2
1Q2) = (`1 ⊗ `1)

′E
[√

n (s∗ − σ∗)
√

n (s∗ − σ∗)
′ ⊗√

n (s∗ − σ∗)
√

n (s∗ − σ∗)
′]

`2

= (`1 ⊗ `1)
′ [ω22ω

′
22 + 2Nk2 (Ω22 ⊗Ω22)] `2 + O

(

n−1
)

= trace(L2Ω22)`
′
1Ω22`1 + 2`′1Ω22L2Ω22`1 + O

(

n−1
)

.

The O(n−1) term is a function of κ8 and lower-order cumulants. The κ8 term is

n2κ8

N3

k
∑

i=1

(e′iL1ei)
2(ei ⊗ ei)

′L2(ei ⊗ ei).

Inclusion of this term does not change the order of accuracy of the cumulant functions, nor does it
affect the accuracy of the Edgeworth approximation.

7.2.6 E(Q3
1Q3)

Let MZ(t) be the moment generating function of the random vector Z ∼ N(0,Ω22). Then,

E (ZZ′ ⊗ ZZ′ ⊗ ZZ′) =
∂6MZ(t)

∂ t ⊗ ∂ t ⊗ ∂ t⊗ ∂ t′ ⊗ ∂ t′ ⊗ ∂ t′

∣

∣

∣

t=0

=
[

I(k4,k2) + (Ik2 ⊗ 2Nk2)
]

(ω22ω
′
22 ⊗Ω22)

[

(Ik2 ⊗ 2Nk2) + I(k2 ,k4)

]

+
[

I(k4 ,k2) + (Ik2 ⊗ 2Nk2)
]

(2Nk2 ⊗ Ik2) (Ω22 ⊗Ω22 ⊗Ω22) .

Employing (39), the expectation of Q3
1Q3 can be computed as

E(Q3
1Q3) = (`1 ⊗ `1 ⊗ `1)

′ E (ZZ′ ⊗ ZZ′ ⊗ ZZ′) `3 + O
(

n−1
)

= 3`′1Ω22`1

{

`′1Ω22L
∗
3ω22 + trace

[(

`′1Ω22 ⊗ Ik2

)

L3Ω22

]

+ ω′
22L3Ω22`1

}
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+6
(

`′1Ω22 ⊗ `′1Ω22

)

L3Ω22`1 + O
(

n−1
)

,

where L3 and L∗
3 are defined in (33).

7.2.7 E(Q2
1Q

2
2)

Let MZ(t) be the moment generating function of the random vector Z ∼ N(0,Ω22). Then,

E (ZZ′ ⊗ ZZ′ ⊗ Z ⊗ Z) =
∂6MZ(t)

∂ t ⊗ ∂ t ⊗ ∂ t ⊗ ∂ t ⊗ ∂ t′ ⊗ ∂ t′

∣

∣

∣

t=0

=
[(

Ik2 ⊗ I(k2,k4)

)

+ (Ik2 ⊗ 2Nk2 ⊗ Ik2)
]

(ω22 ⊗ ω22) ω′
22

+
[(

Ik2 ⊗ I(k2,k4)

)

+ (Ik2 ⊗ 2Nk ⊗ Ik2 )
]

2Nk4 (Ω22 ⊗Ω22 ⊗ ω22) 2Nk2 .

Employing (39), the expectation of Q2
1Q

2
2 can be computed as

E(Q2
1Q

2
2) = (`2 ⊗ `2)

′
E (ZZ′ ⊗ ZZ′ ⊗ Z ⊗ Z) (`1 ⊗ `1) + O

(

n−1
)

= 8`′1Ω22L2Ω22L2Ω22`1 + 4 trace(L2Ω22)(`
′
1Ω22L2Ω22`1)

+2(`′1Ω22`1) trace(Ω22L2Ω22L2) + (`′1Ω22`1) [trace(L2Ω22)]
2

+ O
(

n−1
)

,

where L2 is defined in (33).

