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1 Introduction

This supplement gives derivatives and other details concerning the parameterization covariance
and correlation matrices in terms of eigenvalues and eigenvectors.

2 Errata

The published article

“Second-Order Accurate Inference on Eigenvalues of Covariance and Correlation Matrices,”
Journal or Multivariate Analysis, 2005, 96, 136–171

contains several typographical errors. The errors did not affect the computations or theoretical
results. The known errors are listed below.

1. Equation (11) should be
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ss′
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2. The note below Table 4 should be

κ3j = E
[
(Yj − µj)

3
]
/σ3

j , κ4j = E
[
(Yj − µj)

4
]
/σ4

j − 3,

rather than
κ3j = (Yj − µj)

3/σ3
j , κ4j = (Yj − µj)

4/σ4
j − 3,

3. Line 2 in Appendix A should be

W = D−1W∗, where D = n ⊕ n3I4 ⊕ n2I7, W∗ =
(
w∗

1 w∗
2 · · · w∗

12

)
.

Note that there are two corrections: I3 should be I4 and I8 should be I7.

3 Expressions For Derivatives

3.1 Arrangement of Derivatives

Let A = A(B) be an a × q matrix whose elements are functions of the b × s matrix B. The
derivative of A with respect to B is defined to be ab × qs matrix of derivatives {∂ aij/∂ bst} whose
elements are arranged as follows:

∂ A

∂ B

def
=

∂

∂ B
⊗ ∂ A.

To simplify the expressions of certain structured matrices, an elementary matrix will be used.
Let u be a t × 1 vector of positive integers and denote the ith entry of u by ui. The elementary
matrix Ei,u with dimension b × ui for 1 ≤ i ≤ t is defined as

Ei,u =

ui∑

j=1

eb
ai+je

ui′

j =




0ai×ui

Iui

0(b−ai−ui)×ui


 , (20)
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where eb
i is the ith column of Ib, ai = −ui +

∑i

j=1 uj , and b =
∑t

j=1 uj . If u = 1t, then the

elementary matrix Ei,u simplifies to the elementary vector et
i. To maintain consistency between

the notation for elementary matrices and elementary vectors, Ei,u in (20) has been defined as the
transpose of Ei,u in equation (12) of Boik (2002).

Partition θ as θ =
(
θ′

1 · · · θ′

k

)′
. For example, to parameterize a correlation matrix, set

k = 3 and set θ =
(
τ ′ µ′ ϕ′

)′
. Derivatives of vecΣ with respect to θ are arranged as follows:

F(1) def
=

∂ vec(Σ)

∂ θ′

∣∣∣∣
µ=0

=

k∑

s=1

∂ vec(Σ)

∂ θ′

s

E′

s,ν

∣∣∣∣
µ=0

;

F(2) def
=

∂2 vec(Σ)

∂ θ′ ⊗ ∂ θ′

∣∣∣∣
µ=0

=

k∑

s=1

k∑

t=1

∂2 vec(Σ)

∂ θ′

s ⊗ ∂ θ′

t

(Es,ν ⊗Et,ν)
′

∣∣∣∣
µ=0

;

F(11) def
=

∂2 vec(Σ)

∂ θ ⊗ ∂ θ′

∣∣∣∣
µ=0

= dvec
(
F(2), p2ν̇, ν̇

)
;

F(3) def
=

∂3 vec(Σ)

∂ θ′ ⊗ ∂ θ′ ⊗ ∂ θ′

∣∣∣∣
µ=0

=

k∑

s=1

k∑

t=1

k∑

u=1

∂3 vec(Σ)

∂ θ′

s ⊗ ∂ θ′

t ⊗ ∂ θ′

u

(Es,ν ⊗Et,ν ⊗Eu,ν)
′

∣∣∣∣
µ=0

; and

F(111) def
=

∂3 vec(Σ)

∂ θ ⊗ ∂ θ ⊗ ∂ θ′

∣∣∣∣
µ=0

= dvec
(
F(3), p2ν̇2, ν̇

)
;

where Es,ν is defined in (20);

ν =




ν1

...
νk


 =




dim(θ1)
...

dim(θk)


 ; ν̇ =

k∑

j=1

νj ;

and dvec(A, a, b) is the a× b matrix that satisfies vec(A) = vec{dvec(A, a, b)}. The matrix A must
have exactly ab elements. Higher-order derivatives can be rearranged by post-multiplying by
commutation matrices. For example,

∂2 vec(Σ)

∂ θ′

t ⊗ ∂ θ′

s

=
∂2 vec(Σ)

∂ θ′

s ⊗ ∂ θ′

t

I(νt,νs) and

∂3 vec(Σ)

∂ θ′

t ⊗ ∂ θ′

s ⊗ ∂ θ′

u

=
∂3 vec(Σ)

∂ θ′

s ⊗ ∂ θ′

t ⊗ ∂ θ′

u

(
I(νt,νs) ⊗ Iνu

)

=
∂3 vec(Σ)

∂ θ′

t ⊗ ∂ θ′

u ⊗ ∂ θ′

s

(
Iνt

⊗ I(νs,νu)

)
,

where I( · , · ) is the commutation matrix (MacRae, 1974). The commutation matrix I(a,b) is
denoted by some writers as Kb,a (Magnus & Neudecker 1979, 1999 §3.7). The derivatives of vecΣ
with respect to θ satisfy the following multiplicative invariance properties:

F(1) = I(p,p)F
(1);
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F(2) = I(p,p) F
(2) = F(2) I(ν̇,ν̇);

F(11) = (Iν̇ ⊗ I(p,p))F
(11);

F(3) = I(p,p) F
(3) = F(3) I(ν̇,ν̇2) = F(3) I(ν̇2,ν̇);

= F(3)(Iν̇ ⊗ I(ν̇,ν̇)) = F(3)(I(ν̇,ν̇) ⊗ Iν̇); and

F(111) = (I(p,p) ⊗ Iν̇2)F(111) = (Ip2 ⊗ I(ν̇,ν̇))F
(111) .

