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1 Introduction

This supplement gives proofs, higher order derivatives, and other details concerning the
parameterization correlation matrices as well as the distributions of the estimators. The format of
this supplement closely follows that of the supplement to Boik (2002).

The notation in this supplement departs slightly from that in the manuscript “Principal
Components Models for Correlation Matrices.” First, vectors and matrices are set in boldface type
for easy recognition. More importantly, it is necessary to assemble the p variables into k sets,
where the i*" set contains p; variables and Zle p; = p. The boldface symbol p will be used to
denote the k-vector (p1 py e pk)l, and, to avoid confusion among symbols, the number of
variables will be denoted by p rather than p.

Several typographical errors in Theorems 10 and 11 were corrected on 11/24/07 and on
11/07/08. These errors do not affect the Matlab programs or the numerical results in the 2002
article.

2 Proof of Theorem 1

Theorem 1. Let Py be the space of all p x p permutation matrices. For Q € Py, define ¥(Q) as

T (Q) def Q'¥Q and define blk(Q) to be be the mazimal number of non-empty blocks for which

bIK(Q)

is satisfied, where @ is the direct sum operator (Searle, 1982, §10.6) and [¥(Q)],; is the i*h
non-empty block on the main diagonal of ¥(Q). Also, define k as

k= blk(Q).
e Q)

Then, rank(Wy,) = p — k and Wy, has full row-rank if and only if k = 1.

Proof. First, it will be shown that rank(Wy,) < p — k. Suppose that ¥(Q) has a block diagonal
structure with k blocks, where the i*™ block has dimension p; x p;. Write the it" block as
(P(Q)],; = Tj;A5LTy, where T = [QTQY],, € Op,, QF € Py, and Aj; = [QYAQ¥],;. Let
Ci,...,Cx—1 be a set of p-vectors whose elements consist of coefficients of k — 1 linearly
independent contrasts among the k blocks. Specifically, define c; as

1 1
c,=—E; 1, — —Ek 1 y
J Dj 1P Pj Dh PPk

where Ej p is defined in (4). It follows that c;1; = 0 and that LQc; = C3¥;, where
£; = (K'K)"'K’'Qcj, L is defined in (2), and C3 and K are defined in (9). Furthermore,

Wy b, = Aj (L — Iy (AT @ T)LQg;
= A Iz —I5) (Q'QY 2 QQY)(AT ® I')LQ;
= AYQ ®Q) (I —Ij,) QAT © Q7T) vec (QD,; Q')

1 1
where D; = Diag(c;) = ;EjypE;p - p_kEk’p kp
j
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= AYQ ®Q") (I —Ij) vec (Q'T'QD;QTQ QVAQY)

= A/2(Q (39 Q ) (Ipz — I(Z'M'?)) vec (;Ejyprj;l_‘jjAij;)p — p_kEkqprk;cI‘kkAkkE;e,p)
J

= AYQ ®Q") (L — Ly p) vec (;Ea‘,ijjEQ,p - p—kEk,pAkkEk,p> =0
J

because Ej p AT E, o and B p Af Ey o are symmetric and Iz — 1 5) projects onto the space of
skew symmetric matrices along the space of symmetric matrices. Linear independence of
Ci,...,Cx—1 implies that rank(Wy,) < p — k.

Second, it will be shown that rank(Wy,) < p — k leads to a contradiction. If rank(Wy) < p—k,
then there exists a p-vector ci such that c%lp =0, rank (c1 Cy - ck) =k, and W{I) L, =0,
where £, = (K'K)™'K'cy. Denote the null space (kernel) of a matriz M by N'(M). Define Jm as

where m s the vector of eigenvalue multiplicities defined in §2.3 of the article and J,,, is an
m; X m; matriz of ones. Let wy be the set

Wm = {(snﬁ);t > s, el I el = 1}.

That is, wm is the set of row and column indices that correspond to the structural zeros in G. The
set wm contains gm = (m'm — p)/2 index pairs. For convenience, label the pairs as (s¢,te) for
=1,...,qm- It can be shown that a set of vectors that span the p(p + 1)/2 + qm dimensional
space N [Ah (L2 — Iy ) (AT @ IV)] is given by the columns of

dm
X =(TA'®T) (N; T), where T= (e}, @e?,)el,

=1
and Ny, is defined in (22). Let P, = XQ~! (X’971X)7 X'Q7L, where Q is a p? x p? positive
definite matriz. Note that P, is the linear operator that projects onto
R(X) =N [A} (Lz = L ) (ALY @ V)] along N'(X'Q271). Therefore,

W{b Ek =0 PmC3£1C = Cgek.

Set Q7! = ($2®1,). It can be shown that one generalized inverse of X' 1X is

_ - N,+2N, TT'YN, —2N,T
/ 1 _ P P P p
O e G

Accordingly,
1
P,=(TA'®T) [Nf, +5 (Liz = L) TT (T2 — IW))] (AT ®T)

and

ch;gfk = Cg£k<:>

P.C3t, = (TA!'®@T)N,(ALY @T")Csl; (33)
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1
+§(I‘A‘1 @T) (Ijz — L) TT (Iz — L)) (AT @ IV)Cs .
The second term on the right-hand-side of (33) is zero because C3y, = Leg, and

(AT ® L) (L — I ) TT (L — I p) (AIY @ TY)Ley,

I M*@

Z (A1 ®1) [(etet eﬁefl) - (efef/ ®efe€')
t)ew
- (efef’ welel’) + (clel wele}’) |(AT 0 1) (ef 9 ¢f) el'cy

= Z Z { (ef){lz\t ® e;”)\;l)\s) VeiYsi — (e;”AglAt & ef/\;l/\s) Vi Vsi
=1 (s,t)Ewm

—(ePaN @ eI;A;lAt) eiYei (e’s"/\s‘l)\s ® ef)\;l)\t) %iym} ey

/N

P
= Z {(ef ®e§’) - (ei‘; ®ef) - (eﬁ7 ®e§) + (ef ®ef) }%msief/ck =0.

From the remaining terms of (33), it follows that

PILC}C = LC}C
= (TA ' @) N, (ALY @ IV)Lcy, = Ley,

— TA' @)L (AT ® I)Ley, = Leg

X0)
< (TA7' ®@T)(I" ® AI')Lcg = Ley, because I, ;)L = L
= (T ! @ ¥)Leg = Ley, <= (I; ® ¥)Ley, = (¥ @ I;)Ley

<— VD, = Dk‘I’,

where Dy, = Diag(cy). The above property (¥ and Dy commute) along with symmetry of both
matrices implies that ¥ and D; can be diagonalized by the same orthogonal matriz (Schott, 1997,
Theorem 4.15). To fulfill the condition that rank (c1 co .- Ck) =k, the vector cx must assign
two or more different values to coefficients that correspond to at least one of the k blocks. Without
loss of generality, assume that the coefficient values associated with block i are not all identical.
Choose Q € Py so that the diagonal elements of [Q'DQ),; are those associated with the i*™ block
and are sorted from smallest to largest. It follows that [Q’ \IIQ]” = QII'5ALTHQ; for some

Q; € Pp,. Denote the vector of eigenvalue multiplicities of [Q'DQ],, by m* = (m’lk e mz*)/,
where 1. m* = p; and k* > 2. The eigenvectors of [Q'DyQ),, that are associated with the j
smallest eigenvalue can be written as E; m=M;, where M; is an arbitrary matriz chosen from
Om: - Because ¥ and Dy, commute, the columns of E; m=M; also must be eigenvectors of
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Q'¥Q],, for some M; € Om: . Accordingly,

k* K
Ik Ak TV _ . R nl R B Ay _ R nl 'R B /
QiIAL; Qi = E Ejym*MJEj,m*AiiEjﬁm*MjEj,m* = @MJEj,m*AiiEJ»m*Mj'
j=1 =1

This contradicts the assumption that the maximal number of non-empty blocks is k and, therefore,
the rank of Wy, cannot be less than k — p. O

In the remainder of this supplement, it is assumed that the p variables are ordered so that if
Q =1I;, then blk(Q) = k and, therefore, ¥(Q) can be written more simply as ¥ and

where W; is a p; X p; correlation matrix.

