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1 Introduction

This supplement gives proofs, higher order derivatives, and other details concerning the
parameterization correlation matrices as well as the distributions of the estimators. The format of
this supplement closely follows that of the supplement to Boik (2002).

The notation in this supplement departs slightly from that in the manuscript “Principal
Components Models for Correlation Matrices.” First, vectors and matrices are set in boldface type
for easy recognition. More importantly, it is necessary to assemble the p variables into k sets,
where the ith set contains pi variables and

∑k
i=1 pi = p. The boldface symbol p will be used to

denote the k-vector
(
p1 p2 · · · pk

)′
, and, to avoid confusion among symbols, the number of

variables will be denoted by ṗ rather than p.
Several typographical errors in Theorems 10 and 11 were corrected on 11/24/07 and on

11/07/08. These errors do not affect the Matlab programs or the numerical results in the 2002
article.

2 Proof of Theorem 1

Theorem 1. Let Pṗ be the space of all ṗ × ṗ permutation matrices. For Q ∈ Pṗ, define Ψ(Q) as

Ψ(Q)
def
= Q′ΨQ and define blk(Q) to be be the maximal number of non-empty blocks for which

Ψ(Q) =

blk(Q)⊕

i=1

[Ψ(Q)]ii

is satisfied, where ⊕ is the direct sum operator (Searle, 1982, §10.6) and [Ψ(Q)]ii is the ith

non-empty block on the main diagonal of Ψ(Q). Also, define k as

k = max
Q∈Pṗ

blk(Q).

Then, rank(Wψ) = ṗ − k and Wψ has full row-rank if and only if k = 1.

Proof. First, it will be shown that rank(Wψ) ≤ ṗ − k. Suppose that Ψ(Q) has a block diagonal

structure with k blocks, where the ith block has dimension pi × pi. Write the ith block as
[Ψ(Q)]ii = Γ∗

iiΛ
∗
iiΓ

∗′
ii , where Γ∗

ii = [Q′ΓQ∗]ii ∈ Opi
, Q∗ ∈ Pṗ, and Λ∗

ii = [Q∗′ΛQ∗]ii. Let
c1, . . . , ck−1 be a set of ṗ-vectors whose elements consist of coefficients of k − 1 linearly
independent contrasts among the k blocks. Specifically, define cj as

cj =
1

pj
Ej,p1pj

− 1

pk
Ek,p1pk

,

where Ej,p is defined in (4). It follows that c′j1ṗ = 0 and that LQcj = C3`j , where

`j = (K′K)−1K′Qcj , L is defined in (2), and C3 and K are defined in (9). Furthermore,

W′
ψ `j = A′

2

(
Iṗ2 − I(ṗ,ṗ)

)
(ΛΓ′ ⊗ Γ′)LQcj

= A′
2

(
Iṗ2 − I(ṗ,ṗ)

)
(Q∗Q∗′ ⊗Q∗Q∗′)(ΛΓ′ ⊗ Γ′)LQcj

= A′
2(Q

∗ ⊗Q∗)
(
Iṗ2 − I(ṗ,ṗ)

)
(Q∗′ΛΓ′ ⊗Q∗′Γ′) vec (QDjQ

′)

where Dj = Diag(cj) =
1

pj
Ej,pE

′
j,p − 1

pk
Ek,pE

′
k,p,
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= A′
2(Q

∗ ⊗Q∗)
(
Iṗ2 − I(ṗ,ṗ)

)
vec (Q∗′Γ′QDiQ

′ΓQ∗Q∗′ΛQ∗)

= A′
2(Q

∗ ⊗Q∗)
(
Iṗ2 − I(ṗ,ṗ)

)
vec

(
1

pj
Ej,pΓ

∗′
jjΓ

∗
jjΛ

∗
jjE

′
j,p − 1

pk
Ek,pΓ

∗′
kkΓ

∗
kkΛ

∗
kkE

′
k,p

)

= A′
2(Q

∗ ⊗Q∗)
(
Iṗ2 − I(ṗ,ṗ)

)
vec

(
1

pj
Ej,pΛ

∗
jjE

′
j,p − 1

pk
Ek,pΛ

∗
kkE

′
k,p

)
= 0

because Ej,pΛ
∗
jjE

′
j,p and Ek,pΛ∗

kkE
′
k,p are symmetric and Iṗ2 − I(ṗ,ṗ) projects onto the space of

skew symmetric matrices along the space of symmetric matrices. Linear independence of
c1, . . . , ck−1 implies that rank(Wψ) ≤ ṗ − k.

Second, it will be shown that rank(Wψ) < ṗ− k leads to a contradiction. If rank(Wψ) < ṗ− k,
then there exists a ṗ-vector ck such that c′k1ṗ = 0, rank

(
c1 c2 · · · ck

)
= k, and W′

ψ `k = 0,

where `k = (K′K)−1K′ck. Denote the null space (kernel) of a matrix M by N (M). Define Jm as

Jm =

dim(m)⊕

i=1

Jmi
,

where m is the vector of eigenvalue multiplicities defined in §2.3 of the article and Jmi
is an

mi × mi matrix of ones. Let ωm be the set

ωm =
{
(s, t); t > s, eṗ′

s Jme
ṗ
t = 1

}
.

That is, ωm is the set of row and column indices that correspond to the structural zeros in G. The
set ωm contains qm = (m′m− ṗ)/2 index pairs. For convenience, label the pairs as (s`, t`) for
` = 1, . . . , qm. It can be shown that a set of vectors that span the ṗ(ṗ + 1)/2 + qm dimensional
space N

[
A′

2

(
Iṗ2 − I(ṗ,ṗ)

)
(ΛΓ′ ⊗ Γ′)

]
is given by the columns of

X = (ΓΛ−1 ⊗ Γ)
(
Nṗ T

)
, where T =

qm∑

`=1

(eṗ
t`
⊗ eṗ

s`
)eṗ′

` ,

and Nṗ is defined in (22). Let Px = XΩ−1
(
X′Ω−1X

)−
X′Ω−1, where Ω is a ṗ2 × ṗ2 positive

definite matrix. Note that Px is the linear operator that projects onto

R(X) = N
[
A′

2

(
Iṗ2 − I(ṗ,ṗ)

)
(ΛΓ′ ⊗ Γ′)

]
along N (X′Ω−1). Therefore,

W′
ψ `k = 0 ⇐⇒ PxC3`k = C3`k.

Set Ω−1 = (Ψ2 ⊗ Iṗ). It can be shown that one generalized inverse of X′Ω−1X is

(
X′Ω−1X

)−
=

(
Nṗ +2Nṗ TT′ Nṗ −2Nṗ T

−2T′ Nṗ 2Iqm

)
.

Accordingly,

Px = (ΓΛ−1 ⊗ Γ)

[
Nṗ +

1

2

(
Iṗ2 − I(ṗ,ṗ)

)
TT′

(
Iṗ2 − I(ṗ,ṗ)

)]
(ΛΓ′ ⊗ Γ′)

and

PxC3`k = C3`k ⇐⇒

PxC3`k = (ΓΛ−1 ⊗ Γ)Nṗ(ΛΓ′ ⊗ Γ′)C3`k (33)
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+
1

2
(ΓΛ−1 ⊗ Γ)

(
Iṗ2 − I(ṗ,ṗ)

)
TT′

(
Iṗ2 − I(ṗ,ṗ)

)
(ΛΓ′ ⊗ Γ′)C3`k.

The second term on the right-hand-side of (33) is zero because C3`k = Lck and

(Λ−1 ⊗ Iṗ)
(
Iṗ2 − I(ṗ,ṗ)

)
TT′

(
Iṗ2 − I(ṗ,ṗ)

)
(ΛΓ′ ⊗ Γ′)Lck

=

ṗ∑

i=1

∑

(s,t)∈ωm

(Λ−1 ⊗ Iṗ)
[ (

e
ṗ
t e

ṗ′
t ⊗ eṗ

se
ṗ′
s

)
−
(
eṗ

se
ṗ′
t ⊗ e

ṗ
t e

ṗ′
s

)

−
(
e

ṗ
t e

ṗ′
s ⊗ eṗ

se
ṗ′
t

)
+
(
eṗ

se
ṗ′
s ⊗ e

ṗ
t e

ṗ′
t

) ]
(ΛΓ′ ⊗ Γ′)

(
e

ṗ
i ⊗ e

ṗ
i

)
e

ṗ′
i ck

=

ṗ∑

i=1

∑

(s,t)∈ωm

[ (
e

ṗ
t λ

−1
t λt ⊗ eṗ

sλ
−1
s λs

)
γtiγsi −

(
eṗ

sλ
−1
s λt ⊗ e

ṗ
t λ

−1
t λs

)
γtiγsi

−
(
e

ṗ
t λ

−1
t λs ⊗ eṗ

sλ
−1
s λt

)
γtiγsi +

(
eṗ

sλ
−1
s λs ⊗ e

ṗ
t λ

−1
t λt

)
γtiγsi

]
e

ṗ′
i ck

=

ṗ∑

i=1

∑

(s,t)∈ωm

[ (
e

ṗ
t ⊗ eṗ

s

)
−
(
eṗ

s ⊗ e
ṗ
t

)
−
(
e

ṗ
t ⊗ eṗ

s

)
+
(
eṗ

s ⊗ e
ṗ
t

) ]
γtiγsie

ṗ′
i ck = 0.

From the remaining terms of (33), it follows that

PxLck = Lck

⇐⇒ (ΓΛ−1 ⊗ Γ)Nṗ(ΛΓ′ ⊗ Γ′)Lck = Lck

⇐⇒ (ΓΛ−1 ⊗ Γ)I(ṗ,ṗ)(ΛΓ′ ⊗ Γ′)Lck = Lck

⇐⇒ (ΓΛ−1 ⊗ Γ)(Γ′ ⊗ΛΓ′)Lck = Lck because I(ṗ,ṗ)L = L

⇐⇒ (Ψ−1 ⊗Ψ)Lck = Lck ⇐⇒ (Iṗ ⊗Ψ)Lck = (Ψ ⊗ Iṗ)Lck

⇐⇒ ΨDk = DkΨ,

where Dk = Diag(ck). The above property (Ψ and Dk commute) along with symmetry of both
matrices implies that Ψ and Dj can be diagonalized by the same orthogonal matrix (Schott, 1997,
Theorem 4.15). To fulfill the condition that rank

(
c1 c2 · · · ck

)
= k, the vector ck must assign

two or more different values to coefficients that correspond to at least one of the k blocks. Without
loss of generality, assume that the coefficient values associated with block i are not all identical.
Choose Q ∈ Pṗ so that the diagonal elements of [Q′DkQ]ii are those associated with the ith block
and are sorted from smallest to largest. It follows that [Q′ΨQ]ii = Q′

iΓ
∗
iiΛ

∗
iiΓ

∗′
iiQi for some

Qi ∈ Ppi
. Denote the vector of eigenvalue multiplicities of [Q′DkQ]ii by m∗ =

(
m∗

1 · · · m∗
k∗

)′
,

where 1′
k∗m∗ = pi and k∗ ≥ 2. The eigenvectors of [Q′DkQ]ii that are associated with the j

smallest eigenvalue can be written as Ej,m∗Mj , where Mj is an arbitrary matrix chosen from

Om∗

j
. Because Ψ and Dk commute, the columns of Ej,m∗Mj also must be eigenvectors of
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[Q′ΨQ]ii for some Mj ∈ Om∗

j
. Accordingly,

Q′
iΓ

∗
iiΛ

∗
iiΓ

∗′
iiQi =

k∗∑

j=1

Ej,m∗MjE
′
j,m∗Λ

∗
iiEj,m∗M′

jE
′
j,m∗ =

k∗⊕

j=1

MjE
′
j,m∗Λ

∗
iiEj,m∗M′

j .