These properties are useful when simplifying expressions.
The derivatives of λ, vecG, and vecΣ involve several structured matrices. For ease of

reference, these structured matrices are defined below:

Na =
1

2

(
Ia2 + I(a,a)

)
; I

(2)
p,λ =

(
Λ−1 ⊗ Ip

)
;

N∗

a =
1

2

(
Ia2 − I(a,a)

)
; I(3)

p = (Ip ⊗ vec Ip ⊗ Ip)
′
;

Ja = Ia3 + I(a,a2) + (Ia ⊗ I(a,a)); I
(3)
p,λ = (Ip ⊗ vecΛ ⊗ Ip)

′
; (21)

J∗

a = Ia3 + I(a,a2) + (I(a,a) ⊗ Ia); I(4)
p = (Ip ⊗ vec Ip ⊗ vec Ip ⊗ Ip)

′
;

Ja,b = I(b,ab) + (Ib ⊗ I(b,a)); I
(3)
p,λ = (Ip ⊗ vecΛ ⊗ Ip)

′
;

J∗

a,b = Iab2 + (I(b,b) ⊗ Ia);

where a and b are positive integers. The matrix Na is the perpendicular projection operator that
projects onto the vector space generated by symmetric matrices. That is, N′

a = Na, N2
a = Na, and

if A is an a × a matrix, then vecA = Na vecA if and only if A is symmetric. The matrix N⊥
a is

the perpendicular projection operator that projects onto the vector space generated by
skew-symmetric matrices. That is, (N⊥

a )′ = N⊥
a , (N⊥

a )2 = N⊥
a and if A is an a × a matrix, then

vecA = N⊥
a vecA if and only if A is skew-symmetric.

3.2 Correlation Matrices

Denote the correlation matrix by Ψ. Then, the covariance matrix can be written as

Σ = Σ(θ) = σDΨσD, where θ =




τ

µ

ϕ


 , Ψ = ΓΛΓ′,

σD = Diag(σd), σd = σd(τ ), Γ = ΓG(µ, ϕ)
∣∣
µ=0

, Λ = Diag(λ), λ = λ(ϕ),

and Γ ∈ O(p), the space of p × p orthogonal matrices.

3.2.1 Derivatives of Scale Parameters

The vector of scale parameters, σd, is parameterized as

σd = T1 exp{�T2τ},
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where T1 and T2 are full column-rank design matrices with dimensions p × q1 and q1 × ν1,
respectively.

Theorem 3. The first three derivatives of σd with respect to τ ′ are

D(1)
σd:τ =

∂ σd

∂ τ ′
= T1 Diag (exp{�T2τ})T2,

D(2)
σd:τ ,τ =

∂2σd

∂ τ ′ ⊗ ∂ τ ′
= T1

q1∑

i=1

eq1

i exp{eq1′

i T2τ}(eq1′

i T2 ⊗ eq1′

i T2), and

D(3)
σ:τ ,τ ,τ =

∂3σd

∂ τ ′ ⊗ ∂ τ ′ ⊗ ∂ τ ′
= T1

q1∑

i=1

eq1

i exp{eq1′

i T2τ}(eq1′

i T2 ⊗ eq1′

i T2 ⊗ eq1′

i T2),

where eq1

i is the ith column of Iq1
.

3.2.2 Derivatives of Eigenvalues of Ψ

The vector of eigenvalues of Ψ is parameterized as

λ = wpT3 exp{�T4ξ} subject to C′

1λ = c0, where w =
(
1′

pT3 exp{�T4ξ}
)−1

(22)

and T3 and T4 are full column-rank design matrices with dimensions p × q3 and q3 × q4

respectively. The design matrix T4 satisfies rank
(
T4 1q3

)
= q4 + 1. The q4-vector ξ is

parameterized as ξ = ξ(ϕ) = V1η + V2ϕ, where V1 and V2 are full column-rank matrices with
dimensions q4 × r2 and q4 × (q4 − r2), respectively; V′

1V2 = 0; η is an implicit function of ϕ; ξ is
subject to the constraints C′

2 exp{�T4ξ} = 0; r2 = rank(C2); C2 is a full column-rank matrix
whose columns form a basis for R

[
T′

3(C1 − 1pp
−1c′0)

]
, and R(M) is the vector space generated by

the columns of M.

Theorem 4. Define Wξ,1 as Wξ,1 = Diag (exp{�T4ξ})T4. It is assumed that C′
2Wξ,1 has full

row rank in an open neighborhood of the solution. Accordingly, C′
2Wξ,1 can be expressed in terms

of its singular values and vectors as follows:

C′

2Wξ,1 = Uξ

(
Dξ 0

) (
A′

ξ,1

A′

ξ,2

)
= UξDξA

′

ξ,1; (23)

where Dξ is an r2 × r2 diagonal matrix of nonzero singular values; r2 = rank(C2); Uξ ∈ Or2
; Aξ,1

has dimension q4 × r2; Aξ,2 has dimension q4 × ν3; ν3 = q4 − r2; and
(
Aξ,1 Aξ,2

)
∈ Oq4

. Let V1

be any matrix whose columns form a basis for R(Aξ,1). Similarly, let V2 be any matrix whose
columns form a basis for R(Aξ,2). This choice of V =

(
V1 V2

)
is delicate because V is defined

as a function of ξ, yet it will be treated as a constant when taking derivatives. For fixed V, the first
three derivatives of λ with respect to ϕ′ are

D
(1)
λ:ϕ =

∂ λ

∂ ϕ′
= wpHλT3Wξ,1V2, w is defined in (22);

Hλ = Ip − 1

p
λ1′

p;

D
(2)
λ:ϕ,ϕ =

∂2λ

∂ ϕ′ ⊗ ∂ ϕ′
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= −2w
(
D

(1)
λ:ϕ ⊗ 1′

pT3Wξ,1V2

)
Nν3

+ wpHλT3HξWξ,2 (V2 ⊗V2) ;

Hξ = Iq3
−Wξ,1(C

′

2Wξ,1)
+C′

2;

(C′

2Wξ,1)
+ = Aξ,1D

−1
ξ U′

ξ is the Moore-Penrose inverse of C′

2Wξ,1;

Wξ,2 =

q3∑

j=1

eq3

j exp{eq3′

j T4ξ}(eq3′

j T4 ⊗ eq3′

j T4);

D
(3)
λ:ϕ,ϕ,ϕ =

∂3λ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′

= −wpHλT3HξWξ,2

[
(C′

2Wξ,1)
+C′

2Wξ,2 (V2 ⊗V2) ⊗V2

]
Jν3

−w
(
D

(2)
λ:ϕ,ϕ ⊗ 1′

pT3Wξ,1V2

)
Jν3

−w
[
1′

pT3HξWξ,2 (V2 ⊗V2) ⊗D
(1)
λ:ϕ

]
Jν3

+wpHλT3HξWξ,3 (V2 ⊗V2 ⊗V2) ; and

Wξ,3 =

q3∑

j=1

eq3

j exp{eq3′

j T4ξ}(eq3′

j T4 ⊗ eq3′

j T4 ⊗ eq3′

j T4).