7.2.8 n
[

E(Q4
1) − 3E(Q2

1)
2
]

Because of the multiplier n, it is not sufficient to use the asymptotic normality of√
n (s∗ − σ∗) ⊗√

n (s∗ − σ∗) in (39) to compute n
[

E(Q4
1) − 3E(Q2

1)
2
]

. To proceed, note that

Q1 = `′1
√

n (s∗ − σ∗) =
√

n





1

N

N
∑

i=1

Vii −
1

nN

N
∑

i6=j

Vij



 , where (40)

Vij =























k
∑

q=1

k
∑

r=1

L1,qr (XiqXir − δqr) if i = j,

k
∑

q=1

k
∑

r=1

L1,qrXiqXjr if i 6= j,

δqr =

{

1 if q = r,

0 if q 6= r,

and L1,ij is the ijth component of L1 in (33). Note that Vii are iid random variables for
i = 1, . . . , N . It follows that

nE(Q4
1) = E (T40 − 4T31 + 6T22 − 4T13 + T04) , where (41)

Tfg =
n3

ngN4

(

N
∑

i=1

Vii

)f




N
∑

i6=j

Vij





g

.
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The expectations of Tij and like terms are functions of `1 as well as the cumulants of Xij .
Specifically, the following functions of `1 play important roles:

c1 = 1′
kL

�2
1 1k, c2 = 1′

kL
�2
1 W′

21`
�2
1 , c3 = tr

(

L�4
)

, c4 = tr
(

L�2
1

)

, (42)

c5 = 1′
kL

�41k, c6 = 1′
kL

�2
1 L�2

1 1k, c7 = tr (L1L1L1L1) , c8 = tr (D1L1L1L1) ,

c9 = `′1W21L
�2
1 W′

21`1, c10 = `′1W21L1W
′
21`

�2
1 , c11 = 1′

kL
�2
1 L1W

′
21`1,

c12 = 1′
kL

�3W′
21`1, c13 = tr

(

L1L
�2
1 L1

)

, c14 = `′1W21L1L1W
′
21`1,

c15 = tr
(

L�3
1

)

c16 = 1′
kL

�3
1 1k, c17 = tr (L1L1L1) ,

c18 = `′1W21L1W
′
21`1, c19 = 1′

kL
�2
1 W′

21`1,

A�r is the rth component-wise power (i.e., rth-order Hadamard product) of the matrix A, L1 is
defined in (33), W21 is defined in (34), and D1 is a diagonal matrix that has the same diagonal
components as L1. That is,

D1 =
k
∑

i=1

eiL1,iie
′
i.

Expectations of T13 and T04 have magnitude O(n−1) or smaller and, therefore, these terms
can be dropped. The first term can be expanded as

E(T40) =
n3

N4
E
(

NV 4
ii + 4NnV 3

iiVjj + 3NnV 2
iiV

2
jj

+6Nn(N − 2)V 2
iiVjjVrr + Nn(N − 2)(N − 3)ViiVjjVrrVss

)

=
n3

N3
E(V 4

ii) +
3n4

N3

[

E(V 2
ii )
]2

,

where i, j, r, and s each have different values. Straightforward, but tedious, algebra reveals that

E(V 2
ii ) = c4κ4 + 2c1, and (43)

E(V 4
ii ) = −56m3c3m5 − 36c1c4 + c3m8 − 28c3m6 + 420c3m4 − 18c2

4m4 − 35c3m
2
4

−240c10m
2
3 + 560c3m

2
3 − 360c2m4 + 48m2

3c14 − 240m2
3c2 + 24c9m

2
4 − 144c9m4

+24c2m6 + 96m2
3c11 − 320m2

3c12 + 96c8m4 + 48m4c6 − 48m4c5 + 96m2
3c13

+3c2
4m

2
4 + 8m2

4c5 + 720c2 − 630c3 + 72c5 − 144c6 + 24m3c10m5 + 12c1c4m4

+32m3c12m5 + 48c7 + 216c9 − 288c8 + 12c2
1 + 27c2

4, where

mr = E(Xr
ij),

and cr is defined in (42).
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The expectation of the second term in (41) can be expanded as

E(T31) =
n2

N4
E





(

N
∑

i=1

Vii

)3




N
∑

i6=j

Vij









=
n2

N4
E

[(

N
∑

i=1

V 3
ii

)





N
∑

i6=j

Vij



+ 3





N
∑

i6=j

V 2
iiVjj









N
∑

i6=j

Vij



+





N
∑

i6=j 6=g

ViiVjjVgg









N
∑

i 6=j

Vij





]

=
6n3

N3
E
(

V 2
iiVjjVij

)

, because

E
(

V 3
iiVjk

)

= 0 ∀ j 6= k and E (ViiVjjVggVrs) = 0 ∀ i 6= j 6= g, r 6= s.