3 Proof of Theorem 2

Theorem 2. Assume that Wy, in (12) has full row-rank and write Wy, in terms of its singular
values and vectors:

A
W¢ = U¢ (D¢ 0) (Az;> = U,(/) D¢ A;/;,ﬁ

where Dy, is a (p — 1) x (p — 1) diagonal matriz of singular values; Uy, € Op—1; Ay 1 has
dimension (p* —m'm)/2 x p — 1; Ay 2 has dimension (p> — m'm)/2 x (p> —m'm)/2 — (p — 1);
and Ay = (A¢,1 A¢72) € O@p2—m'm)/2- Let V1 be any matriz whose columns form a basis for
R(Aqy,1), the vector space generated by the columns of Ay 1. Similarly, let Vo be any matric
whose columns form a basis for R(Ay2). For fited V = (Vl Vg), the matrices of first

derivatives of g = vec G with respect to p’' and ¢’ are

def Og
D{), = T4 o~ (L2 — X(p ) A2 Vs and
po 98 _ Ly 1 A, WiC,reT)LDY
g ¢’ lu=o g \p (p.p)) 32 YWaqp -3 X

-1
where WJ =Ay D;l U, =W, (W¢ W{/)) is the Moore-Penrose inverse of Wy, and L is
given in (2).
Proof. For fized V, the derivative of g in (10) with respect to p’ is

DO — A My

an
: A,V b2 Ao Vs,
s o ’M:o+ 2V1 7 0+ 2V2

op’ lp=

The derivatives of n,, ,, can be obtained by employing the constraints GG’ =1, and (9).
Differentiating the first constraint yields

8 vec GG’
o'

an
= Dy, = (L2 — I(z‘up))Ale#‘f’Q (T =L 5) A0V



PCA—6

because A1 and As satisfy D%Al = IZ-,(I-,_,_l)/g and Ale’bAg = I(z-,)l-,)Ag. Differentiating the second
constraint yields

0 ChLvecP
Ln“"”g’ =—(Wy V1) ' Wy V=0
op  lu=o

because Ay, | Vo = 0. Accordingly, the first derivative simplifies to (Iyz — L, 5))A2V2 as claimed.
The proof for D(gl:zp is similar to that of D(gl;L and is omitted. O

4 Proof of Theorem 3

Theorem 3. Assume that CoWe has full row-rank and write CoWy in terms of its singular
values and vectors: ,

A
CyWe =Ug (D¢ 0) <A§;> = UeDeAg

where We is given in (17); D¢ is an ro X ro diagonal matriz of nonzero singular values;

ro =rank(Cs); Ug € Or,; Ag1 has dimension g X m2; Ag 2 has dimension qa X v3; Vs = qa — T2;
and (Ag1 Ag2) € Oq. Let V3 be any matriz whose columns form a basis for R(Ag1) and let
V4 be any matriz whose columns form a basis for R(Ag2). For fived V* = (Vg V4), the first
derivative of X with respect to @' is

oA
D¢’

e : 1
D) € 7 = wiHAT;We Vs, where Hy =T, — AL

and w is defined in (13).
Proof. For fized V3 and V4, the first derivative of A with respect to @' can be written as

8 pT3exp{OTy [V377(P + V(e +€)]}

D) 9
Ap 9€ 13 T3exp{OT4 [Van, + Vil + €)]} o
: on
e=0

An expression for 9n,/0 €' can be obtained by setting the derivative of the constraint in (16) with
respect to € to zero and solving for dm,, /0 €. The result is

0 an
a0 C/2 exp{®T4 [V3774p + V4(<p + 6)}} = C/2W§ V3 (f +V4) =0
86 e=0 86 e=0
87’]LP / —1 v
9 = — (CQWEVg) CZW£V4 =0
€ e=0

because CoWe 1 = UgDeAy | and A; V4 = 0. Therefore, D(AI:ZP simplifies to wpHAW¢Vy as
claimed. O
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5 Proof of Theorem 5

Theorem 5. Define Fél) and Ffll()) as

F(l df 9 vec X (0) and B 40 d vecX,(0) '
00 0—6, , Y 00,

Denote the dimensions of ©g and O, by vy and vy, respectively. If

(a) By and 8, are in open subsets of their respective parameter spaces,

(b) 8y and 0, are consistent solutions to 0Q/00 = 0,
(c) F(()l) and F((ll()) each have full column-rank, and

(d) V/n(3o—3) =0(1) and \/n(E, — %) = O0(1), and
(e) vec Fél) ER (Il-,a ® Ffll())),

then
df
X2~ Z%‘Vi +Op (”_%) Jor Q1 and Qs, and X* ~ x7 A + O (”_%) for Qs,
i=1

where df =10, — g, V; fori=1,....df are independently distributed as V; ~ XiAﬂ a; is the itP
largest eigenvalue of

T=_("'9Z;) (P, - Po)Q,,

N =

—1
P =F" [F{ (=7 o =3 B RV (250 @ 357)

—1 / _ 2
P = F [ (5 o mg) B RO (55t e ), a, = e ool

u; is an eigenvector of T that corresponds to «;, og = vec X,

—1
A= S0~ a0 (P~ Pi) (o —00), Pi=F [FVQiF"]  FVar,

n’ jo

1 _
P, = F() [FOYiF(|  FYQ), and @) = D, (DjR.D;) 7' D;

If the multiplicity of o is greater than one, then the corresponding eigenvectors are chosen to
satisfy wjQ,u; =0 for all i # j.

Proof. The estimating function 0 Q(0)/00 = 0 for the null model can be expanded around 60 =0

as
1 Q)
9_00>+<560®30’ ).

1 9Q(0)
Vn 08

M

o (200
=08, vn 06

6=06,

) Vi(By — 80) + O, (n—



PCA—8

Accordingly,

1.9%°Q(6)
ndd R0

. 5 B
9—90> (% gée) >+Op (n 2)'

Make the substitution ST' @S 1=2"1g 31 + O, (nié) mn Qo and ﬁn =Q,+0, (nf%) m
Qs, and use ¥ =3y + O (nf%) to obtain

\/5(50—90) =- (

0=0¢

V(8o — 6o) =

-1

F (25t e mg) B R (55 @ 250 Vils = 00) + 0y (n74)  for Qu and Qs,
-1

FOiE | B i - o0) + 0, (n7F) for Qs,

where QF = Dp(D;QnDp)_lD; and Dy is the duplication matriz. Expanding the estimating

function 0 Q(6)/00 = 0 for the alternative model around @a = 0,0 and solving for \/ﬁ(éa —040)
yields

\/ﬁ(/éa - 011,0) =

-1

{Fg{%f (251 ® 231) Fgl())} FS())/ (231 ® 251) Vn(s —og) + O, (n*%) for Q1 and Q,
-1

[Fz(zl,())/QrerFt(zl,o] Fi{%’ﬂi\/ﬁ(s —00) +0p (Tf%) for Qs.