This contradicts the assumption that the maximal number of non-empty blocks is k and, therefore,
the rank of Wψ cannot be less than k − ṗ.

In the remainder of this supplement, it is assumed that the ṗ variables are ordered so that if
Q = Iṗ, then blk(Q) = k and, therefore, Ψ(Q) can be written more simply as Ψ and

Ψ =
k⊕

i=1

Ψi,

where Ψi is a pi × pi correlation matrix.

3 Proof of Theorem 2

Theorem 2. Assume that Wψ in (12) has full row-rank and write Wψ in terms of its singular
values and vectors:

Wψ = Uψ

(
Dψ 0

)(A′
ψ,1

A′
ψ,2

)
= UψDψ A′

ψ,1;

where Dψ is a (ṗ − 1) × (ṗ − 1) diagonal matrix of singular values; Uψ ∈ Oṗ−1; Aψ,1 has
dimension (ṗ2 −m′m)/2 × ṗ − 1; Aψ,2 has dimension (ṗ2 −m′m)/2× (ṗ2 −m′m)/2− (ṗ − 1);
and Aψ =

(
Aψ,1 Aψ,2

)
∈ O(ṗ2−m′m)/2. Let V1 be any matrix whose columns form a basis for

R(Aψ,1), the vector space generated by the columns of Aψ,1. Similarly, let V2 be any matrix
whose columns form a basis for R(Aψ,2). For fixed V =

(
V1 V2

)
, the matrices of first

derivatives of g = vecG with respect to µ′ and ϕ′ are

D(1)
g:µ

def
=

∂ g

∂ µ′

∣∣∣
µ=0

= (Iṗ2 − I(ṗ,ṗ))A2V2 and

D(1)
g:ϕ

def
=

∂ g

∂ ϕ′

∣∣∣
µ=0

= −1

2
(Iṗ2 − I(ṗ,ṗ))A2 W+

ψ C′
3(Γ ⊗ Γ)LD

(1)
λ:ϕ,

where W+
ψ = Aψ,1 D−1

ψ U′
ψ = W′

ψ

(
WψW′

ψ

)−1

is the Moore-Penrose inverse of Wψ and L is

given in (2).

Proof. For fixed V, the derivative of g in (10) with respect to µ′ is

D(1)
g:µ = A1

∂ ηµ,ϕ,1

∂ µ′

∣∣∣
µ=0

+ A2V1

∂ ηµ,ϕ,2

∂ µ′

∣∣∣
µ=0

+ A2V2.

The derivatives of ηµ,ϕ can be obtained by employing the constraints GG′ = Iṗ and (9).
Differentiating the first constraint yields

∂ vecGG′

∂ µ′

∣∣∣
µ=0

= 0 =⇒ D′
ṗD

(1)
g:µ = 0

=⇒ D(1)
g:µ = (Iṗ2 − I(ṗ,ṗ))A2V1

∂ ηµ,ϕ,2

∂ µ′

∣∣∣
µ=0

+ (Iṗ2 − I(ṗ,ṗ))A2V2
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because A1 and A2 satisfy D′
ṗA1 = Iṗ(ṗ+1)/2 and A1D

′
ṗA2 = I(ṗ,ṗ)A2. Differentiating the second

constraint yields

∂ C′
3 vecP

∂ µ′

∣∣∣
µ=0

= 0 =⇒ C′
3(ΓΛ ⊗ Γ)D(1)

g:µ = 0 =⇒

∂ ηµ,ϕ,2

∂ µ′

∣∣∣
µ=0

= − (WψV1)
−1

WψV2 = 0

because A′
ψ,1 V2 = 0. Accordingly, the first derivative simplifies to (Iṗ2 − I(ṗ,ṗ))A2V2 as claimed.

The proof for D
(1)
g:ϕ is similar to that of D

(1)
g:µ and is omitted.

4 Proof of Theorem 3

Theorem 3. Assume that C′
2Wξ has full row-rank and write C′

2Wξ in terms of its singular
values and vectors:

C′
2Wξ = Uξ

(
Dξ 0

)(A′
ξ,1

A′
ξ,2

)
= UξDξA

′
ξ,1;

where Wξ is given in (17); Dξ is an r2 × r2 diagonal matrix of nonzero singular values;
r2 = rank(C2); Uξ ∈ Or2

; Aξ,1 has dimension q4 × r2; Aξ,2 has dimension q4 × ν3; ν3 = q4 − r2;
and

(
Aξ,1 Aξ,2

)
∈ Oq4

. Let V3 be any matrix whose columns form a basis for R(Aξ,1) and let

V4 be any matrix whose columns form a basis for R(Aξ,2). For fixed V∗ =
(
V3 V4

)
, the first

derivative of λ with respect to ϕ′ is

D
(1)
λ:ϕ

def
=

∂ λ

∂ ϕ′ = wṗHλT3WξV4, where Hλ = Iṗ − 1

ṗ
λ1′

ṗ

and w is defined in (13).

Proof. For fixed V3 and V4, the first derivative of λ with respect to ϕ′ can be written as

D
(1)
λ:ϕ =

∂

∂ε′
ṗT3 exp{�T4

[
V3ηϕ + V4(ϕ + ε)

]
}

1′
ṗT3 exp{�T4

[
V3ηϕ + V4(ϕ + ε)

]
}

∣∣∣∣
ε=0

= wṗHλWξ

(
V3

∂ ηϕ

∂ ε′

∣∣∣∣
ε=0

+ V4

)
.

An expression for ∂ ηϕ/∂ ε′ can be obtained by setting the derivative of the constraint in (16) with
respect to ε to zero and solving for ∂ ηϕ/∂ ε′. The result is

∂

∂ ε′
C′

2 exp{�T4

[
V3ηϕ + V4(ϕ + ε)

]
}
∣∣∣∣
ε=0

= C′
2Wξ

(
V3

∂ ηϕ

∂ ε′

∣∣∣∣
ε=0

+ V4

)
= 0

=⇒ ∂ ηϕ

∂ ε′

∣∣∣∣
ε=0

= − (C′
2WξV3)

−1
C′

2WξV4 = 0

because C′
2Wξ,1 = UξDξA

′
ξ,1 and A′

ξ,1V4 = 0. Therefore, D
(1)
λ:ϕ simplifies to wṗHλWξV4 as

claimed.
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5 Proof of Theorem 5

Theorem 5. Define F
(1)
0 and F

(1)
a,0 as

F
(1)
0

def
=

∂ vecΣ0(θ)

∂ θ

∣∣∣∣
θ=θ0

and F
(1)
a,0

def
=

∂ vecΣa(θ)

∂ θ

∣∣∣∣
θ=θa,0

.

Denote the dimensions of Θ0 and Θa by ν̇0 and ν̇a, respectively. If

(a) θ0 and θa are in open subsets of their respective parameter spaces,

(b) θ0 and θa are consistent solutions to ∂Q/∂θ = 0,

(c) F
(1)
0 and F

(1)
a,0 each have full column-rank, and

(d)
√

n(Σ0 −Σ) = O(1) and
√

n(Σa −Σ) = O(1), and

(e) vecF
(1)
0 ∈ R

(
Iν̇a

⊗ F
(1)
a,0

)
,

then

X2 ∼
df∑

i=1

αiVi + Op

(
n− 1

2

)
for Q1 and Q2, and X2 ∼ χ2

df,∆ + Op

(
n− 1

2

)
for Q3,

where df = ν̇a − ν̇0, Vi for i = 1, . . . , df are independently distributed as Vi ∼ χ2
1,∆i

, αi is the ith

largest eigenvalue of

T =
1

2
(Σ−1

0 ⊗Σ−1
0 )(Pa −P0)Ωn,

P0 = F
(1)
0

[
F

(1)′
0

(
Σ−1

0 ⊗Σ−1
0

)
F

(1)
0

]−1

F
(1)′
0

(
Σ−1

0 ⊗Σ−1
0

)
,

Pa = F
(1)
a,0

[
F

(1)′
a,0

(
Σ−1

0 ⊗Σ−1
0

)
F

(1)
a,0

]−1

F
(1)′
a,0

(
Σ−1

0 ⊗Σ−1
0

)
, ∆i =

n

2

[u′
i(σ − σ0)]

2

u′
iΩnui

,

ui is an eigenvector of T that corresponds to αi, σ0 = vecΣ0,

∆ =
n

2
(σ − σ0)

′Ω+
n (P∗

a − P∗
0) (σ − σ0), P∗

0 = F
(1)
0

[
F

(1)′
0 Ω+

n F
(1)
0

]−1

F
(1)′
0 Ω+

n ,

P∗
a = F

(1)
a,0

[
F

(1)′
a,0 Ω+

n F
(1)
a,0

]−1

F
(1)′
a,0 Ω+

n , and Ω+
n = Dṗ

(
D′

ṗΩnDṗ

)−1
D′

ṗ.

If the multiplicity of αi is greater than one, then the corresponding eigenvectors are chosen to
satisfy u′

iΩnuj = 0 for all i 6= j.

Proof. The estimating function ∂ Q(θ)/∂ θ = 0 for the null model can be expanded around θ̂0 = θ0

as

1√
n

∂ Q(θ)

∂ θ

∣∣∣∣
θ=θ̂0

= 0 =

(
1√
n

∂ Q(θ)

∂ θ

∣∣∣∣
θ=θ0

)
+

(
1

n

∂2Q(θ)

∂ θ ⊗ ∂ θ′

∣∣∣∣
θ=θ0

)
√

n(θ̂0 − θ0) + Op

(
n− 1

2

)
.
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Accordingly,

√
n(θ̂0 − θ0) = −

(
1

n

∂2Q(θ)

∂ θ ⊗ ∂ θ′

∣∣∣∣
θ=θ0

)−1(
1√
n

∂ Q(θ)

∂ θ

∣∣∣∣
θ=θ0

)
+ Op

(
n− 1

2

)
.