To reduce memory and computational requirements, matrix derivatives can be stored as
sparse matrices. Also, to decrease the number of non-zero entries in the matrix derivatives, V2 can
be equated to the transpose of the row reduced echelon form of A′

ξ,2.

Corollary 1. If C2 in (5) has rank 0 (i.e., there are no additional constraints beyond 1′
pλ = p),

then r2 = 0, V2 = Iq4
, ν3 = q4, ϕ = ξ and the derivatives of λ simplify to

D
(1)
λ:ϕ = wpHλT3Wξ,1,

D
(2)
λ:ϕ,ϕ = −2w

(
D

(1)
λ:ϕ ⊗ 1′

pT3Wξ,1

)
Nν3

+ pwHλT3Wξ,2;

D
(3)
λ:ϕ,ϕ,ϕ = −w

(
D

(2)
λ:ϕ,ϕ ⊗ 1′

pT3Wξ,1

)
Jν3

− w
(
1′

pT3Wξ,2 ⊗D
(1)
λ:ϕ

)
Jν3

+ wpHλT3Wξ,3;

where Nν3
and Jν3

are defined in (21).

3.2.3 Derivatives of Eigenvectors of Ψ

If Theorem 2 in Boik (2003) is satisfied with k = 1, then the correlation matrix Ψ can be written as

Ψ = ΓGΛG′Γ′

∣∣∣
µ=0

, where G = G(µ, ϕ). (24)
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Denote the vector of eigenvalue multiplicities that corresponds to Ψ by m and let V∗ be a
(p2 −m′m)/2× (p2 −m′m)/2 nonsingular matrix that can be partitioned as V∗ =

(
V3 V4

)
,

where V3 has dimension (p2 − m′m)/2 × (p − 1), V4 has dimension (p2 −m′m)/2× ν2,
ν2 = [(p − 1)2 + 1 −m′m]/2, and V′

3V4 = 0. Then, vecG can be written as

g
def
= vecG = A1η

∗ + A2µ
∗ =

(
A1 A2V3

) (
η1

η2

)
+ A2V4µ, (25)

where η1 = η∗; η2 = (V′
3V3)

−1V′
3µ

∗; µ = (V′
4V4)

−1V′
4µ

∗; and A1 and A2 are known
semi-orthogonal indicator matrices of order p2 × p(p + 1)/2 and p2 × (p2 −m′m)/2, respectively.
These matrices satisfy A′

1 vecG = η∗, A′
2 vecG = µ∗, and A′

1A2 = 0 (see §2.3 in Boik (2003)).
Expressions for the derivatives of g = vecG with respect to µ′ and ϕ′ for a specific choice of

V∗ are given in Theorem 5. The following definitions are used in Theorem 5 and throughout the
remainder of this supplement:

Lp =

p∑

i=1

(ep
i ⊗ ep

i )e
p′
i and C3 =

p−1∑

j=1

(ep
j ⊗ ep

j )e
p′
j . (26)

Theorem 5. Define Wρ as Wρ = 2C′
3(ΓΛ ⊗ Γ)N∗

pA2, where N∗
p is given in (21). Express Wρ

in terms of its singular values and vectors:

Wρ = Uρ

(
Dρ 0

) (
A′

ρ,1

A′
ρ,2

)
= UρDρA

′

ρ,1;

where Dρ is a (p − 1) × (p − 1) diagonal matrix of singular values; Uρ ∈ O(p − 1); Aρ,1 has
dimension (p2 −m′m)/2× (p− 1); Aρ,2 has dimension (p2 −m′m)/2× (p2 −m′m)/2− p + 1; and
Aρ =

(
Aρ,1 Aρ,2

)
∈ O[(p2 −m′m)/2]. Let V3 be any matrix whose columns form a basis for

R(Aρ,1) and let V4 be any matrix whose columns form a basis for R(Aρ,2). This choice of
V∗ =

(
V3 V4

)
, like the choice of V in Theorem 4, is delicate because V∗ is a function of

ρ = vecΨ, yet it will be treated as a constant when taking derivatives with respect to ϕ. For fixed
V∗, the first three derivatives of g = vecG with respect to µ′ and ϕ′ are

D(1)
g:µ =

∂ vecG

∂ µ′

∣∣∣∣
µ=0

= 2N∗

pA2V4;

D(2)
g:µ,µ =

∂2 vecG

∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

] (
D(1)

g:µ ⊗D(1)
g:µ

)
;

Hρ, = 2N∗

pA2W
+
ρ C′

3(ΓΛ ⊗ Γ);

W+
ρ = Aρ,3D

−1
ρ U′

ρ is the Moore-Penrose inverse of Wρ;

D(3)
g:µ,µ,µ =

∂3 vecG

∂ µ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= −
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

] (
I(p,p)D

(2)
g:µ,µ ⊗D(1)

g:µ

)
Jν2

;

D(1)
g:ϕ =

∂ vecG

∂ ϕ′

∣∣∣∣
µ=0
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= −1

2
HρI

(2)
pi,λi

LpD
(1)
λ:ϕ;

D(2)
g:ϕ,ϕ =

∂2 vecG

∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

=
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

] (
D(1)

g:ϕ ⊗D(1)
g:ϕ

)

+2HρI
(2)
p,λI(3)

p

(
D(1)

g:ϕ ⊗ LpD
(1)
λ:ϕ

)
Nν3

− 1

2
HρI

(2)
p,λLpD

(2)
λ:ϕ,ϕ;