Straightforward, but tedious, algebra reveals that

E
(

V 2
iiVjjVij

)

= c10m3(m5 − 2m3) + 4(c14 − c10)m
2
3 + 4(c11 − c10)m

2
3, (44)

where cs is defined in (42) and mt is defined in (43).
The expectation of the third term in (41) can be expanded as

E(T22) =
n

N4
E







(

N
∑

i=1

Vii

)2




N
∑

i6=j

Vij





2






=
n

N4
E

[(

N
∑

i=1

V 2
ii

)





N
∑

i6=j

N
∑

r 6=s

VijVrs



+





N
∑

i6=j

V 2
iiVjj









N
∑

i6=j

N
∑

r 6=s

VijVrs





]

=
n

N4
E
[

4NnV 2
iiV

2
ij + 2Nn(N − 2)V 2

iiV
2
rs + 4NnViiVjjV

2
ij + 8Nn(N − 2)ViiVjjVikVjk

]

=
2n2(N − 2)

N3
E
(

V 2
iiV

2
rs + 4ViiVjjVikVjk

)

+ O
(

n−1
)

.

Straightforward, but tedious, algebra reveals that

E
(

V 2
ij

)

= c1, and

E (ViiVjjVijVjk) = c14m
2
3,

where cs is defined in (42) and mt is defined in (43).
Further algebra, together with (43), (44), and (45), reveals that

n
[

E(Q4
1) − 3E(Q2

1)
2
]

= c3κ8 + 24c2κ6 + 32κ3κ5c12 + 8κ2
4(c5 + 3c9) (45)

+48κ4(c6 + 2c8) + 96κ2
3c13 + 48c7 + O

(

n−1
)

,

where cs is defined in (42) and mt is defined in (43).
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7.3 Functions of Odd Powers of
√

n (s∗ − σ∗)

Expectations of functions of odd powers of
√

n (s∗ − σ∗) depend on `1, `2, and `3 through the
following functions:

d1 = `′1W22L2W22`
�2
1 , d∗1 = `′1 (Ik2 −W22)L2W22`

�2
1 , (46)

d2 = `′1W22L2W21L1W
′
21`1, d∗2 = `′1 (Ik2 −W22)L2W21L1W

′
21`1,

d3 = `′1W22L2 (Ik ⊗ L1) W22`1, d∗3 = `′1 (Ik2 −W22)L2 (Ik ⊗ L1)W22`1,

d4 = `′1W22L2 (Ik2 −W22) `�2
1 , d∗4 = `′1 (Ik2 −W22) L2 (Ik2 −W22) `�2

1 ,

d5 = `′1W22L2 vec (L1L1) , d∗5 = `′1 (Ik2 −W22) L2 vec (L1L1) ,

d6 = `′1W22L2W21L
�2
1 1k, d∗6 = `′1 (Ik2 −W22)L2W21L

�2
1 1k,

d7 = `
′
1W22L2 (W′

21`1 ⊗W′
21`1) , d∗7 = `

′
1 (Ik2 −W22)L2 (W′

21`1 ⊗W′
21`1) ,

d8 = `′2W42`1, d9 = tr [W′
21L2 (W′

21`1 ⊗ Ik)] , d10 = tr [(D1 ⊗ Ik)L2] ,

d11 = tr {[W′
21 (Ik ⊗ L1) ⊗ Ik] (Ik ⊗W21)L2} , d12 = tr (W′

21L2W21L1) ,

d13 = tr [W22L2 (Ik ⊗ L1)] , d14 = tr [(Ik ⊗ L1)L2] ,

d15 = trace (W22L2) , d16 = trace (L2) ,

D1 is defined in (42), W21 and W22 are defined in (34), and L1 and L2 are defined in (33).