The second order Taylor expansion of Q(ao) around 50 =0y is

Q@@=Q@@+(—- )wa%—%>

6=0,

1 8°Q(9)
ndd®Ie

+v/n(6y — 6y < ) V(8o — 60) + O, (n*%) .

0=0¢

Making the same substitutions as was done earlier and using the solution for \/ﬁ(g — 0y) yields

).

M

Q1(80) =n [tr (S=5") + In[Zo[] — %\/ﬁ(s —00) (25" © =) Pov/n(s — o) + O, (n_

[N

02(60) = %\/ﬁ(s —00) (551 @ 25Y) (12 — Po) V(s — 00) + O, (n— ) , and

Q3(60) = Vn(s — 00)'Q (L — Py) V(s — o) + O, (N’%) :

where Py and P§ are defined in Theorem 5. The expansions of Ql(b\a) for i =1,2,3 under the
alternative model have the same form as those under the null model, except that P, is substituted
for Po and P} is substituted for P,. The test statistic, X?> = Q(6y) — Q(0.), therefore, can be

written as

X2 _ V(s —o0) (B @ 25") (Po — Po) V(s — a9) + O, (n_%) for Q1 and Q2,
Vs = 00)' Qi (P = Pj) V/ii(s — o) + O, (n %) for Qs.
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Define z as
z < (DL, D;) T D}/n(s — o).
Then,
240y (n"4) ~ N [(Dj2,Dy) ¥ Djv/n(o — 00), L1y | -

Furthermore, it follows from Ny(s — o¢) = (s — 09) that
V(s — 00) = D} (D}2,D;) %z,

where DJr (D, D)~ 'Dy. Accordingly, the test statistic can be written as

X? =
17/(D,Q,D;)*D} (£ @ ;') (P, — Po) D (D}Q,D;)7+ O, (n—%) for Q1 and Q,
2 (D;Q,D;) DI Q; (P; — P;) DY(D,Q,D;)3z+ 0, (n ) for Qs.

The proof is completed by using the asymptotic normal distribution of z and standard results on
quadratic forms of normal random vectors (e.g., Stapleton, 1995, p. 65). O

6 Higher-Order Derivatives

In this section, second- and third-order derivatives of model components with respect to 6 are
listed. Higher-order derivatives are constructed in the same manner as in Theorems 2 and 3.
Proofs are not given. For completeness, the first-order derivatives also are listed.

6.1 Arrangement of Derivatives

Let A = A(B) be an a x ¢ matrix whose elements are functions of the b x s matrix B. Then the
derivative of A with respect to B is defined to be ab x ¢s matrix of derivatives {0 a;;/0bs:} whose
elements are arranged as follows:

OA gt O
— = = ®A.
gB OB "
Partition 6 as 8 = (0] - 0;)/. In particular, if @ has the structure in (3) then & = 3 and

0= (7" cp')/. If the extended parameterization (§5.2 of the article) is used, then k = 4 and
0= (1-’ JTY ﬁ/)/. Derivatives of vec 3 with respect to 8 are arranged as follows:
k
po) &f Oveel®)| g OvecB)g, |
00" |0 = 00, =0
p@  def 0% vec(X) iz 0% vec(X) (Bay @ Fyy) '
S 000 |,, ——=oe,wo0 YTy

QD qef 02 vec(3)

— dvec (F(Q),pQD, z'/) :
00 00" |,_o

(3) def 83 VGC(E)
08’ ® 00" © 00" | ,_o

e




k 3
9” vec(X) /
= Esu E v E’u..ll
Zzzlaege@ae;@ao;( v @Bty @ Buy)

w
Il
s
o~
Il
-
e
Il

pn=0

F(lll) d:cf (93 Vec(z)
00 ® 00 ® 00’

— dvec (F<3>, P22, u) :

n=0

where E; ,, is defined in (4);

141 d1m(01)

k
v=1|:]= ; D=
i=1

Vi dim(ek)

: and
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and dvec(A, a, b) is the a x b matrix that satisfies vec(A) = vec{dvec(A,a,b)}. The matrix A must
have exactly ab elements. Higher-order derivatives can be rearranged by post-multiplying by

commutation matrices. For example,

2 2
0 /Vec(22 _ 90 Ivec(E)/ I, and
00, ® 00, 00, ® 00, :
3 b)) 3 b))
/8 Vec/( ) . _ /8 Vec/( ) - (I(ur ve) ® qu)
00, ® 90, @ 96, 00, ® 96, @ 00, .
03 vec(X)

T 90,200, 200" (T @ T 00)

The derivatives of vec 3 with respect to 0 satisfy the following multiplicative invariance properties:

FO = 14, FY;

F@ = 13, F? =FP1,,);

FM = (L, @ L) FUY;

FO = 15 FO = FO L ey = FO L e )5

= FOI,01p,) =FP (I, ©L); and

Fpay (I(p,p) ®1;2) Fpn _ (Ipz ® I(p,f/))F(lu) )

These properties are useful when simplifying expressions.

The derivatives of A, vec G, and vec ¥ involve several structured matrices. For ease of

reference, these structured matrices are defined below:

1
Na = 5 (Ia2 + I(a,a)) 3 11(72,;\ = (A & IP) )
N = L (1 — 1) 1?9 = (A7 0L,);
a D) ( a? (a,a))7 Pi i ( i ® Pi)’

Jo=1,+ I(a,a2) + I, ® I(a,a))? I;B) = (I; @ vecI; ® Ip)/ ;



Jo =L + Lae2) + (La,e) ®La); II(;O:) = (I, @ vecI,, ® 1,,); (34)
Jab =Tpap) + I @ Lpa)); 1) = (I; ® vec A @ 1)’
oo = Tapz + (L) @ L) Il(j?& = (I,, ® vecA; ® )
I3 = Tazp + (I, @ Iy q)); 124) = (I; ® vecl; ® vecl; ® Iy)';

I;(D%) = (Ip; @ vecl, @ vecl, ® Ipi)/ ;

where a and b are positive integers, and I. .y is the commutation matrix (MacRae, 1974). The
commutation matrix I, ) is denoted by some writers as Ky, , (Magnus & Neudecker 1979, 1999
§3.7). The matrix N, is the perpendicular projection operator that projects onto the vector space
generated by symmetric matrices. That is, N/, = N,, N2 = N, and if A is an a X a matrix, then
vec A = N, vec A if and only if A is symmetric. The matrix N} is the perpendicular projection
operator that projects onto the vector space generated by skew-symmetric matrices. That is,

N = N* N2 = N and if A is an a X a matrix, then vec A = N’ vec A if and only if A is
skew-symmetric.

6.2 Derivatives of Scale Parameters
The vector of scale parameters, o4, is parameterized as
o4 = T1exp{®T27},

where Ty and T are full column-rank design matrices with dimensions p X ¢; and ¢q; X v,
respectively.