Make the substitution S−1 ⊗ S−1 = Σ−1 ⊗Σ−1 + Op

(
n− 1

2

)
in Q2 and Ω̂n = Ωn + Op

(
n− 1

2

)
in

Q3, and use Σ = Σ0 + O
(
n− 1

2

)
to obtain

√
n(θ̂0 − θ0) =





[
F

(1)′
0

(
Σ−1

0 ⊗Σ−1
0

)
F

(1)
0

]−1

F
(1)′
0

(
Σ−1

0 ⊗Σ−1
0

)√
n(s − σ0) + Op

(
n− 1

2

)
for Q1 and Q2,[

F
(1)′
0 Ω+

n F
(1)
0

]−1

F
(1)′
0 Ω+

n

√
n(s− σ0) + Op

(
n− 1

2

)
for Q3,

where Ω+
n = Dṗ(D

′
ṗΩnDṗ)

−1D′
ṗ and Dṗ is the duplication matrix. Expanding the estimating

function ∂ Q(θ)/∂ θ = 0 for the alternative model around θ̂a = θa,0 and solving for
√

n(θ̂a − θa,0)
yields

√
n(θ̂a − θa,0) =





[
F

(1)′
a,0

(
Σ−1

0 ⊗Σ−1
0

)
F

(1)
a,0

]−1

F
(1)′
a,0

(
Σ−1

0 ⊗Σ−1
0

)√
n(s − σ0) + Op

(
n− 1

2

)
for Q1 and Q2,[

F
(1)′
a,0 Ω+

n F
(1)
a,0

]−1

F
(1)′
a,0 Ω+

n

√
n(s − σ0) + Op

(
n− 1

2

)
for Q3.

The second order Taylor expansion of Q(θ̂0) around θ̂0 = θ0 is

Q(θ̂0) = Q(θ0) +

(
1√
n

∂ Q(θ)

∂ θ′

∣∣∣∣
θ=θ0

)
√

n(θ̂0 − θ0)

+
√

n(θ̂0 − θ0)
′

(
1

n

∂2Q(θ)

∂ θ ⊗ ∂ θ′

∣∣∣∣
θ=θ0

)
√

n(θ̂0 − θ0) + Op

(
n− 1

2

)
.

Making the same substitutions as was done earlier and using the solution for
√

n(θ̂ − θ0) yields

Q1(θ̂0) = n
[
tr
(
SΣ−1

0

)
+ ln |Σ0|

]
− 1

2

√
n(s − σ0)

′
(
Σ−1

0 ⊗Σ−1
0

)
P0

√
n(s− σ0) + Op

(
n− 1

2

)
,

Q2(θ̂0) =
1

2

√
n(s − σ0)

′
(
Σ−1

0 ⊗Σ−1
0

) (
Iṗ2 −P0

)√
n(s− σ0) + Op

(
n− 1

2

)
, and

Q3(θ̂0) =
√

n(s − σ0)
′Ω+

n

(
Iṗ2 −P∗

0

)√
n(s − σ0) + Op

(
n− 1

2

)
,

where P0 and P∗
0 are defined in Theorem 5. The expansions of Qi(θ̂a) for i = 1, 2, 3 under the

alternative model have the same form as those under the null model, except that Pa is substituted
for P0 and P∗

a is substituted for Pa. The test statistic, X2 = Q(θ̂0) − Q(θ̂a), therefore, can be
written as

X2 =





1
2

√
n(s− σ0)

′
(
Σ−1

0 ⊗Σ−1
0

)
(Pa −P0)

√
n(s− σ0) + Op

(
n− 1

2

)
for Q1 and Q2,

√
n(s− σ0)

′Ω+
n (P∗

a −P∗
0)

√
n(s− σ0) + Op

(
n− 1

2

)
for Q3.
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Define z as

z
def
= (D′

ṗΩnDṗ)
− 1

2 D′
ṗ

√
n(s − σ0).

Then,

z + Op

(
n− 1

2

)
∼ N

[
(D′

ṗΩnDṗ)
− 1

2 D′
ṗ

√
n(σ − σ0), Iṗ(ṗ+1)/2

]
.

Furthermore, it follows from Nṗ(s− σ0) = (s− σ0) that

√
n(s− σ0) = D+′

ṗ (D′
ṗΩnDṗ)

1

2 z,

where D+
ṗ = (D′

ṗDṗ)
−1D′

ṗ. Accordingly, the test statistic can be written as

X2 =





1
2z

′(D′
ṗΩnDṗ)

1

2 D+
ṗ

(
Σ−1

0 ⊗Σ−1
0

)
(Pa −P0)D

+′

ṗ (D′
ṗΩnDṗ)

1

2 z + Op

(
n− 1

2

)
for Q1 and Q2,

z′(D′
ṗΩnDṗ)

1

2 D+
ṗ Ω+

n (P∗
a −P∗

0)D
+′

ṗ (D′
ṗΩnDṗ)

1

2 z + Op

(
n− 1

2

)
for Q3.

The proof is completed by using the asymptotic normal distribution of z and standard results on
quadratic forms of normal random vectors (e.g., Stapleton, 1995, p. 65).

6 Higher-Order Derivatives

In this section, second- and third-order derivatives of model components with respect to θ are
listed. Higher-order derivatives are constructed in the same manner as in Theorems 2 and 3.
Proofs are not given. For completeness, the first-order derivatives also are listed.

6.1 Arrangement of Derivatives

Let A = A(B) be an a × q matrix whose elements are functions of the b × s matrix B. Then the
derivative of A with respect to B is defined to be ab × qs matrix of derivatives {∂ aij/∂ bst} whose
elements are arranged as follows:

∂A

∂B

def
=

∂

∂B
⊗A.

Partition θ as θ =
(
θ′

1 · · · θ′
k

)′
. In particular, if θ has the structure in (3) then k = 3 and

θ =
(
τ ′ µ′ ϕ′

)′
. If the extended parameterization (§5.2 of the article) is used, then k = 4 and

θ =
(
τ ′ µ′ ϕ′ β′

)′
. Derivatives of vecΣ with respect to θ are arranged as follows:

F(1) def
=

∂ vec(Σ)

∂θ′

∣∣∣∣
µ=0

=
k∑

s=1

∂ vec(Σ)

∂θ′
s

E′
s,ν

∣∣∣∣
µ=0

;

F(2) def
=

∂2 vec(Σ)

∂θ′ ⊗ ∂θ′

∣∣∣∣
µ=0

=
k∑

s=1

k∑

t=1

∂2 vec(Σ)

∂θ′
s ⊗ ∂θ′

t

(Es,ν ⊗Et,ν)
′

∣∣∣∣
µ=0

;

F(11) def
=

∂2 vec(Σ)

∂θ ⊗ ∂θ′

∣∣∣∣
µ=0

= dvec
(
F(2), ṗ2ν̇, ν̇

)
;

F(3) def
=

∂3 vec(Σ)

∂θ′ ⊗ ∂θ′ ⊗ ∂θ′

∣∣∣∣
µ=0
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=

k∑

s=1

k∑

t=1

k∑

u=1

∂3 vec(Σ)

∂θ′
s ⊗ ∂θ′

t ⊗ ∂θ′
u

(Es,ν ⊗Et,ν ⊗Eu,ν)
′

∣∣∣∣
µ=0

; and

F(111) def
=

∂3 vec(Σ)

∂θ ⊗ ∂θ ⊗ ∂θ′

∣∣∣∣
µ=0

= dvec
(
F(3), ṗ2ν̇2, ν̇

)
;

where Es,ν is defined in (4);

ν =




ν1

...
νk


 =




dim(θ1)
...

dim(θk)


 ; ν̇ =

k∑

j=1

νj ;

and dvec(A, a, b) is the a× b matrix that satisfies vec(A) = vec{dvec(A, a, b)}. The matrix A must
have exactly ab elements. Higher-order derivatives can be rearranged by post-multiplying by
commutation matrices. For example,

∂2 vec(Σ)

∂θ′
t ⊗ ∂θ′

s

=
∂2 vec(Σ)

∂θ′
s ⊗ ∂θ′

t

I(νt,νs) and

∂3 vec(Σ)

∂θ′
t ⊗ ∂θ′

s ⊗ ∂θ′
u

=
∂3 vec(Σ)

∂θ′
s ⊗ ∂θ′

t ⊗ ∂θ′
u

(
I(νt,νs) ⊗ Iνu

)

=
∂3 vec(Σ)

∂θ′
t ⊗ ∂θ′

u ⊗ ∂θ′
s

(
Iνt

⊗ I(νs,νu)

)
.

The derivatives of vecΣ with respect to θ satisfy the following multiplicative invariance properties:

F(1) = I(ṗ,ṗ)F
(1);

F(2) = I(ṗ,ṗ) F
(2) = F(2) I(ν̇,ν̇);

F(11) = (Iν̇ ⊗ I(ṗ,ṗ))F
(11);

F(3) = I(ṗ,ṗ) F
(3) = F(3) I(ν̇,ν̇2) = F(3) I(ν̇2,ν̇);

= F(3)(Iν̇ ⊗ I(ν̇,ν̇)) = F(3)(I(ν̇,ν̇) ⊗ Iν̇); and

F(111) = (I(ṗ,ṗ) ⊗ Iν̇2)F(111) = (Iṗ2 ⊗ I(ν̇,ν̇))F
(111) .

These properties are useful when simplifying expressions.
The derivatives of λ, vecG, and vecΣ involve several structured matrices. For ease of

reference, these structured matrices are defined below:

Na =
1

2

(
Ia2 + I(a,a)

)
; I

(2)
ṗ,λ = (Λ ⊗ Iṗ) ;

N∗
a =

1

2

(
Ia2 − I(a,a)

)
; I

(2)
pi,λi

=
(
Λ−1

i ⊗ Ipi

)
;

Ja = Ia3 + I(a,a2) + (Ia ⊗ I(a,a)); I
(3)
ṗ = (Iṗ ⊗ vec Iṗ ⊗ Iṗ)

′
;
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J∗
a = Ia3 + I(a,a2) + (I(a,a) ⊗ Ia); I(3)

pi
= (Ipi

⊗ vec Ipi
⊗ Ipi

)
′
; (34)

Ja,b = I(b,ab) + (Ib ⊗ I(b,a)); I
(3)
ṗ,λ = (Iṗ ⊗ vecΛ⊗ Iṗ)

′

J∗
a,b = Iab2 + (I(b,b) ⊗ Ia); I

(3)
pi,λi

= (Ipi
⊗ vecΛi ⊗ Ipi

)′

J∗∗
a,b = Ia2b + (Ib ⊗ I(a,a)); I

(4)
ṗ = (Iṗ ⊗ vec Iṗ ⊗ vec Iṗ ⊗ Iṗ)

′
;

I(4)
pi

= (Ipi
⊗ vec Ipi

⊗ vec Ipi
⊗ Ipi

)
′
;

where a and b are positive integers, and I(·,·) is the commutation matrix (MacRae, 1974). The
commutation matrix I(a,b) is denoted by some writers as Kb,a (Magnus & Neudecker 1979, 1999
§3.7). The matrix Na is the perpendicular projection operator that projects onto the vector space
generated by symmetric matrices. That is, N′

a = Na, N2
a = Na, and if A is an a × a matrix, then

vecA = Na vecA if and only if A is symmetric. The matrix N∗
a is the perpendicular projection

operator that projects onto the vector space generated by skew-symmetric matrices. That is,
N∗′

a = N∗
a, N∗2

a = N∗
a and if A is an a × a matrix, then vecA = N∗

a vecA if and only if A is
skew-symmetric.