D(3)
g:ϕ,ϕ,ϕ =

∂3 vecG

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

= −
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

] (
I(p,p)D

(2)
g:ϕ,ϕ ⊗D(1)

g:ϕ

)
Jν3

+HρI
(2)
p,λI(4)

p

(
D(1)

g:ϕ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:ϕ

)
J∗

ν3
−HρI

(2)
p,λI(3)

p

×
[(

I(p,p)D
(2)
g:ϕ,ϕ ⊗ LpD

(1)
λ:ϕ

)
+

(
LpD

(2)
λ:ϕ,ϕ ⊗D(1)

g:ϕ

)]
Jν3

−1

2
HρI

(2)
p,λLpD

(3)
λ:ϕ,ϕ,ϕ;

D(2)
g:ϕ,µ =

∂2 vecG

∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

=
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

] (
D(1)

g:ϕ ⊗D(1)
g:µ

)

−HρI
(2)
p,λI(3)

p

(
LpD

(1)
λ:ϕ ⊗D(1)

g:µ

)
;

D(3)
g:ϕ,ϕ,µ =

∂3 vecG

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= −
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

][ (
I(p,p)D

(2)
g:ϕ,ϕ ⊗D(1)

g:µ

)

+
(
I(p,p)D

(2)
g:ϕ,µ ⊗D(1)

g:ϕ

)
Jν2,ν3

]
−HρI

(2)
p,λI(3)

p

×
[(

LpD
(2)
λ:ϕ,ϕ ⊗D(1)

g:µ

)
+

(
I(p,p)D

(2)
g:ϕ,µ ⊗ LpD

(1)
λ:ϕ

)
Jν2,ν3

]

+HρI
(2)
p,λI(4)

p

(
D(1)

g:ϕ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:µ

)
J∗

ν2 ,ν3
;
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D(3)
g:ϕ,µ,µ =

∂3 vecG

∂ ϕ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= −
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
p,λ

] (
I(p,p)D

(2)
g:ϕ,µ ⊗D(1)

g:µ

)
J∗∗

ν2 ,ν3

+
[
(I −Hρ)A1D

′

pI
(3)
p + HρI

(2)
p,λI

(3)
pi,λi

] (
D(1)

g:ϕ ⊗D(2)
g:µ,µ

)

+HρI
(2)
p,λI(4)

p

(
D(1)

g:µ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:µ

)
(I(ν3,ν2) ⊗ Iν2

)

−HρI
(2)
p,λI(3)

p

(
LpD

(1)
λ:ϕ ⊗D(2)

g:µ,µ

)
;

where Dp is the duplication matrix of order p2 × p(p + 1)/2 (Magnus and Neudecker, 1999, §3.8),
N∗

a, Ja, J∗
a, Ja,b, J∗

a,b, J∗∗

a,b, I
(2)
p,λ, I

(3)
p , I

(3)
p,λ, and I

(4)
p are defined in (21), and Lp is defined in (26).

3.2.4 Derivatives of Σ

Theorem 6 (First-Order Derivatives of vecΣ). Assume that θ is partitioned as in equation
(3) in Boik (2003). First-order derivatives of vecΣ with respect to the components of θ, evaluated
at µ = 0 are

∂ vecΣ

∂ τ ′

∣∣∣∣
µ=0

= 2Np(σDΨ ⊗ Ip)LpD
(1)
σd:τ ;

∂ vecΣ

∂ µ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D(1)
ρ:µ;

D(1)
ρ:µ =

∂ vecΨ

∂ µ′

∣∣∣∣
µ=0

= 2Np(ΓΛ ⊗ Γ)D(1)
g:µ; and

∂ vecΣ

∂ ϕ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D(1)
ρ:ϕ;

D(1)
ρ:ϕ =

∂ vecΨ

∂ ϕ′

∣∣∣∣
µ=0

= 2Np(Γ ⊗ Γ)

[
(Λ ⊗ Ip)D

(1)
g:ϕ +

1

2
LpD

(1)
λ:ϕ

]
;

where the derivatives of σd, λ, and g are given in Theorems 3, 4, and 5, respectively; Np is defined
in (21); and Lp is defined in (26).

To obtain expressions for second- and third-order derivatives, the identities

(ABC⊗D)E =
{
A⊗ [vec(C′)]

′ ⊗D
}

[vec(B′) ⊗E] and

(A ⊗BCD)E = [A ⊗ (vecD)′ ⊗B] (E⊗ vecC),

are repeatedly used, where A, B, C, D, and E are any matrices that are conformable for
multiplication.
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Theorem 7 (Second-Order Derivatives of vecΣ). Second-order derivatives of vecΣ with
respect to the components of θ, evaluated at µ = 0 are

∂2 vecΣ

∂ τ ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np

[
(σDΨ ⊗ Ip)LpD

(2)
σd:τ ,τ

+(Ip ⊗ vecΨ ⊗ Ip)
′(LpD

(1)
σd:τ ⊗ LpD

(1)
σd:τ )

]
;

∂2 vecΣ

∂ τ ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(Ip ⊗ σD)I(3)
p

(
LpD

(1)
σd:τ ⊗D(1)

ρ:µ

)

∂2 vecΣ

∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(σD ⊗ σD)D(2)
ρ:µ,µ;

D(2)
ρ:µ,µ =

∂2 vecΨ

∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(Γ ⊗ Γ)
[
(Λ⊗ Ip)D

(2)
g:µ,µ − I

(3)
p,λ(D(1)

g:µ ⊗D(1)
g:µ)

]
;

∂2 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D(2)
ρ:ϕ,ϕ;

D(2)
ρ:ϕ,ϕ =

∂2 vecΨ

∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

= 2Np(Γ ⊗ Γ)

[
2I(3)

p

(
LpD

(1)
λ:ϕ ⊗D(1)

g:ϕ

)
Nν3

− I(3)
p

(
D(1)

g:ϕ ⊗D(1)
g:ϕ

)
+ (Λ ⊗ Ip)D

(2)
g:ϕ,ϕ +

1

2
LpD

(2)
λ:ϕ,ϕ

]
;