Theorem 6. The first three derivatives of oy with respect to T’ are

(90',1

DE,ld):., = 5= T, Diag (exp{®T27}) Ta,
DY, . = % =T qzl el exp{e!' Ty} (e!' Ty ® /' T3), and
i=1
DY ., = P ®‘§;’7® =T i el exp{e!' Ty} (e!' Ty ® e/’ Ty ® ef'Ty),
i=1
where el is the i*" column of 1, ; O

6.3 Derivatives of Eigenvectors of ¥

The correlation matrix ¥ can be written as

¥ = TI'GAGT

k
0" @ W, where (35)
H=2 i
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¥, = I,G,AGT ;
;=0
k k
r = @Pri, G=@PG; and G, = Gi(n,).
=1 =1

Denote the vector of eigenvalue multiplicities that corresponds to ¥; by m; and let V; be a

(p? — m)m;)/2 x (p? — m/m;)/2 nonsingular matrix that can be partitioned as V; = (V1i; Va;),
where V1, has dimension (p? — m/m;)/2 x (p; — 1), Vg; has dimension (p? — m/m;)/2 x va;,

vo; = [(pi — 1)? +1 — mlim;]/2, and V},Vy; = 0. Then, vec G; can be written as

g = vec Gy = Ay + Agipl = (Ay; A V1) (Zh) + A9 Vaip,, (36)

2%

where 1y; = 075 1y = (V4 V1) 7 Vipis py = (V5; Vo) " 'Vhpuit and Ay and Ag; are known
semi-orthogonal indicator matrices of order p? x p;(p; +1)/2 and p? x (p? — mim;)/2, respectively.
These matrices satisfy A, vec G; = nf, Al vec G; = u}, and Al;As; = 0 (see §2.4 of the article).

Expressions for the first derivatives of g = vec G with respect to pu’ and ¢’ for specific choices
of V; fori=1,...,k are given in Theorem 7. The following definitions are used in Theorem 7 and
throughout this supplement:

a pi—1
Lo=) (ef @ef)el and Cs; = » (e @ el¥)el”, (37)
i=1 j=1

where a is an integer.

Theorem 7. Define Wy, ; as Wy, ; = 2C5,(T;A; @ T;)N» Ag;, where N3y is given in (34).

Fxpress Wy, ; in terms of its singular values and vectors:

/
Wy.i = Uy, (Dyi 0) <27”’“) =UyiDyi Ay 1ii

¥,2i
where Dy, ; is a (p; — 1) X (p; — 1) diagonal matriz of singular values; Uy ; € O(p; — 1); Ay 1i has
dimension (p? —mim;)/2 x p; — 1; Ay 2; has dimension (p? — mjm;)/2 x (p? — mjm;)/2 —p; +1;
and Ay i = (A¢71i Aw,zi) € O[(p? — mim,)/2]. Let V1; be any matriz whose columns form a
basis for R(Awp 1i) and let Vo; be any matriz whose columns form a basis for R(Ayp.2;). This
choice of V; = (Vu Vgi) is delicate because V; is a function of p; = vecW;, yet it will be treated
as a constant when taking derivatives with respect to . For fized V;, the first three derivatives of
g = vec G with respect to p' and ¢’ are

k
0 vec G
D(gl:L = o' = Z(Eivp ® EivP)D(gli):m Eé»”z;
p=0 =1
’ 1 9 ,
vo = (var - vop) jve = 3 [(pi —1)* +1—mim,];
0 vec G;
1 _ 7 _ * .
Ditw. = “gur T DAV
9 vec G k
2 _ _ 2 ‘.
D(g:;—";l—" - aul ® 8“’ p=0 - ;(Eiyp ® Ei7p)D(gi)3/»Li7/»Li (EiJ/Q & E’i,V2) ’




D®@

gitk,H,;

D®

itk Ky

DW

giip

D)

D®@

gi:p,p

O vecGy
Op; @O p;

Ky 230 Vi THO. V3
n; =0

2N A W, ; Cyi(TiA; @ T));
/
Ay si D:pli U;/m' is the Moore-Penrose inverse of Wy, ;;

9% vec G
op @I @ 0w

=0

k

> (Bip@E;ip)DE), 0 (Bir, @By, ®Eiy,)
=1

3 vec G;
0 p; © 0 pi; @ O

p;=0

Di DisNi " Pis i Sitl

— |:(I — HwﬁZ)AuD;ZI(S) + Hq/),i 1(2) 1(3) :| (I(Pi7pi)D(2)
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= 3 @ 13 1 .
= [@-Hy)AuD, 1P + By, 17, 1, | (DY), @ DY, )

1 .
® D(gl)“l) JV21’ I

0 vec G k a
x4 - Z(Ei7P ® Ei,P)Dgi:Lp
p=0 =1
0 vec Gy 1 @) )
6(‘0/ o = _5 H"/"vz Ipi,AiLPi E/i,pD)\;LP;
Hi=
0? vec G k
5050 =2 (Bip@Eip)DZ, i
' R0P |, g =
02 vec G4 5 @ ) ) )
Sosag| = (1 Hy ) AuD), I + Hy, 10, 1, | (DL, © DY), )
;=

2) 1) 1 2
+2 H¢’i I;i,Az'IZ(D?) (D(gl)#’ ® LPiEé ng\'cp) Nue - 5 Hq/;,i I( ))\iLPiE/i,p

¢ ’ : h Pi,

P vecG k ®) '
D' @0 @0, N Z(Ei’p O Eip)Dgip el
= i=1
3 vec G

a(p/®a"pl®a<p/ m;=0

2 3
- [0- By ) ALD, I + By 10 10, ] (1,50 D2,

(2 .
DA:cp,cp’

1
® D(g}w) Jo,
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2 1 * 2
+Hy, 10, 1 (DL, © L, B, DY), @ DY) 37, — Hy, 10, 19

Dis Pi,Ni” Pi
x [ (I(Pm:ﬂi)D(z) ® L;Di E;,ng\l)Lp) + (L;D1 E;,pD@) ® D(gll)cp) :|Jl/'a

giip,P Aip,p

1
—g Hy L\ Ly E, ,DY

i, 0,00
8% vec G k
D? = ——2 | =N (E,p,9E D2 , (I,2E )
g:p, (9(,0/ ® au/ u=0 ; P P gi: P 1 3 V2
8% vec G;
2 _ i _ 3 2 13 1 1
D(gi):Lp)lJ,i = g @0 = [(I — Hl/’vi)A”D;iI;()i) +Hy Ipi-,)\iIPh}\i:| (D(gi)mp ® D(gi):ui)
i lp;=0
- Hw’i I;??A«LIISS) (Lp% E;xPD(}\lzp ® D(glz)l‘w) ;
Do = O vec G = Zk:(E- @ Eip)DPy o Lz OEL,);
PP, - - 7, P %P § 1P,y \ TV i,va /)
8PP, 14 D¢ @0¢p @Ou p— = 8iiP, .y \ TV 2
D(g) _ 83 vec Gl
8itP, P 6<p/ ® 690' ® al"’fi 4, =0
2 3
= 0= Hy)AD, LY + Hy 1, 10 1 (1,0 Dy @ DY)
2
+ (I(pum)D(gQi):%m ® D(gli):w) JVzivl’S} —Hy, II(H?AZ'Iéf)
x| (L,,E, D& _oDM )+ (1, ,,DE, , 9L, E DV )J
Pi 1P Aip, ¢ il (pi,pi) P giio,p; piti,p Xip ) Yv2ivs
+Hy 12, 10 (D), @1, B ,DR), @ DR, )37, L
D(B) _ 83 VGCG
g:P 11 890/ ® a'u/ ® 8/1/ u=0
k
= Z(Ei7p ® Ei,P)D(gi):Lp,cp,ui (IVS ® E;,l/z ® E;,l/z);
=1
3
D(3) _ 0 VeC/Gi :
i P 1y 8(P/ Q a/lzl ® 8/111 1,=0