6.2 Derivatives of Scale Parameters

The vector of scale parameters, σd, is parameterized as

σd = T1 exp{�T2τ},

where T1 and T2 are full column-rank design matrices with dimensions ṗ × q1 and q1 × ν1,
respectively.

Theorem 6. The first three derivatives of σd with respect to τ ′ are

D(1)
σd:τ =

∂ σd

∂ τ ′ = T1 Diag (exp{�T2τ})T2,

D(2)
σd:τ ,τ =

∂2σd

∂ τ ′ ⊗ ∂ τ ′ = T1

q1∑

i=1

e
q1

i exp{eq1′

i T2τ}(eq1′

i T2 ⊗ e
q1′

i T2), and

D(3)
σ:τ ,τ ,τ =

∂3σd

∂ τ ′ ⊗ ∂ τ ′ ⊗ ∂ τ ′ = T1

q1∑

i=1

e
q1

i exp{eq1′

i T2τ}(eq1′

i T2 ⊗ e
q1′

i T2 ⊗ e
q1′

i T2),

where e
q1

i is the ith column of Iq1
;

6.3 Derivatives of Eigenvectors of Ψ

The correlation matrix Ψ can be written as

Ψ = ΓGΛG′Γ′

∣∣∣
µ=0

=

k⊕

i=1

Ψi, where (35)
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Ψi = ΓiGiΛiG
′
iΓi

∣∣∣
µi=0

,

Γ =

k⊕

i=1

Γi, G =

k⊕

i=1

Gi, and Gi = Gi(µi).

Denote the vector of eigenvalue multiplicities that corresponds to Ψi by mi and let Vi be a
(p2

i −m′
imi)/2 × (p2

i −m′
imi)/2 nonsingular matrix that can be partitioned as Vi =

(
V1i V2i

)
,

where V1i has dimension (p2
i −m′

imi)/2 × (pi − 1), V2i has dimension (p2
i −m′

imi)/2 × ν2i,
ν2i = [(pi − 1)2 + 1 −m′

imi]/2, and V′
1iV2i = 0. Then, vecGi can be written as

gi
def
= vecGi = A1iη

∗
i + A2iµ

∗
i =

(
A1i A2iV1i

)(η1i

η2i

)
+ A2iV2iµi, (36)

where η1i = η∗
i ; η2i = (V′

1iV1i)
−1V′

1iµ
∗
i ; µi = (V′

2iV2i)
−1V′

2iµ
∗
i ; and A1i and A2i are known

semi-orthogonal indicator matrices of order p2
i × pi(pi + 1)/2 and p2

i × (p2
i −m′

imi)/2, respectively.
These matrices satisfy A′

1i vecGi = η∗
i , A′

2i vecGi = µ∗
i , and A′

1iA2i = 0 (see §2.4 of the article).
Expressions for the first derivatives of g = vecG with respect to µ′ and ϕ′ for specific choices

of Vi for i = 1, . . . , k are given in Theorem 7. The following definitions are used in Theorem 7 and
throughout this supplement:

La =

a∑

i=1

(ea
i ⊗ ea

i )ea′
i and C3i =

pi−1∑

j=1

(epi

j ⊗ e
pi

j )epi′

j , (37)

where a is an integer.

Theorem 7. Define Wψ,i as Wψ,i = 2C′
3i(ΓiΛi ⊗ Γi)N

∗
pi

A2i, where N∗
pi

is given in (34).
Express Wψ,i in terms of its singular values and vectors:

Wψ,i = Uψ,i

(
Dψ,i 0

)(A′
ψ,1i

A′
ψ,2i

)
= Uψ,i Dψ,i A

′
ψ,1i;

where Dψ,i is a (pi − 1) × (pi − 1) diagonal matrix of singular values; Uψ,i ∈ O(pi − 1); Aψ,1i has
dimension (p2

i −m′
imi)/2× pi − 1; Aψ,2i has dimension (p2

i −m′
imi)/2× (p2

i −m′
imi)/2− pi + 1;

and Aψ,i =
(
Aψ,1i Aψ,2i

)
∈ O[(p2

i −m′
imi)/2]. Let V1i be any matrix whose columns form a

basis for R(Aψ,1i) and let V2i be any matrix whose columns form a basis for R(Aψ,2i). This
choice of Vi =

(
V1i V2i

)
is delicate because Vi is a function of ρi = vecΨi, yet it will be treated

as a constant when taking derivatives with respect to ϕ. For fixed Vi, the first three derivatives of
g = vecG with respect to µ′ and ϕ′ are

D(1)
g:µ =

∂ vecG

∂ µ′

∣∣∣∣
µ=0

=
k∑

i=1

(Ei,p ⊗Ei,p)D(1)
gi:µi

E′
i,ν2

;

ν2 =
(
ν21 · · · ν2k

)′
; ν2i =

1

2

[
(pi − 1)2 + 1 −m′

imi

]
;

D(1)
gi:µi

=
∂ vecGi

∂ µ′
i

∣∣∣∣
µi=0

= 2N∗
pi

A2iV2i;

D(2)
g:µ,µ =

∂2 vecG

∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=
k∑

i=1

(Ei,p ⊗Ei,p)D(2)
gi:µi,µi

(Ei,ν2
⊗Ei,ν2

)′;



PCA—13

D(2)
gi:µi,µi

=
∂2 vecGi

∂ µ′
i ⊗ ∂ µ′

i

∣∣∣∣
µi=0

=
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
D(1)

gi:µi
⊗D(1)

gi:µi

)
;

Hψ,i = 2N∗
pi

A2i W
+
ψ,i C

′
3i(ΓiΛi ⊗ Γi);

W+
ψ,i = Aψ,3i D

−1
ψ,i

′

U′
ψ,i is the Moore-Penrose inverse of Wψ,i;

D(3)
g:µ,µ,µ =

∂3 vecG

∂ µ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=
k∑

i=1

(Ei,p ⊗Ei,p)D(3)
gi:µi,µi,µi

(Ei,ν2
⊗Ei,ν2

⊗Ei,ν2
)′;

D(3)
gi:µi,µi,µi

=
∂3 vecGi

∂ µ′
i ⊗ ∂ µ′

i ⊗ ∂ µ′
i

∣∣∣∣
µi=0

= −
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
I(pi,pi)D

(2)
gi:µi,µi

⊗D(1)
gi:µi

)
Jν2i

;

D(1)
g:ϕ =

∂ vecG

∂ ϕ′

∣∣∣∣
µ=0

=

k∑

i=1

(Ei,p ⊗Ei,p)D(1)
gi:ϕ;

D(1)
gi:ϕ =

∂ vecGi

∂ ϕ′

∣∣∣∣
µi=0

= −1

2
Hψ,i I

(2)
pi,λi

Lpi
E′

i,pD
(1)
λ:ϕ;

D(2)
g:ϕ,ϕ =

∂2 vecG

∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

=

k∑

i=1

(Ei,p ⊗Ei,p)D(2)
gi:ϕ,ϕ;

D(2)
gi:ϕ,ϕ =

∂2 vecGi

∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µi=0

=
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
D(1)

gi:ϕ ⊗D(1)
gi:ϕ

)

+2Hψ,i I
(2)
pi,λi

I(3)
pi

(
D(1)

gi:ϕ ⊗ Lpi
E′

i,pD
(1)
λ:ϕ

)
Nν3

− 1

2
Hψ,i I

(2)
pi,λi

Lpi
E′

i,pD
(2)
λ:ϕ,ϕ;

D(3)
g:ϕ,ϕ,ϕ =

∂3 vecG

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

=
k∑

i=1

(Ei,p ⊗Ei,p)D(3)
gi:ϕ,ϕ,ϕ;

D(3)
gi:ϕ,ϕ,ϕ =

∂3 vecGi

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µi=0

= −
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
I(pi,pi)D

(2)
gi:ϕ,ϕ ⊗D(1)

gi:ϕ

)
Jν3
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+Hψ,i I
(2)
pi,λi

I(4)
pi

(
D(1)

gi:ϕ ⊗ Lpi
E′

i,pD
(1)
λ:ϕ ⊗D(1)

gi:ϕ

)
J∗

ν3
−Hψ,i I

(2)
pi,λi

I(3)
pi

×
[ (

I(pi,pi)D
(2)
gi:ϕ,ϕ ⊗ Lpi

E′
i,pD

(1)
λ:ϕ

)
+
(
Lpi

E′
i,pD

(2)
λ:ϕ,ϕ ⊗D(1)

gi:ϕ

)]
Jν3

−1

2
Hψ,i I

(2)
pi,λi

Lpi
E′

i,pD
(3)
λ:ϕ,ϕ,ϕ;

D(2)
g:ϕ,µ =

∂2 vecG

∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=

k∑

i=1

(Ei,p ⊗Ei,p)D(2)
gi:ϕ,µi

(Iν3
⊗E′

i,ν2
);

D(2)
gi:ϕ,µi

=
∂2 vecGi

∂ ϕ′ ⊗ ∂ µ′
i

∣∣∣∣
µi=0

=
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
D(1)

gi:ϕ ⊗D(1)
gi:µi

)

−Hψ,i I
(2)
pi,λi

I(3)
pi

(
Lpi

E′
i,pD

(1)
λ:ϕ ⊗D(1)

gi:µi

)
;

D(3)
g:ϕ,ϕ,µ =

∂3 vecG

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=
k∑

i=1

(Ei,p ⊗Ei,p)D(3)
gi:ϕ,ϕ,µi

(Iν2

3

⊗E′
i,ν2

);

D(3)
gi:ϕ,ϕ,µi

=
∂3 vecGi

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ µ′
i

∣∣∣∣
µi=0

= −
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

][ (
I(pi,pi)D

(2)
gi:ϕ,ϕ ⊗D(1)

gi:µi

)

+
(
I(pi,pi)D

(2)
gi:ϕ,µi

⊗D(1)
gi:ϕ

)
Jν2i ,ν3

]
−Hψ,i I

(2)
pi,λi

I(3)
pi

×
[ (

Lpi
E′

i,pD
(2)
λ:ϕ,ϕ ⊗D(1)

gi:µi

)
+
(
I(pi,pi)D

(2)
gi:ϕ,µi

⊗ Lpi
E′

i,pD
(1)
λ:ϕ

)
Jν2i,ν3

]

+Hψ,i I
(2)
pi,λi

I(4)
pi

(
D(1)

gi:ϕ ⊗ Lpi
E′

i,pD
(1)
λ:ϕ ⊗D(1)

gi:µi

)
J∗

ν2i,ν3
;

D(3)
g:ϕ,µ,µ =

∂3 vecG

∂ ϕ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=

k∑

i=1

(Ei,p ⊗Ei,p)D(3)
gi:ϕ,ϕ,µi

(Iν3
⊗E′

i,ν2
⊗ E′

i,ν2
);

D(3)
gi:ϕ,µi,µi

=
∂3 vecGi

∂ ϕ′ ⊗ ∂ µ′
i ⊗ ∂ µ′

i

∣∣∣∣
µi=0

= −
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
I(pi,pi)D

(2)
gi:ϕ,µi

⊗D(1)
gi:µi

)
J∗∗

ν2i,ν3
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+
[
(I −Hψ,i)A1iD

′
pi

I(3)
pi

+ Hψ,i I
(2)
pi,λi

I
(3)
pi,λi

] (
D(1)

gi:ϕ ⊗D(2)
gi:µi,µi

)

+Hψ,i I
(2)
pi,λi

I(4)
pi

(
D(1)

gi:µi
⊗ Lpi

E′
i,pD

(1)
λ:ϕ ⊗D(1)

gi:µi

)
(I(ν3,ν2i) ⊗ Iν2i

)

−Hψ,i I
(2)
pi,λi

I(3)
pi

(
Lpi

E′
i,pD

(1)
λ:ϕ ⊗D(2)

gi:µi,µi

)
;

where Dpi
is the duplication matrix of order p2

i × pi(pi + 1)/2 (Magnus and Neudecker, 1999,

§3.8), N∗
a, Ja, J∗

a, Ja,b, J∗
a,b, J∗∗

a,b, I
(2)
pi,λi

, I
(3)
pi , I

(3)
pi,λi

, and I
(4)
pi are defined in (34), and Lpi

is
defined in (37).