7.3.1 E(Q1Q2)

Using (32), it can be shown that Q2 can be written as

Q2 = `
′
2

[√
n (s∗ − σ∗) ⊗√

n (s∗ − σ∗)
]

(47)

=
n

N2





N
∑

i=1

N
∑

j=1

Viijj −
2

n

N
∑

i=1

N
∑

f 6=g

Viifg +
1

n2

N
∑

i6=j

N
∑

f 6=g

Vijfg



 ,

where Vijfg =
k
∑

q=1

k
∑

r=1

k
∑

s=1

k
∑

t=1

(eq ⊗ er)
′
L2 (es ⊗ et) Rijfg ,

Rijfg =



















(XiqXir − δqr) (XfsXft − δst) if i = j and f = g,

(XiqXir − δqr) XfsXgt if i = j and f 6= g,

XiqXjr (XfsXft − δst) if i 6= j and f = g,

XiqXjrXfsXgt if i 6= j and f 6= g,

δqr is defined in (40), eq is the qth column of Iq and L2 is defined in (33). It is readily shown that

E(Vijfg) = E(Vfgij ) = E(Vijgf ) = E(Vjifg) ∀ i, j, f, g,
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E (Viijj ) = E (Viifg) = E (Vijfg) = E (Vijif ) = 0 ∀ i 6= j 6= f 6= g,

E (Viiii) = tr (W22L2) κ4 + 2 tr(L2), and (48)

E (Vijij ) = tr(L2).

Note that

E(Q2) =
n

N2
E

(

NViiii +
2nN

N2
Vijij

)

=
n

N
tr(W22L2)κ4 + 2 tr(L2),

which matches the result in §7.2.1.
Using (47) and (40), the expectation of

√
nQ1Q2 can be written as

√
nE (Q1Q2)

=
n2

N3
E









N
∑

i=1

Vii −
1

n

N
∑

i6=j

Vij









N
∑

i=1

N
∑

j=1

Viijj −
2

n

n
∑

i=1

N
∑

f 6=g

Viifg +
1

n2

N
∑

i6=j

N
∑

f 6=g

Wijfg









=
n2

N3
E

[

NViiViiii − 4NViiVjjij +
4N

n
ViiVijij − 2NVijViijj +

8N

n
VijViiij

−4N

n2
VijVijij −

8N(N − 2)

n2
VijVikjk

]

=
n2

N2
E [ViiViiii − 4ViiVjjij − 2VijViijj ] + O

(

n−1
)

.

Straightforward, but tedious, algebra reveals that

E (ViiViiii) = d8(m6 − 3m4 + 2) + 4(d9 − d8)m
2
3 + 4(d10 − d8)(m4 − 1) (49)

+4(d11 − d8)m
2
3 + 2(d12 − d8)m

2
3 + 8(d13 − d8)(m4 − 1)

+8(d14 − d10 − 2d13 + 2d8),

E (ViiVjjij ) = d9m
2
3,

E (VijViijj ) = d17m
2
3,

where mr is defined in (43) and ds is defined in (46). Further algebra reveals that

√
nE (Q1Q2) = d8κ6 + 4κ4(d10 + 2d13) + 4d11κ

2
3 + 8d14 + O

(

n−1
)

. (50)

7.3.2 E(Q3
1)

It follows from (40) that

√
nE
(

Q3
1

)

=
n2

N3
E











N
∑

i=1

Vii −
1

n

N
∑

i6=j

Vij





3





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=
n2

N3
E

[

N
∑

i=1

V 3
ii + 3

N
∑

i6=j

V 2
iiVjj +

N
∑

i6=j 6=r

ViiVjjVrr −
3

n

N
∑

i=1

N
∑

f 6=g

V 2
iiVfg

− 3

n

N
∑

i6=j

N
∑

f 6=g

ViiVjjVfg +
3

n2

N
∑

i=1

N
∑

f 6=g

N
∑

r 6=s

ViiVfgVrs −
1

n3

N
∑

i6=j

N
∑

f 6=g

N
∑

r 6=s

VijVfgVrs

]

=
n2

N2
E
(

V 3
ii − 6ViiVjjVij

)

+ O
(

n−1
)

,

because the remaining terms have expectation zero or are O(n−1). Straightforward, but tedious,
algebra reveals that

E
(

V 3
ii

)

= c15(m6 − 3m4 + 2) + 6(c18 − c15)m
2
3 + 12(c19 − c15)(m4 − 1) (51)

+4(c16 − c15)m
2
3 + 8(c17 − 3c19 + 2c15), and

E (ViiVjjVij) = c18m
2
3.