= - (I - Hip,i)AliD;iI@) +Hy, 1(2) I(B) } (I(pivpi)D(2) ® D(gll)lh) A

Di Ly T30 Y TRV il V2i,V3
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+(T = Hy)ALD), I + Hy 17, 17, } (D(l) © Dg)“w“z)

+Hy 10, 10 (D), @ Ly B D, @ DL, ) (g i) © L)

(2) 3 (1) 2 )
~Hy 10, 19 (L, B[ DY, @ DE), . )

where Dy, is the duplication matriz of order p? x pi(p; +1)/2 (Magnus and Neudecker, 1999,
§3.8), N&, Ja, o, Jap, 324, 325, 10 VLD 10, and I3V are defined in (34), and Ly, is

a,b’

defined in (37). m|

6.4 Derivatives of Eigenvalues of ¥

The vector of eigenvalues of W is parameterized as
A = wpT;s exp{@T4€}, where w = (15T exp{OT4€}) (38)

and T3 and T4 are full column-rank design matrices with dimensions p X g3 and g3 X g4
respectively. The design matrix T, satisfies rank (T4 1q3) =qq + 1. The g4-vector £ is
parameterized as € = €(p) = V3n + V4, where V3 and Vy are full column-rank matrices with
dimensions g4 X c2 and g4 X (g4 — c2), respectively; V5V, = 0; i is an implicit function of ¢; € is
subject to the constraints C} exp{©®T4&} = 0; and cp = rank(Cz). If ¥ has a block diagonal
structure with k& > 2, then the eigenvalues within the i*" block must sum to p;. That is,

1, Ai = pi, where A; = E] pA and E; ;, is defined in (4). Tt is assumed that the matrix Ca
1ncorporates these addltlonal linear constraints on A.

Theorem 8. Define We 1 as We 1 = Diag (exp{©®T4&}) T4, and express CoWe 1 in terms of its
singular values and vectors;

!’

Al
CyWe1 = Ug (De 0) (A/ ) UeDeAy o (39)

where D¢ is an ro X ro diagonal matriz of nonzero singular values; ro = rank(Cs); Ug € Op,; Ag
has dimension q4 X ca; Ag¢ 2 has dimension qu X v3; v3 = q4 — c2; and (Ag)l Agg) € Oy,. Let V3
be any matriz whose columns form a basis for R(Ag 1), where R( - ) denotes the vector space
generated by the columns of a matrix. Similarly, let V4 be any matriz whose columns form a basis
for R(Ag2). This choice of V* = (Vg V4) is delicate because V* is defined as a function of £,
yet it will be treated as a constant when taking derivatives. For fixred V*, the first three derivatives
of A with respect to ¢’ are

oA . ‘ .
D(}BP = oy = wpHATsW¢ 1Vy, w is defined in (38);
Hy, = >\1’,
D@ _ SR
A, agol ® 8(,0/

— 9w (D“) ® 1, TsWe, 1V3) N,, + wpHAT;HeWe » (V4 @ V) ;



PCA—16

He = I, — Wei(CoWe,1)"Cy;
(C/QWg,l)Jr = AgleglUfE is the Moore-Penrose inverse of C/2W£_,1;

qs3

Weo = Z e? exp{e?'T,£} (el Ty © ¥ Ty);
j=1

D& _ A
A, 0,0 agol ® a(p/ ® 8(,0/
= —wpHATsH¢We 2 [(ChWe1) " CiWe2 (Vi ® Vi) ® V4] T,
(D(2) ®1,TsWe,V )J
Aip,p pr3VVELVA [ Jdug

—w [1)TsHeWe 2 (Vi@ Vi) @ DY, | 3,
+wpH\T3H:We 3 (V4@ V,4® V4) 5 and
qs3

Wes = Z e? exp{e?'T,&} (¥’ Ty © ' Ty © ¥’ Ty).

J=1

Proof: For fized Vs and Vg4, the first derivative of X with respect to ¢’ can be written as

0 pT5exp{OT4[Van + Va(p + )]}
O€' 1;T3exp{®OT4[V3sn+ Vi(p +€)]}

D)\#P

e=0

n
o€
An expression for /0 €' can be obtained by setting the derivative of the constraint in (5) with
respect to € to zero and solving for dn/J€’. The result is

. 0
= wpH\Wg¢, (Vs —

+V4>.

€e=0

9 0
L Chexp{OT4[Van+ Vi(p+ €]} =CoWey (Viol|  4+v,) =0
(9 6' =0 (9 6/ o
) _
= 8—Z = — (ChWe,1V3) ChWe V=0
e=0

because CHLWe 1 = UgDEA 1 and A 1 V4 = 0. Therefore, D( ) szmplzﬁes to wpHAW¢1Vy as

claimed. The second and thzrd derwatwes are obtained in a pamllel manner. O

To reduce memory and computational requirements, matrix derivatives can be stored as
sparse matrices. Also, to decrease the number of non-zero entries in the matrix derivatives, V4 can
be equated to the transpose of the row reduced echelon form of A’g g

Corollary 2. If Cq in (5) has rank 0 (i.e., there are no additional constraints beyond 13\ = p),
then rp =0, V4 =1, v3 = q4, ¢ = & and the derivatives of A simplify to

D{) = wiHAT;We,,
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DY, = —20 (DY), ® 1, TsWe1) Ny, + pwHATsWes;
3) 2 1)
DYspe = —w(DY,,®1TsWer) 3y, —w (1) TsWe2 @ DY), ) 3,
+pr>\T3W5_’3;
where N,, and J,, are defined in (34). m|

6.5 Derivatives of X
6.5.1  First-Order Derivatives of vec® With Respect to 6

Theorem 9. Assume that 0 is partitioned as in (3). First-order derivatives of vec X with respect
to the components of 0, evaluated at p = 0 are

OvecX

=l = 2N(op ¥ @ I;)L;DY)
a‘(r;eTC’z“_o - (UD®UD)D$:);L;
DY, = S —aNTA @D and
T
Dl - 8(;?;/\1: =ANTET) I;?;Dé{zan%L,-,D&{fp ;
.

where the derivatives of o4, A, and g are given in Theorems 6, 8, and 7, respectively; N, and I](f;\

are defined in (84); and Ly is defined in (37).

6.5.2 Second-Order Derivatives of vec> With Respect to 6

To obtain expressions for second- and third-order derivatives, the identities

(ABC®D)E = {A ® [vee(C)]' ® D} vec(B') @ E] and

(A® BCD)E = [A® (vecD) @ B](E® vecC),

are repeatedly used, where A, B, C, D, and E are any matrices that are conformable for
multiplication.