6.4 Derivatives of Eigenvalues of Ψ

The vector of eigenvalues of Ψ is parameterized as

λ = wṗT3 exp{�T4ξ}, where w =
(
1′

ṗT3 exp{�T4ξ}
)−1

(38)

and T3 and T4 are full column-rank design matrices with dimensions ṗ × q3 and q3 × q4

respectively. The design matrix T4 satisfies rank
(
T4 1q3

)
= q4 + 1. The q4-vector ξ is

parameterized as ξ = ξ(ϕ) = V3η + V4ϕ, where V3 and V4 are full column-rank matrices with
dimensions q4 × c2 and q4 × (q4 − c2), respectively; V′

3V4 = 0; η is an implicit function of ϕ; ξ is
subject to the constraints C′

2 exp{�T4ξ} = 0; and c2 = rank(C2). If Ψ has a block diagonal
structure with k ≥ 2, then the eigenvalues within the ith block must sum to pi. That is,
1′

pi
λi = pi, where λi = E′

i,pλ and Ei,p is defined in (4). It is assumed that the matrix C2

incorporates these additional linear constraints on λ.

Theorem 8. Define Wξ,1 as Wξ,1 = Diag (exp{�T4ξ})T4, and express C′
2Wξ,1 in terms of its

singular values and vectors;

C′
2Wξ,1 = Uξ

(
Dξ 0

)(A′
ξ,1

A′
ξ,2

)
= UξDξA

′
ξ,1; (39)

where Dξ is an r2 × r2 diagonal matrix of nonzero singular values; r2 = rank(C2); Uξ ∈ Or2
; Aξ,1

has dimension q4 × c2; Aξ,2 has dimension q4 × ν3; ν3 = q4 − c2; and
(
Aξ,1 Aξ,2

)
∈ Oq4

. Let V3

be any matrix whose columns form a basis for R(Aξ,1), where R( · ) denotes the vector space
generated by the columns of a matrix. Similarly, let V4 be any matrix whose columns form a basis
for R(Aξ,2). This choice of V∗ =

(
V3 V4

)
is delicate because V∗ is defined as a function of ξ,

yet it will be treated as a constant when taking derivatives. For fixed V∗, the first three derivatives
of λ with respect to ϕ′ are

D
(1)
λ:ϕ =

∂ λ

∂ ϕ′ = wṗHλT3Wξ,1V4, w is defined in (38);

Hλ = Iṗ − 1

ṗ
λ1′

ṗ;

D
(2)
λ:ϕ,ϕ =

∂2λ

∂ ϕ′ ⊗ ∂ ϕ′

= −2w
(
D

(1)
λ:ϕ ⊗ 1′

ṗT3Wξ,1V3

)
Nν3

+ wṗHλT3HξWξ,2 (V4 ⊗V3) ;
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Hξ = Iq3
−Wξ,1(C

′
2Wξ,1)

+C′
2;

(C′
2Wξ,1)

+ = Aξ,1D
−1
ξ U′

ξ is the Moore-Penrose inverse of C′
2Wξ,1;

Wξ,2 =

q3∑

j=1

e
q3

j exp{eq3′

j T4ξ}(eq3′

j T4 ⊗ e
q3′

j T4);

D
(3)
λ:ϕ,ϕ,ϕ =

∂3λ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′

= −wṗHλT3HξWξ,2

[
(C′

2Wξ,1)
+C′

2Wξ,2 (V4 ⊗V4) ⊗V4

]
Jν3

−w
(
D

(2)
λ:ϕ,ϕ ⊗ 1′

ṗT3Wξ,1V4

)
Jν3

−w
[
1′

ṗT3HξWξ,2 (V4 ⊗V4) ⊗D
(1)
λ:ϕ

]
Jν3

+wṗHλT3HξWξ,3 (V4 ⊗V4 ⊗V4) ; and

Wξ,3 =

q3∑

j=1

e
q3

j exp{eq3′

j T4ξ}(eq3′

j T4 ⊗ e
q3′

j T4 ⊗ e
q3′

j T4).

Proof: For fixed V3 and V4, the first derivative of λ with respect to ϕ′ can be written as

Dλ,ϕ =
∂

∂ε′
ṗT3 exp{�T4 [V3η + V4(ϕ + ε)]}
1′

ṗT3 exp{�T4 [V3η + V4(ϕ + ε)]}

∣∣∣∣
ε=0

= wṗHλWξ,1

(
V3

∂ η

∂ ε′

∣∣∣∣
ε=0

+ V4

)
.

An expression for ∂ η/∂ ε′ can be obtained by setting the derivative of the constraint in (5) with
respect to ε to zero and solving for ∂ η/∂ ε′. The result is

∂

∂ ε′
C′

2 exp{�T4 [V3η + V4(ϕ + ε)]}
∣∣∣∣
ε=0

= C′
2Wξ,1

(
V3

∂ η

∂ ε′

∣∣∣∣
ε=0

+ V4

)
= 0

=⇒ ∂ η

∂ ε′

∣∣∣∣
ε=0

= − (C′
2Wξ,1V3)

−1
C′

2Wξ,1V4 = 0

because C′
2Wξ,1 = UξDξA

′
ξ,1 and A′

ξ,1V4 = 0. Therefore, D
(1)
λ:ϕ simplifies to wṗHλWξ,1V4 as

claimed. The second and third derivatives are obtained in a parallel manner.

To reduce memory and computational requirements, matrix derivatives can be stored as
sparse matrices. Also, to decrease the number of non-zero entries in the matrix derivatives, V4 can
be equated to the transpose of the row reduced echelon form of A′

ξ,2.

Corollary 2. If C2 in (5) has rank 0 (i.e., there are no additional constraints beyond 1′
ṗλ = ṗ),

then r2 = 0, V4 = Iq4
, ν3 = q4, ϕ = ξ and the derivatives of λ simplify to

D
(1)
λ:ϕ = wṗHλT3Wξ,1,
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D
(2)
λ:ϕ,ϕ = −2w

(
D

(1)
λ:ϕ ⊗ 1′

ṗT3Wξ,1

)
Nν3

+ ṗwHλT3Wξ,2;

D
(3)
λ:ϕ,ϕ,ϕ = −w

(
D

(2)
λ:ϕ,ϕ ⊗ 1′

ṗT3Wξ,1

)
Jν3

− w
(
1′

ṗT3Wξ,2 ⊗D
(1)
λ:ϕ

)
Jν3

+wṗHλT3Wξ,3;

where Nν3
and Jν3

are defined in (34).

6.5 Derivatives of Σ

6.5.1 First-Order Derivatives of vecΣ With Respect to θ

Theorem 9. Assume that θ is partitioned as in (3). First-order derivatives of vecΣ with respect
to the components of θ, evaluated at µ = 0 are

∂ vecΣ

∂τ ′

∣∣∣∣
µ=0

= 2Nṗ(σDΨ⊗ Iṗ)LṗD
(1)
σd:τ ;

∂ vecΣ

∂µ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D
(1)
ψ:µ;

D
(1)
ψ:µ =

∂ vecΨ

∂ µ′

∣∣∣∣
µ=0

= 2Nṗ(ΓΛ ⊗ Γ)D(1)
g:µ; and

∂ vecΣ

∂ϕ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D
(1)
ψ:ϕ;

D
(1)
ψ:ϕ =

∂ vecΨ

∂ ϕ′

∣∣∣∣
µ=0

= 2Nṗ(Γ ⊗ Γ)

[
I
(2)
ṗ,λD

(1)
g:ϕ +

1

2
LṗD

(1)
λ:ϕ

]
;

where the derivatives of σd, λ, and g are given in Theorems 6, 8, and 7, respectively; Nṗ and I
(2)
ṗ,λ

are defined in (34); and Lṗ is defined in (37).

6.5.2 Second-Order Derivatives of vecΣ With Respect to θ

To obtain expressions for second- and third-order derivatives, the identities

(ABC⊗D)E =
{
A⊗ [vec(C′)]

′ ⊗D
}

[vec(B′) ⊗E] and

(A ⊗BCD)E = [A ⊗ (vecD)′ ⊗B] (E⊗ vecC),

are repeatedly used, where A, B, C, D, and E are any matrices that are conformable for
multiplication.

Theorem 10. Second-order derivatives of vecΣ with respect to the components of θ, evaluated at
µ = 0 are

∂2 vecΣ

∂τ ′ ⊗ ∂τ ′

∣∣∣∣
µ=0

= 2Nṗ

[
(σDΨ ⊗ Iṗ)LṗD

(2)
σd:τ ,τ
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+(Iṗ ⊗ vecΨ ⊗ Iṗ)
′(LṗD

(1)
σd:τ ⊗ LṗD

(1)
σd:τ )

]
;

∂2 vecΣ

∂τ ′ ⊗ ∂µ′

∣∣∣∣
µ=0

= 2Nṗ(Iṗ ⊗ σD)I
(3)
ṗ

(
LṗD

(1)
σd:τ ⊗D

(1)
ψ:µ

)

∂2 vecΣ

∂µ′ ⊗ ∂µ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D
(2)
ψ:µ,µ;

D
(2)
ψ:µ,µ =

∂2 vecΨ

∂µ′ ⊗ ∂µ′

∣∣∣∣
µ=0

= 2Nṗ(Γ ⊗ Γ)
[
I
(2)
ṗ,λD

(2)
g:µ,µ − I

(3)
ṗ,λ(D(1)

g:µ ⊗D(1)
g:µ)

]
;

∂2 vecΣ

∂ϕ′ ⊗ ∂ϕ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D
(2)
ψ:ϕ,ϕ;

D
(2)
ψ:ϕ,ϕ =

∂2 vecΨ

∂ϕ′ ⊗ ∂ϕ′

∣∣∣∣
µ=0

= 2Nṗ(Γ ⊗ Γ)

[
2I

(3)
ṗ

(
LptD

(1)
λ:ϕ ⊗D(1)

g:ϕ

)
Nν3

− I
(3)
ṗ,λ

(
D(1)

g:ϕ ⊗D(1)
g:ϕ

)
+ I

(2)
ṗ,λD

(2)
g:ϕ,ϕ +

1

2
LṗD

(2)
λ:ϕ,ϕ

]
;

∂2 vecΣ

∂ϕ′ ⊗ ∂µ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D
(2)
ψ:ϕ,µ;

D
(2)
ψ:ϕ,µ =

∂2 vecΨ

∂ϕ′ ⊗ ∂µ′

∣∣∣∣
µ=0

= 2Nṗ(Γ ⊗ Γ)

[
I
(2)
ṗ,λD

(2)
g:ϕ,µ − I

(3)
ṗ,λ

(
D(1)

g:ϕ ⊗D(1)
g:µ

)

+I
(3)
ṗ

(
LṗD

(1)
λ:ϕ ⊗D(1)

g:µ

)]
; and

∂2 vecΣ

∂ϕ′ ⊗ ∂τ ′

∣∣∣∣
µ=0

= 2Nṗ(σD ⊗ Iṗ)I
(3)
ṗ

(
D

(1)
ψ:ϕ ⊗ LṗD

(1)
σd:τ

)
;

where the derivatives of σd, λ, and g are given in Theorems 6, 8, and 7, respectively; Nṗ, I
(2)
ṗ,λ,

I
(3)
ṗ , and I

(3)
ṗ,λ are defined in (34); and Lṗ is defined in (37).