Further algebra reveals that

√
nE
(

Q3
1

)

= c15κ6 + 12c19κ4 + 4c16κ
2
3 + 8c17 + O

(

n−1
)

. (52)

7.3.3 E(Q3
1Q2)

It follows from (40) that
√

nE
(

Q3
1Q2

)

=
n3

N5
E











N
∑

i=1

Vii −
1

n

N
∑

i6=j

Vij





3



N
∑

i=1

N
∑

j=1

Viijj −
2

n

N
∑

i=1

N
∑

f 6=g

Viifg +
1

n2

N
∑

i6=j

N
∑

f 6=g

Vijfg










.

Most of the terms in
√

nE
(

Q3
1Q2

)

are smaller than O(n−1) and can be dropped. The remaining
terms are given below:

√
nE
(

Q3
1Q2

)

=
n4

N4

[

E
(

V 3
ii

)

E (Viiii) + 6E
(

V 2
iiVjjViijj

)

+ 3E
(

V 2
ii

)

E (ViiViiii)
]

−12n3(N − 2)

N4

[

E
(

V 2
ii

)

E (ViiVjjij ) + E (ViiVjjVffViijf )
]

−6n3(N − 2)

N4

[

E
(

V 2
ii

)

E (VijViijj ) + 4E (ViiVjjVjf Viiff ) + E (ViiVjjVij) E (Viiii)
]

+ O
(

n−1
)

.

Straightforward, but tedious, algebra reveals that

E
(

V 2
iiVjjViijj

)

= [d1 (m4 − 1) + 2d∗
1] (m6 − 3m4 + 2) (53)

+4 [(d2 − d1) (m4 − 1) + 2(d∗
2 − d∗1)] m

2
3

+8 [(d3 − d1) (m4 − 1) + 2(d∗
3 − d∗1)] (m4 − 1)
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+4 [d4 (m4 − 1) + 2d∗
4] m

2
3

+8 [(d5 − 2d3 − d6 + 2d1) (m4 − 1) + 2(d∗
5 − 2d∗3 − d∗6 + 2d∗1)]

+4 [(d6 − d1) (m4 − 1) + 2(d∗
6 − d∗1)] (m4 − 1)

+2 [(d7 − d1) (m4 − 1) + 2(d∗
7 − d∗1)] m

2
3,

E (ViiVjjij ) = d9m
2
3,

E (ViiVjjVffViijf ) = [(d7 − d1)(κ4 + 2) + 2(d∗
7 − d∗1)] m

2
3,

E (VijViijj ) = d12m
2
3,

E (ViiVjjVif Viiff ) = [d2(κ4 + 2) + 2d∗
2] m

2
3,

where dr and d∗s are defined in (46). Further algebra reveals that

√
nE
(

Q3
1Q2

)

= (c15d15 + 3c4d8 + 6d1)κ6κ4 (54)

2 [6(d1 + d∗1) + 3c1d8 + c15d16] κ6

+12 [4d3 + 2(c4d13 + d6) + c4d10 + c19d15] κ
2
4

+4 [c16d15 + 6(d4 + d1) + 3c4d11] κ4κ
2
3

+8 [6(d5 + d6 + d∗6 + c1d13) + 12(d3 + d∗3) + 3(c19d16 + c4d14 + c1d10) + c17d15] κ4

+8 [6(d1 + d∗1 + d4 + d∗4) + 3c1d11 + c16d16] κ
2
3

+16 [3c1d14 + 6(d5 + d∗5) + c17d16] + O
(

n−1
)

,

where cr is defined in (42) and df and d∗g are defined in (46).