Theorem 10. Second-order derivatives of vec 3 with respect to the components of 0, evaluated at
n =0 are

0?vecE
o’ ® o1’

oq:T,T

= 2N, [(aD\I: ®I;)L;DP)

n=0



9?vec™
6<p/ ® 6(’0/

pn=0

(2)
Dw:cp,cp

0?vecE
(990' ® alj’l

pn=0

(2)
Dw:%u

9?vec®
09’ ® o1

pn=0
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3 1
2N, (1 © 0,1 (L;DY), © D))

O4q:T

2
(O'D ® UD)DE/J?IMH;

0% vec ¥ A p@ 19 (DO DL
(9/1/ R a'u/ p=0 = 2NP(F ® F) [Ip‘,)\D(g:L,u - I;‘;,)\(D(g:L ® D(gL) )
2
(00 © o)D, o
O vec ¥ ®) 0 o pl
55 o | = 2NCED) {211.) (L,DY, © DEL) N,
lL:

3 2 1 2
1% (D, @ DEL) + TEADE, 4 51D,

0% vec W

o' @ o' DA BiP, 1 D,

2) 3)
= ON,(I' @ T) {1( D?), 18] (Dg; ® D;{L)
e

+13Y (1,00, @ D;{L)] . and

2Ny(o, 0 L)LY (DY), @ LDY). ) 4

oq:T

where the derivatives of aq, X, and g are given in Theorems 6, 8, and 7, respectively; N 1)
IS), and IS;\ are defined in (84); and Ly is defined in (37).

Py Tp,A’

6.5.3 Third-Order Derivatives of vec ¥ With Respect to 0

Theorem 11. Third-order derivatives of vec X with respect to the components of 8, evaluated at

n =0 are

P vecE
o' o0t @ 1/

pn=0

o4:T,T oq:T

2N; {(Ip ® vec ¥ @ 1)’ (LpD@ % L;DY) ) I,

+(or ¥ ® Ip)LpDEf;)T,T,T] ;
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O3 vecS
op' @op’ @ p!

— 2Ny(ouT @ aDr){I;?; (%55 DZse © DY) Jus + IS;D(;L)”#};

n=0

P vecS
¢’ ® 0’ ® ¢’

= 2Np(opI'® UDF){ [IS; (I(p,p) D(g%zp,cp ® D(gltZP)

n=0

3 2 !
+190 [ (1,08, , @ DL, ) + (1.5 DEyp © LD, ) HJ”3

(1) 1) ) 1 (3)
-1, (Dgl:zp @LpDy,, ® D(glzzp) I, + Ip,AD(g:j:?pmycp + §L1"D>\:so,<.a7tp}

B vecE

op' @0t @71’ H

4 1
= 2NP{I§i ) (LI'?DErld):T ® DE/):) ® LPDt(Tld):T) (I(le’l) ® IVl)

p=0
+(op D THY (DEI}?“ ® Lprfd):”) };

B vecE
0p' R OT' @ 1!

= 2Np{1§4) (LzaDEr?:T ® Dy, ® LzaDErld);T) (Twan) @1
nu=0

+(op @ L)L (DEI};{P ® Lng>:T7T) };

83 vec X (3) (2) (1)
o' @ @7'|,_ = Mylop L)L (DWW © LPD%:T) ;
83 vec % (3) (2) 1
I @ T |,y MNplen @ L)1 (D’Wv‘f’ @ L")D‘(’d)”) ;

B vecE

D' ® 0p' @ ! gip.p

= 2Ny(ouT ® aDF){Iff;[ (1) D)., @ D)

n=0

+ (X5 DE s ©DEL ) T

g

3 2 1
+1” {(LPD(}\:)@(p ® D(glzL) + (I@,p) D ® Lz‘aD(xfp) Jw,u@;}

(1

(4)
-1 (Dg:zp

v2,V3 8P,

SL,D, & DY) T +IADE .

PvecE
O’ @O’ @ !

— 2Ny(opT' ® aDr){I§> (DK, ©@DE))
pn=0

(3) 1 2 2 1 P
_Iibv)\ [(D(g‘)P ® D(g?zl-;#-) - (I(pvp) D(gic)p,u ® D(gZL) JVQ,V3:|
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(4) (1) (2) '
h (DgL 9 LD @ D(glﬁL) (L) @ L) + Iﬁ,AD(g:’Z?p,u,u}’
P vec™ (3) (@)
| = Moo L)Y (DY, e LDL). )
0p' @0 @7'|,_g P2 @505 \Ppn @ 9o

where the derivatives of o4, X, and g are given in Theorems 6, 8, and 7, respectively; Ny, Jo, Jap,

I Iih, Ig;, I?), IS;, and I](f) are defined in (34); and Ly is defined in (37).

7 Initial Guesses

7.1 Guess for T

Denote the p-vector of sample standard deviations by s; and denote the diagonal matrix of
standard deviations by sp. Using the delta method, it is readily shown that if S has a Wishart
distribution, then

Vi(si— oq) EEN (0,270, 1%, ). (40)

If S is not Wishart, then the asymptotic variance of v/n(sq — o4) depends on the kurtosis of the
parent distribution that generated Y. Nonetheless, for purposes of obtaining initial guesses, there
is little harm in using the asymptotic distribution in (40).

If possible, a two stage generalized least squares procedure is used to compute an initial guess
for 7. In the first stage, an estimate of exp{®T27} is computed. If all elements of the estimate are
positive, then an estimate for 7 is computed in the second stage. The first stage estimate is

_ 1 _
exp{OT2T} = [T'lsD (SQQ) ! SDTl] T sp (862) ! SPSq.

Using the delta method, it is readily shown that

1
Var In {@ [T’laD (262)—1 U'DT1:| T)op (262)—1 O'DSd} ~

Diag (exp{®(—T27)}) [T’laD (202)7! UDTJ " Diag (exp{®(—Tar)})

The second stage estimate is

- -1
7 = | T} Diag (exp{©T27}) Tisp (S?) ' spT; Diag(exp{©T27})T

x T4 Diag (exp{®T27}) T}sp (862)_1 spT1 Diag(exp{®T27}) In [@exp{®T27}].

If any component of the first stage estimate is negative, then an alternative two stage method
is used. The first stage of the alternative method employs the Gauss-Newton algorithm to minimize

SSE(w) = (s1 — T1 exp{®@T21,,w})'sp (S°%) ™" sp(sy — T1 exp{©®T21,,w})

with respect to the scalar w, where the initial guess for w is zero. At iteration h + 1, the estimate
of w is updated by

Lf}h+1 = @h + ayp, |:X/SD (SQQ)_I SDX:| X/SD (SQQ)_I SD(Sd - &d), where
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X = Tl Dlag (6Xp{®T1 1,,1@;1}) TQ 1,/1,

~

oy Ty exp{©®T21,,0n},

and «ay, € (0,1].
The second stage of the alternative method employs the Gauss-Newton algorithm to minimize

SSE(7) = (s1 — T1 exp{®@T27})'sp (S92) ™ sp(sy — T1 exp{OTo})

with respect to 7, where the initial guess for 7 is 1,,® and @ is the minimizer computed in stage
one. At iteration h + 1, the estimate of 7 is updated by

_ -1 _
?thl = ?h + ayp, |:X/SD (S®2) ! SDX:| X/SD (S®2) ! SD(Sd — a'd), where
X = T1 Dlag (GXp{GTl?h}) TQ,
o, = Tyexp{OTeTh},
and «ay, € (0,1].

7.2 Guesses for £ and ¢

The strategy for obtaining initial guesses for the eigenvalue parameters is first to obtain an initial
guess for £&. The initial guess for £ is then used as the starting point for obtaining an initial guess
for ¢.