6.5.3 Third-Order Derivatives of vecΣ With Respect to θ

Theorem 11. Third-order derivatives of vecΣ with respect to the components of θ, evaluated at
µ = 0 are

∂3 vecΣ

∂τ ′ ⊗ ∂τ ′ ⊗ τ ′

∣∣∣∣
µ=0

= 2Nṗ

[
(Iṗ ⊗ vecΨ⊗ Iṗ)

′
(
LṗD

(2)
σd:τ ,τ ⊗ LṗD

(1)
σd:τ

)
Jν1

+(σDΨ ⊗ Iṗ)LṗD
(3)
σ:τ ,τ ,τ

]
;
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∂3 vecΣ

∂µ′ ⊗ ∂µ′ ⊗ µ′

∣∣∣∣
µ=0

= 2Nṗ(σDΓ ⊗ σDΓ)

{
I
(3)
ṗ,λ

(
I(ṗ,ṗ) D

(2)
g:µ,µ ⊗D(1)

g:µ

)
Jν2

+ I
(2)
ṗ,λD

(3)
g:µ,µ,µ

}
;

∂3 vecΣ

∂ϕ′ ⊗ ∂ϕ′ ⊗ ϕ′

∣∣∣∣
µ=0

= 2Nṗ(σDΓ ⊗ σDΓ)

{[
I
(3)
ṗ,λ

(
I(ṗ,ṗ) D

(2)
g:ϕ,ϕ ⊗D(1)

g:ϕ

)

+I
(3)
ṗ

[ (
LṗD

(2)
λ:ϕ,ϕ ⊗D(1)

g:ϕ

)
+
(
I(ṗ,ṗ) D

(2)
g:ϕ,ϕ ⊗ LṗD

(1)
λ:ϕ

) ]]
Jν3

−I
(4)
ṗ

(
D(1)

g:ϕ ⊗ LṗD
(1)
λ:ϕ ⊗D(1)

g:ϕ

)
J∗

ν3
+ I

(2)
ṗ,λD

(3)
g:ϕ,ϕ,ϕ +

1

2
LṗD

(3)
λ:ϕ,ϕ,ϕ

}

∂3 vecΣ

∂µ′ ⊗ ∂τ ′ ⊗ τ ′

∣∣∣∣
µ=0

= 2Nṗ

{
I
(4)
ṗ

(
LṗD

(1)
σd:τ ⊗D

(1)
ψ:µ ⊗ LṗD

(1)
σd:τ

) (
I(ν2,ν1) ⊗ Iν1

)

+(σD ⊗ Iṗ)I
(3)
ṗ

(
D

(1)
ψ:µ ⊗ LṗD

(2)
σd:τ ,τ

)}
;

∂3 vecΣ

∂ϕ′ ⊗ ∂τ ′ ⊗ τ ′

∣∣∣∣
µ=0

= 2Nṗ

{
I
(4)
ṗ

(
LṗD

(1)
σd:τ ⊗D

(1)
ψ:ϕ ⊗ LṗD

(1)
σd:τ

)(
I(ν3,ν1) ⊗ Iν1

)

+(σD ⊗ Iṗ)I
(3)
ṗ

(
D

(1)
ψ:ϕ ⊗ LṗD

(2)
σd:τ ,τ

)}
;

∂3 vecΣ

∂µ′ ⊗ ∂µ′ ⊗ τ ′

∣∣∣∣
µ=0

= 2Nṗ(σD ⊗ Iṗ)I
(3)
ṗ

(
D

(2)
ψ:µ,µ ⊗ LṗD

(1)
σd:τ

)
;

∂3 vecΣ

∂ϕ′ ⊗ ∂ϕ′ ⊗ τ ′

∣∣∣∣
µ=0

= 2Nṗ(σD ⊗ Iṗ)I
(3)
ṗ

(
D

(2)
ψ:ϕ,ϕ ⊗ LṗD

(1)
σd:τ

)
;

∂3 vecΣ

∂ϕ′ ⊗ ∂ϕ′ ⊗ µ′

∣∣∣∣
µ=0

= 2Nṗ(σDΓ ⊗ σDΓ)

{
I
(3)
ṗ,λ

[ (
I(ṗ,ṗ) D

(2)
g:ϕ,ϕ ⊗D(1)

g:µ

)

+
(
I(ṗ,ṗ) D

(2)
g:ϕ,µ ⊗D(1)

g:ϕ

)
Jν2,ν3

]

+I
(3)
ṗ

[(
LṗD

(2)
λ:ϕ,ϕ ⊗D(1)

g:µ

)
+
(
I(ṗ,ṗ) D

(2)
g:ϕ,µ ⊗ LṗD

(1)
λ:ϕ

)
Jν2,ν3

]

−I
(4)
ṗ

(
D(1)

g:ϕ ⊗ LṗD
(1)
λ:ϕ ⊗D(1)

g:µ

)
J∗

ν2,ν3
+ I

(2)
ṗ,λD

(3)
g:ϕ,ϕ,µ

}
;

∂3 vecΣ

∂ϕ′ ⊗ ∂µ′ ⊗ µ′

∣∣∣∣
µ=0

= 2Nṗ(σDΓ ⊗ σDΓ)

{
I
(3)
ṗ

(
LṗD

(1)
λ:ϕ ⊗D(2)

g:µ,µ

)

−I
(3)
ṗ,λ

[(
D(1)

g:ϕ ⊗D(2)
g:µ,µ

)
−
(
I(ṗ,ṗ) D

(2)
g:ϕ,µ ⊗D(1)

g:µ

)
J∗∗

ν2,ν3

]
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−I
(4)
ṗ

(
D(1)

g:µ ⊗ LṗD
(1)
λ:ϕ ⊗D(1)

g:µ

)(
I(ν3,ν2) ⊗ Iν2

)
+ I

(2)
ṗ,λD

(3)
g:ϕ,µ,µ

}
;

∂3 vecΣ

∂ϕ′ ⊗ ∂µ′ ⊗ τ ′

∣∣∣∣
µ=0

= 2Nṗ(σD ⊗ Iṗ)I
(3)
ṗ

(
D

(2)
ψ:ϕ,µ ⊗ LṗD

(1)
σd:τ

)
;

where the derivatives of σd, λ, and g are given in Theorems 6, 8, and 7, respectively; Nṗ, Ja, Ja,b,

J∗
a,b, J∗∗

a,b, I
(2)
ṗ,λ, I

(3)
ṗ , I

(3)
ṗ,λ, and I

(4)
ṗ are defined in (34); and Lṗ is defined in (37).

7 Initial Guesses

7.1 Guess for τ

Denote the p-vector of sample standard deviations by sd and denote the diagonal matrix of
standard deviations by sD. Using the delta method, it is readily shown that if S has a Wishart
distribution, then √

n(sd − σd)
dist−→ N

(
0, 2−1σD

−1Σ�2σD
−1
)
. (40)

If S is not Wishart, then the asymptotic variance of
√

n(sd − σd) depends on the kurtosis of the
parent distribution that generated Y. Nonetheless, for purposes of obtaining initial guesses, there
is little harm in using the asymptotic distribution in (40).

If possible, a two stage generalized least squares procedure is used to compute an initial guess
for τ . In the first stage, an estimate of exp{�T2τ} is computed. If all elements of the estimate are
positive, then an estimate for τ is computed in the second stage. The first stage estimate is

exp{�T2τ̃} =
[
T′

1sD
(
S�2

)−1
sDT1

]−1

T′
1sD

(
S�2

)−1
sDsd.

Using the delta method, it is readily shown that

Var ln

{
�
[
T′

1σD

(
Σ�2

)−1
σDT1

]−1

T′
1σD

(
Σ�2

)−1
σDsd

}
≈

Diag (exp{�(−T2τ )})
[
T′

1σD

(
Σ�2

)−1
σDT1

]−1

Diag (exp{�(−T2τ )}) .

The second stage estimate is

τ̂ =
[
T′

2 Diag (exp{�T2τ̃}) T′
1sD

(
S�2

)−1
sDT1 Diag(exp{�T2τ̃})T2

]−1

×T′
2 Diag (exp{�T2τ̃})T′

1sD
(
S�2

)−1
sDT1 Diag(exp{�T2τ̃}) ln [�exp{�T2τ̃}] .

If any component of the first stage estimate is negative, then an alternative two stage method
is used. The first stage of the alternative method employs the Gauss-Newton algorithm to minimize

SSE(ω) = (sd −T1 exp{�T21ν1
ω})′sD

(
S�2

)−1
sD(sd −T1 exp{�T21ν1

ω})

with respect to the scalar ω, where the initial guess for ω is zero. At iteration h + 1, the estimate
of ω is updated by

ω̂h+1 = ω̂h + αh

[
x′sD

(
S�2

)−1
sDx

]−1

x′sD
(
S�2

)−1
sD(sd − σ̂d), where
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x = T1 Diag (exp{�T11ν1
ω̂h})T21ν1

,

σ̂d = T2 exp{�T21ν1
ω̂h},

and αh ∈ (0, 1].
The second stage of the alternative method employs the Gauss-Newton algorithm to minimize

SSE(τ ) = (sd −T1 exp{�T2τ})′sD
(
S�2

)−1
sD(sd −T1 exp{�T2τ})

with respect to τ , where the initial guess for τ is 1ν1
ω̂ and ω̂ is the minimizer computed in stage

one. At iteration h + 1, the estimate of τ is updated by

τ̂ h+1 = τ̂ h + αh

[
X′sD

(
S�2

)−1
sDX

]−1

X′sD
(
S�2

)−1
sD(sd − σ̂d), where

X = T1 Diag (exp{�T1τ̂ h})T2,

σ̂d = T2 exp{�T2τ̂h},

and αh ∈ (0, 1].