∂2 vecΣ

∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= (σD ⊗ σD)D(2)
ρ:ϕ,µ;

D(2)
ρ:ϕ,µ =

∂2 vecΨ

∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(Γ ⊗ Γ)

[
(Λ ⊗ Ip)D

(2)
g:ϕ,µ − I

(3)
p,λ

(
D(1)

g:ϕ ⊗D(1)
g:µ

)

+I
(3)
p,λ

(
LpD

(1)
λ:ϕ ⊗D(1)

g:µ

)]
; and

∂2 vecΣ

∂ ϕ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np(σD ⊗ Ip)I
(3)
p

(
D(1)

ρ:ϕ ⊗ LpD
(1)
σd:τ

)
;

where the derivatives of σd, λ, and g are given in Theorems 3, 4, and 5, respectively; Np, I
(3)
p , and

I
(3)
p,λ are defined in (21); and Lp is defined in (26).

Theorem 8 (Third-Order Derivatives of vecΣ). Third-order derivatives of vecΣ with respect
to the components of θ, evaluated at µ = 0 are

∂3 vecΣ

∂ τ ′ ⊗ ∂ τ ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np

[
(Ip ⊗ vecΨ ⊗ Ip)

′

(
LpD

(2)
σd:τ ,τ ⊗ LpD

(1)
σd:τ

)
Jν1



Details—11

+(σDΨ ⊗ Ip)LpD
(3)
σ:τ ,τ ,τ

]
;

∂3 vecΣ

∂ µ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(σDΓ ⊗ σDΓ)

{
I
(3)
p,λ

(
I(p,p) D

(2)
g:µ,µ ⊗D(1)

g:µ

)
Jν2

+ (Λ⊗ Ip)D
(3)
g:µ,µ,µ

}
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′

∣∣∣∣
µ=0

= 2Np(σDΓ ⊗ σDΓ)

{[
I
(3)
p,λ

(
I(p,p) D

(2)
g:ϕ,ϕ ⊗D(1)

g:ϕ

)

+I(3)
p

[ (
LpD

(2)
λ:ϕ,ϕ ⊗D(1)

g:ϕ

)
+

(
I(p,p) D

(2)
g:ϕ,ϕ ⊗ LpD

(1)
λ:ϕ

) ]]
Jν3

−I(4)
p

(
D(1)

g:ϕ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:ϕ

)
J∗

ν3
+ (Λ⊗ Ip)D

(3)
g:ϕ,ϕ,ϕ +

1

2
LpD

(3)
λ:ϕ,ϕ,ϕ

}

∂3 vecΣ

∂ µ′ ⊗ ∂ τ ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np

{
I(4)
p

(
LpD

(1)
σd:τ ⊗D(1)

ρ:µ ⊗ LpD
(1)
σd:τ

) (
I(ν2,ν1) ⊗ Iν1

)

+(σD ⊗ Ip)I
(3)
p

(
D(1)

ρ:µ ⊗ LpD
(2)
σd:τ ,τ

)}
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ τ ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np

{
I(4)
p

(
LpD

(1)
σd:τ ⊗D(1)

ρ:ϕ ⊗ LpD
(1)
σd:τ

)(
I(ν3,ν1) ⊗ Iν1

)

+(σD ⊗ Ip)I
(3)
p

(
D(1)

ρ:ϕ ⊗ LpD
(2)
σd:τ ,τ

) }
;

∂3 vecΣ

∂ µ′ ⊗ ∂ µ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np(σD ⊗ Ip)I
(3)
p

(
D(2)

ρ:µ,µ ⊗ LpD
(1)
σd:τ

)
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np(σD ⊗ Ip)I
(3)
p

(
D(2)

ρ:ϕ,ϕ ⊗ LpD
(1)
σd:τ

)
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(σDΓ ⊗ σDΓ)

{
I(3)
p

[ (
I(p,p) D

(2)
g:ϕ,ϕ ⊗D(1)

g:µ

)

+
(
I(p,p) D

(2)
g:ϕ,µ ⊗D(1)

g:ϕ

)
Jν2,ν3

]

+I
(3)
p,λ

[(
LpD

(2)
λ:ϕ,ϕ ⊗D(1)

g:µ

)
+

(
I(p,p) D

(2)
g:ϕ,µ ⊗ LpD

(1)
λ:ϕ

)
Jν2,ν3

]

−I(4)
p

(
D(1)

g:ϕ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:µ

)
J∗

ν2,ν3
+ (Λ⊗ Ip)D

(3)
g:ϕ,ϕ,µ

}
;
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∂3 vecΣ

∂ ϕ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= 2Np(σDΓ ⊗ σDΓ)

{
I(3)
p

(
LpD

(1)
λ:ϕ ⊗D(2)

g:µ,µ

)

−I
(3)
p,λ

[(
D(1)

g:ϕ ⊗D(2)
g:µ,µ

)
−

(
I(p,p) D

(2)
g:ϕ,µ ⊗D(1)

g:µ

)
J∗∗

ν2,ν3

]

−I(4)
p

(
D(1)

g:µ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:µ

)(
I(ν3,ν2) ⊗ Iν2

)
+ (Λ ⊗ Ip)D

(3)
g:ϕ,µ,µ

}
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ µ′ ⊗ ∂ τ ′

∣∣∣∣
µ=0

= 2Np(σD ⊗ Ip)I
(3)
p

(
D(2)

ρ:ϕ,ϕ ⊗ LpD
(1)
σd:τ

)
;

where the derivatives of σd, λ, and g are given in Theorems 3, 4, and 5, respectively; Np, Ja, Ja,b,

J∗

a,b, J∗∗

a,b, I
(2)
p,λ, I

(3)
p , I

(3)
p,λ, and I

(4)
p are defined in (21); and Lp is defined in (26).

3.3 Covariance Matrices

If interest is in the eigenvalues of the covariance matrix, then it is useful to write the covariance
matrix as

Σ = Σ(θ) = ΓΛΓ′, where θ =

(
µ

ϕ

)
,

Γ = ΓG(µ)
∣∣
µ=0

, Λ = Diag(λ), λ = λ(ϕ),

and Γ ∈ O(p).