7.2.1 Initial Guess for €

Denote the p-vector of eigenvalues of R as £ and denote the diagonal matrix of sample eigenvalues
by £p. It can be shown (Kollo and Neudecker, 1993; Boik, 1998) that if S has a Wishart
distribution, then

dist

Vn(€ —X) = N (0,2,) where (41)
Qy = 2:[4;)(1‘k ® F)I [If)z —(T® I;'))Wz',} (T w) [If)z -W,(¥® Ip)} ('L,

P
W, = D (el @elel)
i=1
and Ly is defined in (37). Note that Pr(13€ = p) = 1 and, therefore, 2x1; = 0.
A two-stage procedure is used to obtain an initial guess for £. The first stage employs the
Gauss-Newton algorithm to minimize

pTs exp{©Ty1,w}
1, T3 exp{OT4ly,w}

SSE(w) = (e_ )K (K'Q,K) K’ (e_ pT3exp{OT41,,w} )

13 T3 exp{OT414,w}

with respect to the scalar w, where the initial guess for w is zero, K is a p x (p — 1) matrix whose
columns form a basis for the null space of 1;-), and 25 is a consistent estimator of Qx. At iteration
h + 1, the estimate is updated by

Gnir = On+on {XK (KQK) ™ K’x}ilx’K (K'QK) " K'(£— X), where
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~ _ pTs exp{®T41q4@h}
1;~)T3 exp{®T41q4@h} ’

L p(L; — App~'15)T5 Diag (exp{®T41q,&n}) Talg,
I;Tg exp{®T41q4@h} ’

and aj, € (0,1].
The second stage employs the Gauss-Newton algorithm to minimize

PTs exp{OTa} PTs exp{OTa} )
1, T3 exp{OT4€} 1, T3 exp{OT4€}

SSE(€) = (z - >/K (K'QK) ' K’ (z -

with respect to &, where the initial guess for £ is 1,,& and @ is the minimizer from stage one. At
iteration h + 1, the estimate is updated by

~ ~ _ -1 _ ~
€1 = Eptan {X’K (K'Q5K) 1K'x} X'K (K'Q;K) "K'(£— Xn), where
5, _ PTsexp{0Tig}
1,5 exp{OT4€,}

o _ P~ Ap 1) Ta Ding (exp(0 T, }) Ts
- 1/ T5 exp{OT4E), } ’

and aj, € (0,1].

7.2.2 Initial Guess for ¢

If X is not subject to linear constraints other than 1;))\ = p, then the initial guess for ¢ is E, where

~

& is the initial guess for €.
Suppose that A is subject to the constraints C{A = ¢ in addition to 1A = p. In this case,
the guess for ¢ is the minimizer of

. li o
1, Ts exp{OT4&(p)} 1, T3 exp{OT4&(p)}
with respect to ¢, where £(¢p) satisfies Cf exp{®T4&(¢)} = 0 and Cs is a g3 X ro matrix whose

columns form a basis for R [T5(Cy — 1;p'¢cj)]. See equation (16). A Gauss-Newton algorithm is

o~ ~

used to minimize SSE(¢). Set &, = E, where £ is the initial guess for €. Define Wéh L as

We o 2 diag (exp{®T4Eh}) T,.

and denote the singular value decomposition of C’2Wé} 1

A
/ N — 17~ ] £.1
CiWe, 1 = Ug, (D, 0) (A‘ ) |
£.2
where Déh is an ry X ro diagonal matrix of non-zero singular values, Uéh € Or,, and

Aé = (Aé,l A£,2) € Og,- Write /éh as

€, = Vaii, + Vi@, where 7)), = (V4V3) 'V, @, = (ViVL)'VIE,,
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V3 is a g4 X ro matrix whose columns form a basis for R(Aé 1), and Vy is a g4 X v3 matrix whose
columns form a basis for R(Ag ,). At iteration h + 1, the estimate of ¢ is updated as

_ -1 _ ~
Pri = @h+ah{X’K (K'QK) 1K’X} X'K (K'QK) " K'(€ - Xy), where
5, T exp{OT4E,}
13 T3 exp{©T4&,}

P(Ly = Anp~'15)Ts W, Vy

X = —
1; T3 exp{OT4€;}

and ay, € (0,1]. Given @, ,, the estimate of the corresponding implicit parameter, 7, ,, is
obtained by solving
C/Q exp{®T4 (V3ﬁh+l + V4§5h+1)} =0.

Set M, 11,0 = Mp,- The modified Newton update for ;. is
~ ~ . . - ~1
MNht1,j+1 = Mhe1,y — Chtly {CI2 Diag [GXP {®T4 (V377h+1,j + V49"h+1)}] T4V3}

x Cj exp {®T4 (V3ﬁh+1,j + V4¢h+1)} 5

where Qp+1,5 € (0, 1]

7.3 Guess for T

A two step procedure is used to obtain an initial guess for I'. In step 1, an estimate that satisfies
el'TATe! =1 fori=1,...,p is obtained, where A is a diagonal matrix with diagonal entries
equal to the estimates computed in §7.2.2. In step 2, the initial estimate is improved.

7.3.1 Computing an Initial Estimate

Denote the i*"" diagonal block of the sample correlation matrix by R;; i.e., R; = E’iprELp, for
t=1,...,k. The p;(p; —1)/2 x 1 vector of distinct entries of R; below the diagonal can be
obtained as H vec(R;), where

pi—1  p;
_ ; Di\oPi(pi—1)/2/
H; =N, Y Y (el @el)eli v/,
s=1 t=s+1

u=(2p; —1—5)s/2+1t— p;, and N, is defined in (34). Using the delta method, it is readily
shown that if S has a Wishart distribution, then

dist

vnH; vec(R; — ¥;) — N(0,M,), where

M; = 2H] [Lz — (% @ L)W, (¥, 0 ¥)) [Lz - W, (¥: 0 1,,)| H,,

and W, is defined in (41).

Denote the p; X p; matrix containing the eigenvectors of R; by f‘l An initial guess for T'; can
be obtained by employing a modification of algorithm AS 213 (Lin and Bendel, 1985). The
modifications are as follows.
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1. Set the eigenvalues of U, to
X — E pTsexp{OT4€}
' “P 1:IDT3 exp{®T4£} ’

and set ./A&i = Diag(xi), where /E\ is the initial guess for & computed in §7.2.2.

2. Denote the estimate of I'; at iteration h by f‘iyh and set the initial estimate to f‘i,O = f‘l It is
assumed that the columns of f‘iAhave been ordered to correspond to the sorted eigenvalues of
R,; and that the components of A\; are ordered from largest to smallest. The latter ordering is
accomplished by means of the T3 design matrix.

3. At iteration h of algorithm AS 213 choose the largest and smallest diagonal elements of
‘I’i = I‘i,hAiI‘/iyh-

4. The update from IA‘“L to f‘i7h+1 is obtained by multiplication by an elementary orthogonal
matrix. This multiplication sets one of the two selected diagonal entries of the correlation
matrix to one. For each of the two diagonal elements, in turn, update the estimate to I'; 41
and choose the update that has the smaller

~ !~

SSE = |H) vec(R; — ¥, jp1)| M™TH, vec(R; — W, jo41),

where W; 11 =T 1 AT ny1 and M; is a consistent estimator of M.

5. Repeat steps 3 and 4 for h=2,...,p; — 1.

7.3.2  Improving the Initial Estimate
Step 2 consists of using a modified Gauss-Newton algorithm to minimize
.

SSE(T;) = {H; vec(R,; — \i:i)} M~H! vec(R; — &),

with respect to I'; subject to the constraints that I'; € O, and \/I\li is a correlation matrix, where
¥; = I';A;T;. The update of T'; in iteration h is T; 41 = L'y n G(fty, 1), where

—~ -1 —~ ~
frer = on (XM Xan) XM H vee(R: — W50),
_ 1 ' 1
Xin = 2H{(T;y@T;n)DE),

D(gli);m_ is defined in Theorem 7, and aj, € (0,1]. Given a value for pi;,, ,, it is necessary to solve for
the implicit parameters in order to compute G(fij, ;). An algorithm for solving for the implicit
parameters is given in the next section.