7.2 Guesses for ξ and ϕ

The strategy for obtaining initial guesses for the eigenvalue parameters is first to obtain an initial
guess for ξ. The initial guess for ξ is then used as the starting point for obtaining an initial guess
for ϕ.

7.2.1 Initial Guess for ξ

Denote the ṗ-vector of eigenvalues of R as ` and denote the diagonal matrix of sample eigenvalues
by D̀ . It can be shown (Kollo and Neudecker, 1993; Boik, 1998) that if S has a Wishart
distribution, then

√
n(` − λ)

dist−→ N (0,Ωλ) where (41)

Ωλ = 2L′
ṗ(Γ ⊗ Γ)′

[
Iṗ2 − (Ψ ⊗ Iṗ)Wṗ

]
(Ψ ⊗Ψ)

[
Iṗ2 −Wṗ(Ψ ⊗ Iṗ)

]
(Γ ⊗ Γ)Lṗ,

Wṗ =

ṗ∑

i=1

(eṗ
i e

ṗ′
i ⊗ e

ṗ
i e

ṗ′
i ),

and Lṗ is defined in (37). Note that Pr(1′
ṗ` = ṗ) = 1 and, therefore, Ωλ1ṗ = 0.

A two-stage procedure is used to obtain an initial guess for ξ. The first stage employs the
Gauss-Newton algorithm to minimize

SSE(ω) =

(
` − ṗT3 exp{�T41q4

ω}
1′

ṗT3 exp{�T41q4
ω}

)′

K
(
K′Ω

λ̂
K
)−1

K′

(
` − ṗT3 exp{�T41q4

ω}
1′

ṗT3 exp{�T41q4
ω}

)

with respect to the scalar ω, where the initial guess for ω is zero, K is a ṗ × (ṗ − 1) matrix whose
columns form a basis for the null space of 1′

ṗ, and Ω
λ̂

is a consistent estimator of Ωλ. At iteration
h + 1, the estimate is updated by

ω̂h+1 = ω̂h + αh

{
x′K

(
K′Ω

λ̂
K
)−1

K′x
}−1

x′K
(
K′Ω

λ̂
K
)−1

K′(` − λ̂h), where
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λ̂h =
ṗT3 exp{�T41q4

ω̂h}
1′

ṗT3 exp{�T41q4
ω̂h}

,

x =
ṗ(Iṗ − λ̂hṗ−11′

ṗ)T3 Diag (exp{�T41q4
ω̂h})T41q4

1′
ṗT3 exp{�T41q4

ω̂h}
,

and αh ∈ (0, 1].
The second stage employs the Gauss-Newton algorithm to minimize

SSE(ξ) =

(
` − ṗT3 exp{�T4ξ}

1′
ṗT3 exp{�T4ξ}

)′

K
(
K′Ω

λ̂
K
)−1

K′

(
` − ṗT3 exp{�T4ξ}

1′
ṗT3 exp{�T4ξ}

)

with respect to ξ, where the initial guess for ξ is 1q4
ω̂ and ω̂ is the minimizer from stage one. At

iteration h + 1, the estimate is updated by

ξ̂h+1 = ξ̂h + αh

{
X′K

(
K′Ω

λ̂
K
)−1

K′X
}−1

X′K
(
K′Ω

λ̂
K
)−1

K′(` − λ̂h), where

λ̂h =
ṗT3 exp{�T4ξ̂h}
1′

ṗT3 exp{�T4ξ̂h}
,

X =
ṗ(Iṗ − λ̂hṗ−11′

ṗ)T3 Diag
(
exp{�T4ξ̂h}

)
T4

1′
ṗT3 exp{�T4ξ̂h}

,

and αh ∈ (0, 1].

7.2.2 Initial Guess for ϕ

If λ is not subject to linear constraints other than 1′
ṗλ = ṗ, then the initial guess for ϕ is ξ̂, where

ξ̂ is the initial guess for ξ.
Suppose that λ is subject to the constraints C′

1λ = c0 in addition to 1′
ṗλ = ṗ. In this case,

the guess for ϕ is the minimizer of

SSE(ϕ) =

(
` − ṗT3 exp{�T4ξ(ϕ)}

1′
ṗT3 exp{�T4ξ(ϕ)}

)′

K
(
K′Ω

λ̂
K
)−1

K′

(
` − ṗT3 exp{�T4ξ(ϕ)}

1′
ṗT3 exp{�T4ξ(ϕ)}

)

with respect to ϕ, where ξ(ϕ) satisfies C′
2 exp{�T4ξ(ϕ)} = 0 and C2 is a q3 × r2 matrix whose

columns form a basis for R
[
T′

3(C1 − 1ṗṗ
−1c′0)

]
. See equation (16). A Gauss-Newton algorithm is

used to minimize SSE(ϕ). Set ξ̂0 = ξ̂, where ξ̂ is the initial guess for ξ. Define W
ξ̂h,1 as

W
ξ̂h,1

def
= diag

(
exp{�T4ξ̂h}

)
T4.

and denote the singular value decomposition of C′
2Wξ̂h,1

C′
2Wξ̂h,1 = U

ξ̂h

(
D
ξ̂h

0
)(A′

ξ̂,1

A′

ξ̂,2

)
,

where D
ξ̂h

is an r2 × r2 diagonal matrix of non-zero singular values, U
ξ̂h

∈ Or2
, and

A
ξ̂

=
(
A
ξ̂,1 Aξ,2

)
∈ Oq4

. Write ξ̂h as

ξ̂h = V3η̂h + V4ϕ̂h, where η̂h = (V′
3V3)

−1V′
3ξ̂h, ϕ̂h = (V′

4V4)
−1V′

4ξ̂h,
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V3 is a q4 × r2 matrix whose columns form a basis for R(A
ξ̂,1), and V4 is a q4 × ν3 matrix whose

columns form a basis for R(A
ξ̂,2). At iteration h + 1, the estimate of ϕ is updated as

ϕ̂h+1 = ϕ̂h + αh

{
X′K

(
K′Ω

λ̂
K
)−1

K′X
}−1

X′K
(
K′Ω

λ̂
K
)−1

K′(` − λ̂h), where

λ̂h =
ṗT3 exp{�T4ξ̂h}
1′

ṗT3 exp{�T4ξ̂h}
,

X =
ṗ(Iṗ − λ̂hṗ−11′

ṗ)T3Wξ̂h
V4

1′
ṗT3 exp{�T4ξ̂h}

,

and αh ∈ (0, 1]. Given ϕ̂h+1, the estimate of the corresponding implicit parameter, η̂h+1, is
obtained by solving

C′
2 exp{�T4

(
V3η̂h+1 + V4ϕ̂h+1

)
} = 0.

Set η̂h+1,0 = η̂h. The modified Newton update for η̂h+1 is

η̂h+1,j+1 = η̂h+1,j − αh+1,j

{
C′

2 Diag
[
exp

{
�T4

(
V3η̂h+1,j + V4ϕ̂h+1

)}]
T4V3

}−1

×C′
2 exp

{
�T4

(
V3η̂h+1,j + V4ϕ̂h+1

)}
,

where αh+1,j ∈ (0, 1].

7.3 Guess for Γ

A two step procedure is used to obtain an initial guess for Γ. In step 1, an estimate that satisfies
e

ṗ′
i Γ̂Λ̂Γ̂e

ṗ
i = 1 for i = 1, . . . , ṗ is obtained, where Λ̂ is a diagonal matrix with diagonal entries

equal to the estimates computed in §7.2.2. In step 2, the initial estimate is improved.

7.3.1 Computing an Initial Estimate

Denote the ith diagonal block of the sample correlation matrix by Ri; i.e., Ri = E′
i,pREi,p, for

i = 1, . . . , k. The pi(pi − 1)/2 × 1 vector of distinct entries of Ri below the diagonal can be
obtained as H′

i vec(Ri), where

Hi = Npi

pi−1∑

s=1

pi∑

t=s+1

(epi
s ⊗ e

pi

t )epi(pi−1)/2′
u ,

u = (2pi − 1 − s)s/2 + t − pi, and Npi
is defined in (34). Using the delta method, it is readily

shown that if S has a Wishart distribution, then

√
nH′

i vec(Ri −Ψi)
dist−→ N(0,Mi), where

Mi = 2H′
i

[
Ip2

i
− (Ψi ⊗ Ipi

)Wpi

]
(Ψi ⊗Ψi)

[
Ip2

i
−Wpi

(Ψi ⊗ Ipi
)
]
Hi,

and Wpi
is defined in (41).

Denote the pi × pi matrix containing the eigenvectors of Ri by Γ̃i. An initial guess for Γi can
be obtained by employing a modification of algorithm AS 213 (Lin and Bendel, 1985). The
modifications are as follows.
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1. Set the eigenvalues of Ψ̂i to

λ̂i = E′
i,p

ṗT3 exp{�T4ξ̂}
1′

ṗT3 exp{�T4ξ̂}
,

and set Λ̂i = Diag(λ̂i), where ξ̂ is the initial guess for ξ computed in §7.2.2.

2. Denote the estimate of Γi at iteration h by Γ̂i,h and set the initial estimate to Γ̂i,0 = Γ̃i. It is

assumed that the columns of Γ̃i have been ordered to correspond to the sorted eigenvalues of
Ri and that the components of λ̂i are ordered from largest to smallest. The latter ordering is
accomplished by means of the T3 design matrix.

3. At iteration h of algorithm AS 213 choose the largest and smallest diagonal elements of
Ψ̂i = Γ̂i,hΛ̂iΓ̂

′
i,h.

4. The update from Γ̂i,h to Γ̂i,h+1 is obtained by multiplication by an elementary orthogonal
matrix. This multiplication sets one of the two selected diagonal entries of the correlation
matrix to one. For each of the two diagonal elements, in turn, update the estimate to Γi,h+1

and choose the update that has the smaller

SSE =
[
H′

i vec(Ri − Ψ̂i,h+1)
]′

M̂−1H′
i vec(Ri − Ψ̂i,h+1),

where Ψ̂i,h+1 = Γ̂i,h+1Λ̂iΓ̂
′
i,h+1 and M̂i is a consistent estimator of Mi.

5. Repeat steps 3 and 4 for h = 2, . . . , pi − 1.

7.3.2 Improving the Initial Estimate

Step 2 consists of using a modified Gauss-Newton algorithm to minimize

SSE(Γi) =
[
H′

i vec(Ri − Ψ̂i)
]′

M̂−1H′
i vec(Ri − Ψ̂i),

with respect to Γi subject to the constraints that Γi ∈ Opi
and Ψ̂i is a correlation matrix, where

Ψ̂i = ΓiΛ̂iΓ
′
i. The update of Γ̂i in iteration h is Γ̂i,h+1 = Γ̂i,hG(µ̂h+1), where

µ̂h+1 = αh

(
X′

i,hM̂
−1
i Xi,h

)−1

X′
i,hM̂

−1
i H′

i vec(Ri − Ψ̂i,h),

Xi,h = 2H′
i(Γ̂i,h ⊗ Γ̂i,h)D(1)

gi:µi
,

D
(1)
gi:µi

is defined in Theorem 7, and αh ∈ (0, 1]. Given a value for µ̂h+1, it is necessary to solve for
the implicit parameters in order to compute G(µ̂h+1). An algorithm for solving for the implicit
parameters is given in the next section.