3.3.1 Derivatives of Eigenvalues of Σ

The vector of eigenvalues of Σ is parameterized either as

λ = T1 exp{�T2ξ} subject to C′

1λ = c0 or as (27)

λ = ϕ1wT1 exp{�T2ξ} subject to C′

1λ = c0ϕ1, (28)

where w =
(
1′

pT1 exp{�T2ξ}
)−1

;

T1 and T2 are full column-rank model matrices with dimensions p × q1 and q1 × q2, respectively;
and C1 and c0 are matrices (vectors) of known constants that satisfy c0 ∈ R(C′

1). The model
matrix T2 in (28) satisfies rank

(
T2 1q1

)
= q2 + 1.

The q2-vector ξ is subject to the restriction

C′

1λ = c0 ⇐⇒ C′

2 exp{�T2ξ} − c1 = 0 in (27) and

C′

1λ = c0ϕ1 ⇐⇒ C′

2 exp{�T2ξ} = 0 in (28),

where C2 and c1 are constructed as follows. For the parameterization in (27), c1 = (A′A)
−1

A′c0

and AC′
2 is any full column-rank factorization of C′

1T1. For the parameterization in (28), C2 is
any full column-rank matrix whose columns form a basis set for R [T′

1(C1 − 1pc
′
0)]. The q2-vector

ξ is parameterized as

ξ = ξ(ϕ) = V1η + V2ϕ in (27) and
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ξ = ξ(ϕ2) = V1η + V2ϕ2 in (28)

where V1 and V2 are full column-rank matrices with dimensions q2 × r2 and q2 × (q2 − r2),
respectively; V′

1V2 = 0; η is an implicit function of ϕ2; and r2 = rank(C2). See Boik (2003) for
details. Derivatives of λ in (27) with respect to ϕ′ are given in Theorem 9 and derivatives of λ in
(28) with respect to ϕ′ are given in Theorem 10

Theorem 9. Suppose that λ is parameterized as in (27). Define W1;ξ as

W1;ξ = Diag (exp{�T2ξ})T2.

It is assumed that C′
2W1;ξ has full row-rank in an open neighborhood of the solution. Accordingly,

C′
2W1;ξ can be expressed in terms of its singular values and vectors as follows:

C′

2W1;ξ = Uξ

(
Dξ 0

)(
A′

ξ,1

A′

ξ,2

)
= UξDξA

′

ξ,1; (29)

where Dξ is an r2 × r2 diagonal matrix of nonzero singular values; r2 = rank(C2); Uξ ∈ Or2
; Aξ,1

has dimension q2 × r2; Aξ,2 has dimension q2 × ν2; ν2 = q2 − r2; and
(
Aξ,1 Aξ,2

)
∈ Oq2

. Let V1

be any matrix whose columns form a basis for R(Aξ,1). Similarly, let V2 be any matrix whose
columns form a basis for R(Aξ,2). This choice of V =

(
V1 V2

)
is delicate because V is defined

as a function of ξ, yet it will be treated as a constant when taking derivatives.
For fixed V, the first three derivatives of λ with respect to ϕ′ are as follows:

D
(1)
λ:ϕ =

∂ λ

∂ ϕ′
= T1W1;ξV2;

D
(2)
λ:ϕ,ϕ =

∂2λ

∂ ϕ′ ⊗ ∂ ϕ′
= T1HξW2;ξ (V2 ⊗V2) ;

D
(3)
λ:ϕ,ϕ,ϕ =

∂3λ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′
= T1HξW3;ξ (V2 ⊗V2 ⊗V2)

−T1HξW2;ξ

[
(C′

2W1:ξ)
+

C′

2W2;ξ (V2 ⊗V2) ⊗V2

]
Jν2

where

Hξ = Iq1
−W1;ξ (C′

2W1;ξ)
+

C′

2;

(C′

2W1;ξ)
+ = Aξ,1D

−1
ξ U′

ξ is the Moore-Penrose inverse of C′

2W1;ξ;

W2;ξ =

q1∑

i=1

[
eq1

i exp{eq1′

i T2ξ}eq1′

i ⊗ eq1′

i

]
(T2 ⊗T2) ; and

W3;ξ =

q1∑

i=1

[
eq1

i exp{eq1′

i T2ξ}eq1′

i ⊗ eq1′

i ⊗ eq1′

i

]
(T2 ⊗T2 ⊗T2) ;

where Jν2
is defined in (21).

Corollary 2. If C2 in (27) has rank 0 (i.e., there are no constraints on λ), then r2 = 0, ν2 = q2,
V2 = Iq2

, ϕ = ξ and the derivatives of λ simplify to

∂ λ

∂ ϕ′
= T1W1;ξ;

∂2λ

∂ ϕ′ ⊗ ∂ ϕ′
= T1W2;ξ and;
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∂3λ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′
= T1W3;ξ.

Theorem 10. Suppose that λ is parameterized as in (28). Partition ϕ as

ϕ =

(
ϕ1

ϕ2

)
and define ν2

def
=

(
ν21

ν22

)
=

(
1

q2 − r2

)

where r2 = rank(C2) and the entries in ν2 represent the dimensions of ϕ1 and ϕ2. Define V1, V2,
W1;ξ, W2;ξ, W3;ξ, and Hξ as in Theorem 9, except denote the dimension of V2 as q2 × (ν22).