7.3.3 Solving for Implicit Parameters

To reduce notational complexity, it is assumed in this section that £ = 1 and, therefore, p = p. The
algorithm for obtaining an initial guess for I as well as the algorithms for minimizing the
discrepancy functions require that for given values of p in a neighborhood of zero, I'; A, and V
one can solve for 1 subject to the restrictions GG’ =I,, and C§vec(GAG'T’ —1I,) = 0. See §2.3
of the manuscript for details.
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The restrictions on 1 can be written as k(n) = 0, where

B vech(GG' —1,)
k(n) = <cg vec(TGAG'T' — 1)

= By +2Bin+Ba(n®n);

)

B — (Dl @vecl, @ L) (I,,)A2Vap ® AyVap) — vecl, ]
0 Ch [(1" Q@vecA® I‘)/ (I(mj)AQVQu ® Angu) — vec Ip}

B — <D;, (I, ® vec, ® I,)" (I, ) A2Vop @ [A1 AsVi] )]) - and
' Ci [T @vecA@T) (Ip)A2Vop ® [A1 AsV4])] )’

B, = <D; [(IP @ vecl, ®IP)/ (I(mo) [Al A2V1] ® [Al AQVl])}) )
2 Cy[(T@vecAaT) (I, [A1 AVi]®[A1 AsV4])] )’

where D is the duplication matrix and the vech operator (Searle, 1982, §12.9) stacks the
components of the columns of a matrix that are on or below the main diagonal. A modified
Newton algorithm combined with an optimal line search is used to solve k(n) = 0. At iteration h,
the value of 7, is updated as

NMhi1 = N+ apdp, where
on = - [K(nh)]*l k(ny),
ok
K(n,) = p) (7,7) =2B; +2By(I; ® ny,),
n N="Nn

s=(p+1)(p+2)/2 -2, B2l(; ;3 = Bz has been used, and ay, € (0, 1].
The value of «y, is chosen as the minimizer of

SSE*(a) = [K(my, + a84)) [k(m), + ad1)]-

Equating the derivative of SSE™ with respect to a to zero reveals that the minimizer is one of the
real solutions to the cubic equation

ao + aar + a’as + alag, where

a = —glk(m,)] k()]

i = g lk(m) Tmy)] + () Ba(81 © 61),
w = = 3lk,)Bad ), and

a3 = (6n ®6,)ByB2(8, @ 8p).

The cubic equation can be written as

1 1
—5 + 50+ Ollk(n,)]] = 0.

Accordingly, for small |k(n;,)|, the minimizer of SSE* will be near unity.
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8 Matrix Expressions for Z; and K;

The terms Z; for j =1,... in (25) are linear functions of s — o = vec(S — X) whose coefficients
depend on the derivatives of 3 with respect to 8. For convenience, define F(1), F(2), F(l), and F(z)
as
FO = (=l'ex ) FY; FO=(z'ex ) F®;
)= (' evees ' @S ) FO and §7 = (3 @veen T @B 1) FO) |
Expressions for Z; and K; are as follows:
1.
Z, = iF(l)’\/ﬁ(s—a);
1
Zo = 3 FQay {I,; ® (271 ® 271) Vi (s — o')} _ F(l)/ {F(l) ®v/n(s — 0-)} :
. PN
Zs = (VGCF(l) ®F(1)) (Iz')l'/ & I(pyp) & Ip) {IU ® F(l) ® \/ﬁ(s — 0')}
7 [P0 o N, (1, “1oL) {FO _
+ 2F  |[FYoN; (LoveeE ' @) {FY @ (s — o)
1
+ 3 FUI L. (o= ) Va(s—o)}
~ 2F (oSt ovees o) {(I,; ® F(l)) N, ®v/n(s — a)}
- F(l)/ {F(2) ®\/ﬁ(s _ O')};
Ly pa) - 1
Ky, = —;FVF0 = Ty
Ky, = 2§ ) (F<1> ® F<1>) N, — R (I,; ® F<1>) N, —% FOF). and
Ki = FOU{L o (E aveeS @3) (FU o FO) L {4(N; L) + 205, }

(1 L
_ F(l)/(E—l @vecE ' @vecEZ @ xlY (F(l) ®FY® F(l))
% {21(1_/71_/2) + 31(1;27,)) +4 (Nf/ ®ID)}

. 1
_ gy (11)2 ® F(l)) {(I,; ®N,;)+ 51(1'/,1'/2)}
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.. 1 1 .
FO (I,‘, ® F(z)) {(NV ®Il‘,) + 51(1;27,))} - 5 F F(3);
where N, = % (I,; + I(,;yl‘,)). In the current application, the expressions for K3 and K4 can be
simplified because the Bartlett correction depends on these terms only through the expectations of

functions such as Z7'K3(Z; ® Z7) and Z7'K4(Z; ® Z7 ® Z7); see equation (26) in Boik (2002) for
details. The simplified quantities are denoted by K3 and K and are defined in the next section.

9 Expectation of Likelihood Ratio Statistic

Evaluation of the expectation of the right-hand-side of equation (26) in Boik (2002) reveals that
the expectation of the likelihood ratio statistic is the following:

B{(0:0)} ~am@)+ 16+ 0 (7).

where
G o= tr { (i;l F ®Np) (I; ® vec T ® L) FY T;l U(l)} ;
U(l) _ F(ll)/ (Iu ® 271 ® 271) _ 2F(1)/ (F(l) ® Ip2) :
1 — —1\/ (1) =—
G = gtr{(1?(1)191®F<1>191) F(1)191K§};
K: = oF "V (PO (1 B e@ 2 o\ _ Laar e
s of (F ®F )—dvec(F F ,y,u)—iF F®),
1 —1 @y 3= 1(1)
G = itr[{lg ®Nﬁ(2®2)}U I,b U }?
G = Lj Tgl L, + L) (I(f/,p) ®T;1) Lo;
Ly MW f! 1 (1) MW f!
L, = §U Vec(F Ig); LQZEVGC{U (Ip@F I, )}7
1 =1 =1\ o1, 1 e T B |
(s = §tr{Nf, (Ig ®1Ig )K3 I, K3}+Z(VGCIO ) K3 Ig Kjvecly ;

G = u{N (T 0T, PO U0, K}

¢r = (Vecfgl)/K;)’igl UD vee (F(l) T;l) ;

N | =

(s = %tr {N,; (T;l F ®T;1) U(Q)};

U _ﬁdvec(F”“”,p%,p?)F(z)
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!
+  dvec [dvec{(z_l ® 2_1)F(3),p21)2,1)} ,p%,zﬁ]

+ 6 @FN)Y (27 @vec X @ )T 5 L;

Ly — (271 ®vec271 ®Ip)l (F(l) ®F(1)) :
1 ——1 (1) ! (2) 71
G = g{vec (IQ F )} U (VGCIQ );
1 . . 1 _ !/ —
o = B B} s '
) @)
K; = 12 (F<1> ®F<”) F o —9L31 )L

— 2dvec (FO/FO) 52,52 — gF@)/F(z) ,
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