7.3.3 Solving for Implicit Parameters

To reduce notational complexity, it is assumed in this section that k = 1 and, therefore, p = ṗ. The
algorithm for obtaining an initial guess for Γ as well as the algorithms for minimizing the
discrepancy functions require that for given values of µ in a neighborhood of zero, Γ, Λ, and V

one can solve for η subject to the restrictions GG′ = Ip and C′
3 vec(ΓGΛG′Γ′ − Ip) = 0. See §2.3

of the manuscript for details.
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The restrictions on η can be written as k(η) = 0, where

k(η) =

(
vech(GG′ − Ip)

C′
3 vec(ΓGΛG′Γ′ − Ip)

)

= B0 + 2B1η + B2(η ⊗ η);

B0 =

(
D′

p

[
(Ip ⊗ vec Ip ⊗ Ip)

′
(
I(p,p)A2V2µ ⊗A2V2µ

)
− vec Ip

]

C′
3

[
(Γ ⊗ vecΛ⊗ Γ)′

(
I(p,p)A2V2µ ⊗A2V2µ

)
− vec Ip

]
)

;

B1 =

(
D′

p

[
(Ip ⊗ vec Ip ⊗ Ip)

′
(
I(p,p)A2V2µ ⊗

[
A1 A2V1

])]

C′
3

[
(Γ ⊗ vecΛ⊗ Γ)

′
(
I(p,p)A2V2µ ⊗

[
A1 A2V1

])]
)

; and

B2 =

(
D′

p

[
(Ip ⊗ vec Ip ⊗ Ip)

′
(
I(p,p)

[
A1 A2V1

]
⊗
[
A1 A2V1

])]

C′
3

[
(Γ ⊗ vecΛ⊗ Γ)

′
(
I(p,p)

[
A1 A2V1

]
⊗
[
A1 A2V1

])]
)

;

where Dṗ is the duplication matrix and the vech operator (Searle, 1982, §12.9) stacks the
components of the columns of a matrix that are on or below the main diagonal. A modified
Newton algorithm combined with an optimal line search is used to solve k(η) = 0. At iteration h,
the value of ηh is updated as

ηh+1 = ηh + αhδh, where

δh = − [K(ηh)]−1
k(ηh),

K(ηh) =
∂ k(η)

∂ η′

∣∣∣∣
η=ηh

= 2B1 + 2B2(Is ⊗ ηh),

s = (p + 1)(p + 2)/2 − 2, B2I(ṗ,ṗ) = B2 has been used, and αh ∈ (0, 1].
The value of αh is chosen as the minimizer of

SSE∗(α) = [k(ηh + αδh)]′[k(ηh + αδh)].

Equating the derivative of SSE∗ with respect to α to zero reveals that the minimizer is one of the
real solutions to the cubic equation

a0 + αa1 + α2a2 + α3a3, where

a0 = −1

2
[k(ηh)]′[k(ηh)],

a1 =
1

2
[k(ηh)]′[k(ηh)] + [k(ηh)]′B2(δh ⊗ δh),

a2 = −3

2
[k(ηh)]′B2(δh ⊗ δh), and

a3 = (δh ⊗ δh)′B′
2B2(δh ⊗ δh).

The cubic equation can be written as

−1

2
+

1

2
α + O [|k(ηh)|] = 0.

Accordingly, for small |k(ηh)|, the minimizer of SSE∗ will be near unity.
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8 Matrix Expressions for Zj and Kj

The terms Zj for j = 1, . . . in (25) are linear functions of s− σ = vec(S −Σ) whose coefficients

depend on the derivatives of Σ with respect to θ. For convenience, define F̈(1), F̈(2),
...

F
(1)

, and
...

F
(2)

as

F̈(1) =
(
Σ−1 ⊗Σ−1

)
F(1); F̈(2) =

(
Σ−1 ⊗Σ−1

)
F(2);

...

F
(1)

=
(
Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)
F(1) and

...

F
(2)

=
(
Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)
F(2) .

Expressions for Zj and Kj are as follows:

Z1 =
1

2
F̈(1)′ √n (s− σ) ;

Z2 =
1

2
F(11)′

{
Iν̇ ⊗

(
Σ−1 ⊗Σ−1

)√
n (s− σ)

}
−

...

F
(1)′
{
F(1) ⊗√

n(s− σ)
}

;

Z3 =
(
vec F̈(1) ⊗ F̈(1)

)′ (
Iṗν̇ ⊗ I(ṗ,ṗ) ⊗ Iṗ

) {
Iν̇ ⊗ F(1) ⊗√

n(s − σ)
}

+ 2
...

F
(1)′
[
F(1) ⊗Nṗ

(
Iṗ ⊗ vecΣ−1 ⊗ Iṗ

)′ {
F(1) ⊗√

n(s − σ)
}]

+
1

2
F(111)′

{
Iν̇2 ⊗

(
Σ−1 ⊗Σ−1

)√
n (s− σ)

}

− 2F(11)′
(
Iν̇ ⊗Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)′ {(
Iν̇ ⊗ F(1)

)
Nν̇ ⊗

√
n(s− σ)

}

−
...

F
(1)′
{
F(2) ⊗√

n(s− σ)
}

;

K2 = −1

2
F̈(1)′ F(1) = −Iθ;

K3 = 2
...

F
(1)′
(
F(1) ⊗ F(1)

)
Nν̇ −F(11)′

(
Iν̇ ⊗ F̈(1)

)
Nν̇ −

1

2
F̈(1)′ F(2); and

K4 = F(11)′
{
Iν̇ ⊗

(
Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)′ (
F(1) ⊗ F(1)

)}{
4 (Nν̇ ⊗Iν̇) + 2I(ν̇2,ν̇)

}

+ 4
...

F
(1)′
(
F(2) ⊗F(1)

){
(Iν̇ ⊗Nν̇) +

1

2
I(ν̇,ν̇2)

}

− F(1)′(Σ−1 ⊗ vecΣ−1 ⊗ vecΣ−1 ⊗Σ−1)′
(
F(1) ⊗ F(1) ⊗ F(1)

)

×
{
2I(ν̇,ν̇2) + 3I(ν̇2,ν̇) + 4 (Nν̇ ⊗Iν̇)

}

− F(111)′
(
Iν̇2 ⊗ F̈(1)

){
(Iν̇ ⊗Nν̇) +

1

2
I(ν̇,ν̇2)

}
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− F(11)′
(
Iν̇ ⊗ F̈(2)

){
(Nν̇ ⊗Iν̇) +

1

2
I(ν̇2,ν̇)

}
− 1

2
F̈(1)′ F(3);

where Nν̇ = 1
2

(
Iν̇ + I(ν̇,ν̇)

)
. In the current application, the expressions for K3 and K4 can be

simplified because the Bartlett correction depends on these terms only through the expectations of
functions such as Z∗′

1 K3(Z
∗
1 ⊗ Z∗

1) and Z∗′
1 K4(Z

∗
1 ⊗ Z∗

1 ⊗ Z∗
1); see equation (26) in Boik (2002) for

details. The simplified quantities are denoted by K∗
3 and K∗

4 and are defined in the next section.

9 Expectation of Likelihood Ratio Statistic

Evaluation of the expectation of the right-hand-side of equation (26) in Boik (2002) reveals that
the expectation of the likelihood ratio statistic is the following:

E
{
D
(
θ̂; θ

)}
= dim(θ) +

1

n̄

10∑

i=1

ζi + O
(
n̄−2

)
,

where

ζ1 = tr
{(

I
−1

θ F̈(1)′ ⊗Nṗ

)
(Iṗ ⊗ vecΣ ⊗ Iṗ) F(1) I

−1

θ U(1)
}

;

U(1) = F(11)′
(
Iν̇ ⊗Σ−1 ⊗Σ−1

)
− 2

...

F
(1)′
(
F(1) ⊗ Iṗ2

)
;

ζ2 =
1

3
tr

{(
F(1) I

−1

θ ⊗F(1) I
−1

θ

)′ ...

F
(1)

I
−1

θ K∗
3

}
;

K∗
3 = 2

...

F
(1)′
(
F(1) ⊗ F(1)

)
− dvec

(
F̈(1)′ F(2), ν̇2, ν̇

)′
− 1

2
F̈(1)′ F(2);

ζ3 =
1

2
tr
[{

I
−1

θ ⊗Nṗ (Σ ⊗Σ)
}

U(1)′ I
−1

θ U(1)
]
;

ζ4 = L′
1 I

−1

θ L1 + L′
2

(
I(ν̇,ν̇) ⊗ I

−1

θ

)
L2;

L1 =
1

2
U(1) vec

(
F(1) I

−1

θ

)
; L2 =

1

2
vec
{
U(1)

(
Iν̇ ⊗ F(1) I

−1

θ

)}
;

ζ5 =
1

2
tr
{
Nν̇

(
I
−1

θ ⊗ I
−1

θ

)
K∗′

3 I
−1

θ K∗
3

}
+

1

4

(
vec I

−1

θ

)′
K∗′

3 I
−1

θ K∗
3 vec I

−1

θ ;

ζ6 = tr
{
Nν̇

(
I
−1

θ ⊗ I
−1

θ F(1)′
)

U(1)′ I
−1

θ K∗
3

}
;

ζ7 =
1

2

(
vec I

−1

θ

)′
K∗′

3 I
−1

θ U(1) vec
(
F(1) I

−1

θ

)
;

ζ8 =
1

3
tr
{
Nν̇

(
I
−1

θ F(1)′ ⊗ I
−1

θ

)
U(2)

}
;

U(2) = −6 dvec

(
...

F
(1)′

, ṗ2ν̇, ṗ2

)
F(2)
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+ dvec

[
dvec

{
(Σ−1 ⊗Σ−1)F(3), ṗ2ν̇2, ν̇

}′

, ṗ2ν̇, ν̇2

]

+ 6(Iṗ2 ⊗ F(1))′(Σ−1 ⊗ vecΣ−1 ⊗ Iṗ)I(ṗ,ṗ)L3;

L3 =
(
Σ−1 ⊗ vecΣ−1 ⊗ Iṗ

)′ (
F(1) ⊗ F(1)

)
;

ζ9 =
1

6

{
vec
(
I
−1

θ F(1)′
)}′

U(2)
(
vec I

−1

θ

)
;

ζ10 =
1

6
tr
{
Nν̇

(
I
−1

θ ⊗ I
−1

θ

)
K∗

4

}
+

1

12

(
vec I

−1

θ

)′
K∗

4 vec I
−1

θ ; and

K∗
4 = 12

(
F(1) ⊗ F(1)

)′ ...

F
(2) −9L′

3I(ṗ,ṗ)L3

− 2 dvec
(
F̈(1)′ F(3), ν̇2, ν̇2

)
− 3

2
F(2)′ F̈(2) .
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