For fixed V, the first three derivatives of λ with respect to ϕ′ are

D
(1)
λ:ϕ =

2∑

s=1

D
(1)
λ:ϕ

s

E′

s,ν2
,

D
(2)
λ:ϕ,ϕ =

2∑

s=1

2∑

t=1

D
(2)
λ:ϕ

s
,ϕ

t

(
E′

s,ν2
⊗E′

t,ν2

)
,

D
(3)
λ:ϕ,ϕ,ϕ =

2∑

s=1

2∑

t=1

2∑

u=1

D
(3)
λ:ϕ

s
,ϕ

t
,ϕ

u

(
E′

s,ν2
⊗E′

t,ν2
⊗E′

u,ν2

)
, where

D
(1)
λ:ϕ

s

=
∂ λ

∂ ϕ′

s

; D
(2)
λ:ϕ

s
,ϕ

t

=
∂2λ

∂ ϕ′

s ⊗ ∂ ϕ′

t

;

D
(3)
λ:ϕ

s
,ϕ

t
,ϕ

u

=
∂3λ

∂ ϕ′

s ⊗ ∂ ϕ′

t ⊗ ∂ ϕ′

u

;

D
(1)
λ:ϕ1

= λ
1

ϕ1
;

D
(1)
λ:ϕ

2

= wϕ1HλT1W1;ξV2, w is defined in (28);

Hλ = Ip − 1

ϕ1
λ1′

p;

D
(2)
λ:ϕ1,ϕ1

= 0p×1; D
(2)
λ:ϕ

2
,ϕ1

= wHλT1W1;ξV2;

D
(2)
λ:ϕ

2
,ϕ

2

= −2w
(
D

(1)
λ:ϕ

2

⊗ 1′

pT1W1;ξV2

)
Nν22

+ wϕ1HλT1HξW2;ξ (V2 ⊗V2) ;

D
(3)
λ:ϕ

2
,ϕ

2
,ϕ

2

= wϕ1HλT1HξW3;ξ (V2 ⊗V2 ⊗V2)

−wϕ1HλT1HξW2;ξ

[
(C′

2W1;ξ)
+C′

2W2;ξ (V2 ⊗V2) ⊗V2

]
Jν22

−w
(
D

(2)
λ:ϕ

2
,ϕ

2

⊗ 1′

pT1W1;ξV2

)
Jν22

− w
[
1′

pT1HξW2;ξ (V2 ⊗V2) ⊗D
(1)
λ:ϕ

2

]
Jν22

;
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D
(3)
λ:ϕ1,ϕ1,ϕ

2

= 0p×ν22
; D

(3)
λ:ϕ1,ϕ1,ϕ1

= 0p×1; D
(3)
λ:ϕ1,ϕ

2
,ϕ

2

=
1

ϕ1
D

(2)
λ:ϕ

2
,ϕ

2

;

Es,ν2
is defined in (20), and Nν22

and Jν22
are defined in (21).

To reduce memory and computational requirements, matrix derivatives can be stored as
sparse matrices. Also, to decrease the number of non-zero entries in the matrix derivatives, V2 can
be equated to the transpose of the row reduced echelon form of A′

ξ,2.

Corollary 3. If C2 in (5) has rank 0 (i.e., there are no additional constraints beyond 1′
pλ = p),

then r2 = 0, V2 = Iq2
, ν22 = q2, ϕ2 = ξ and the derivatives of λ simplify to

∂ λ

∂ ϕ′

2

= wϕ1HλT1W1;ξ;

∂2λ

∂ ϕ′

2 ⊗ ∂ ϕ′

2

= −2w
(
D

(1)
λ:ϕ

2

⊗ 1′

pT1W1;ξ

)
Nν22

+ wϕ1HλT1W2;ξ;

∂3λ

∂ ϕ′

2 ⊗ ∂ ϕ′

2 ⊗ ∂ ϕ′

2

= −w
(
D

(2)
λ:ϕ

2
,ϕ

2

⊗ 1′

pT1W1;ξ

)
Jν22

− w
(
1′

pT1W2;ξ ⊗D
(1)
λ:ϕ

2

)
Jν22

+wϕ1HλT1W3;ξ;

where Nν22
and Jν22

are defined in (21).

3.3.2 Derivatives of Eigenvectors of Σ

The matrix of eigenvectors of Σ is parameterized as

Γ = ΓG(µ)
∣∣
µ=0

, where vecG = g = A1µ + A2η;

η is an implicit function of µ and the indicator matrices A1 and A2 are defined in the appendix of
Boik (2002). Theorem A1 in Boik (2002) gives the derivatives of g with respect to µ′. For
completeness, the derivatives are reproduced in Theorem 11 below.

Theorem 11. The first three derivatives of vecG with respect to µ, evaluated at µ = 0, can be
written as follows:

D(1)
g:µ =

∂ vec(G)

∂ µ′

∣∣∣∣
µ=0

= (Ip2 −A3)A1 = (Ip2 − I(p,p))A1,

D(2)
g:µ,µ =

∂2 vec(G)

∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= A3 (Ip ⊗ vec Ip ⊗ Ip)
′ (D(1)

g:µ ⊗D(1)
g:µ), and

D(3)
g:µ,µ,µ =

∂3 vec(G)

∂ µ′ ⊗ ∂ µ′ ⊗ ∂ µ′

∣∣∣∣
µ=0

= −A3 (Ip ⊗ vec Ip ⊗ Ip)
′

[
(D(1)

g:µ ⊗ I(p,p)D
(2)
G )

−(D(2)
g:µ,µ ⊗D(1)

g:µ)
{
Iν3

1
+ (Iν1

⊗ I(ν1,ν1))
}]

, where
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A3 =

p∑

i=1

p∑

j=i

(2 − δij)(e
p
i e

p′
i ⊗ ep

je
p′
j )Np,

Np is defined in (21) and δij is Kronecker’s delta.

3.3.3 Derivatives of Σ

It is assumed that Σ is parameterized as

Σ = ΓGΛG′Γ′
∣∣
µ=0

,

where G = G(µ), Λ = Λ(ϕ) and θ is partitioned as

θ =

(
µ

ϕ

)
.

Theorem 12 (First-Order Derivatives of vecΣ). First-order derivatives of vecΣ with respect
to the components of θ, evaluated at µ = 0 are

∂ vecΣ

∂ µ′
= 2Np(ΓΛ ⊗ Γ)D(1)

g:µ and

∂ vecΣ

∂ ϕ′
= (Γ ⊗ Γ)LD

(1)
λ:ϕ;

where D
(1)
g:µ is given in Theorem 11; and, depending on the parameterization, D

(1)
λ:ϕ is given either

in Theorem 9 or in Theorem 10.

Theorem 13 (Second-Order Derivatives of vecΣ). Second-order derivatives of vecΣ with
respect to the components of θ, evaluated at µ = 0 are

∂2 vecΣ

∂ µ′ ⊗ ∂ µ′
= 2Np

[
(ΓΛ ⊗ Γ)D(2)

g:µ,µ − {Γ ⊗ (vecΛ)′ ⊗ Γ}
(
D(1)

g:µ ⊗D(1)
g:µ

)]
;

∂2 vecΣ

∂ ϕ′ ⊗ ∂ µ′
= 2Np {Γ⊗ (vec Ip)

′ ⊗ Γ}
{
LpD

(1)
λ:ϕ ⊗D(1)

g:µ

}
; and

∂2 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′
= (Γ ⊗ Γ)LpD

(2)
λ:ϕ,ϕ;

where D
(1)
g:µ and D

(2)
g:µ,µ are given in Theorem 11; and, depending on the parameterization, D

(1)
λ:ϕ

and D
(2)
λ:ϕ,ϕ are given either in Theorem 9 or in Theorem 10.

Theorem 14 (Third-Order Derivatives of vecΣ). Third-order derivatives of vecΣ with
respect to the components of θ, evaluated at µ = 0 are

∂3 vecΣ

∂ µ′ ⊗ ∂ µ′ ⊗ ∂ µ′
= 2Np

[
(ΓΛ ⊗ Γ)D(3)

g:µ,µ,µ
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+ {Γ ⊗ (vecΛ)′ ⊗ Γ}
(
I(p,p)D

(2)
g:µ,µ ⊗D(1)

g:µ

) {
I(ν1,ν2

1
) + (Iν1

⊗ 2Nν1
)
} ]

;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ µ′ ⊗ ∂ µ′
= 2Np

[
{Γ ⊗ (vec Ip)

′ ⊗ Γ}
(
LpD

(1)
λ:ϕ ⊗D(2)

g:µ,µ

)

− (Γ ⊗ (vec Ip)
′ ⊗ (vec Ip)

′ ⊗ Γ)
(
D(1)

g:µ ⊗ LpD
(1)
λ:ϕ ⊗D(1)

g:µ

) (
I(ν2,ν1) ⊗ Iν1

) ]
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ µ′
= 2Np {Γ ⊗ (vec Ip)

′ ⊗ Γ}
(
LpD

(2)
λ:ϕ,ϕ ⊗D(1)

g:µ

)
;

∂3 vecΣ

∂ ϕ′ ⊗ ∂ ϕ′ ⊗ ∂ ϕ′
= (Γ ⊗ Γ)LpD

(3)
λ:ϕ,ϕ,ϕ;

where D
(1)
g:µ, D

(2)
g:µ,µ, and D

(3)
g:µ,µ,µ are given in Theorem 11; and, depending on the

parameterization, D
(1)
λ:ϕ, D

(2)
λ:ϕ,ϕ, and D

(3)
λ:ϕ,ϕ,ϕ are given either in Theorem 9 or in Theorem 10.

4 Matrix Expressions for Zj and Kj

The terms Zj for j = 1, . . . in (27) are linear functions of s− σ = vec(S −Σ) whose coefficients

depend on the derivatives of Σ with respect to θ. For convenience, define F̈(1), F̈(2),
...

F
(1)

, and
...

F
(2)

as

F̈(1) =
(
Σ−1 ⊗Σ−1

)
F(1); F̈(2) =

(
Σ−1 ⊗Σ−1

)
F(2);

...

F
(1)

=
(
Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)
F(1) and

...

F
(2)

=
(
Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)
F(2) .

Expressions for Zj and Kj are as follows:

Z1 =
1

2
F̈(1)′

√
n (s− σ) ;

Z2 =
1

2
F(11)′

{
Iν̇ ⊗

(
Σ−1 ⊗Σ−1

)√
n (s− σ)

}
−

...

F
(1)′

{
F(1) ⊗

√
n(s− σ)

}
;

Z3 =
(
vec F̈(1) ⊗ F̈(1)

)′ (
Ipν̇ ⊗ I(p,p) ⊗ Ip

) {
Iν̇ ⊗ F(1) ⊗

√
n(s − σ)

}

+ 2
...

F
(1)′

[
F(1) ⊗Np

(
Ip ⊗ vecΣ−1 ⊗ Ip

)′ {
F(1) ⊗

√
n(s − σ)

}]

+
1

2
F(111)′

{
Iν̇2 ⊗

(
Σ−1 ⊗Σ−1

)√
n (s− σ)

}

− 2F(11)′
(
Iν̇ ⊗Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)′ {(
Iν̇ ⊗ F(1)

)
Nν̇ ⊗

√
n(s− σ)

}

−
...

F
(1)′

{
F(2) ⊗

√
n(s− σ)

}
;
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K2 = −1

2
F̈(1)′ F(1) = −Iθ;

K3 = 2
...

F
(1)′

(
F(1) ⊗ F(1)

)
Nν̇ −F(11)′

(
Iν̇ ⊗ F̈(1)

)
Nν̇ −

1

2
F̈(1)′ F(2); and

K4 = F(11)′
{
Iν̇ ⊗

(
Σ−1 ⊗ vecΣ−1 ⊗Σ−1

)′ (
F(1) ⊗ F(1)

)} {
4 (Nν̇ ⊗Iν̇) + 2I(ν̇2,ν̇)

}

+ 4
...

F
(1)′

(
F(2) ⊗F(1)

) {
(Iν̇ ⊗Nν̇) +

1

2
I(ν̇,ν̇2)

}

− F(1)′(Σ−1 ⊗ vecΣ−1 ⊗ vecΣ−1 ⊗Σ−1)′
(
F(1) ⊗ F(1) ⊗ F(1)

)

×
{
2I(ν̇,ν̇2) + 3I(ν̇2,ν̇) + 4 (Nν̇ ⊗Iν̇)

}

− F(111)′
(
Iν̇2 ⊗ F̈(1)

){
(Iν̇ ⊗Nν̇) +

1

2
I(ν̇,ν̇2)

}

− F(11)′
(
Iν̇ ⊗ F̈(2)

){
(Nν̇ ⊗Iν̇) +

1

2
I(ν̇2,ν̇)

}
− 1

2
F̈(1)′ F(3);

where Nν̇ = 1
2

(
Iν̇ + I(ν̇,ν̇)

)
.
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