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1 Introduction

This supplement gives derivatives and other details concerning the parameterization covariance
and correlation matrices in terms of eigenvalues and eigenvectors.

2 Errata

The published article

“Second-Order Accurate Inference on Eigenvalues of Covariance and Correlation Matrices,”
Journal or Multivariate Analysis, 2005, 96, 136-171

contains several typographical errors. The errors did not affect the computations or theoretical
results. The known errors are listed below.

1. Equation (11) should be

(6] [Cl — CQ] [Cl — CQ]
Voo C1 C1 C1 Y22
Y N T I T i B it B RS O Qe
IN,[S®S " PENMDIRCD >
ol ) 2¢1 2{1_0_1} [n+1_ﬁ] Al ]

2. The note below Table 4 should be

ksj =B [V —15)°] /o5, #ag =B[(Y; —py)*] /o] =3,

rather than
kgj = (Y — p13)° /05, kay = (Y — py)t/o} =3,

3. Line 2 in Appendix A should be
W =D 'W*, where D =n&n’l; @n’l;, W*=(wi wj - wj,).

Note that there are two corrections: I3 should be Iy and Ig should be I5.

3 Expressions For Derivatives

3.1 Arrangement of Derivatives

Let A = A(B) be an a x ¢ matrix whose elements are functions of the b x s matrix B. The
derivative of A with respect to B is defined to be ab x ¢s matrix of derivatives {0 a;;/0bs:} whose

elements are arranged as follows:
0A 0
e 9 0A.
0B 0B
To simplify the expressions of certain structured matrices, an elementary matrix will be used.
Let u be a t x 1 vector of positive integers and denote the i" entry of u by u;. The elementary

matrix E; , with dimension b x u; for 1 <+¢ <t is defined as

w; 0a; xu;
b wil
Eiw= E €, 1€ = L, , (20)
j=1 O(b—ai—ui)xui
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where e? is the i*® column of I, a; = —u; + 23:1 uj, and b = 22:1 uj. If u = 1,, then the
elementary matrix E; ,, simplifies to the elementary vector e}. To maintain consistency between
the notation for elementary matrices and elementary vectors, E; y in (20) has been defined as the
transpose of E; y in equation (12) of Boik (2002).

Partition 0 as 8 = (0’1 e 0;)/. For example, to parameterize a correlation matrix, set
k=3andset 0= (7" p' ¢ )/. Derivatives of vec X with respect to 8 are arranged as follows:

F(l) def 0 VGC(E) Z 0 VeC .
= — = — aa s,u ’
80 = 80 p=0
0% vec(X) "L, 92 vec(X)
PO E oms =) saaay B @B |
00 ®06|,0 =i 00,200, n=0
2
(11) def O vec(X) _ (2)
F 00200 p=0 dVeC(F P ’/)
p)  def 9% vec(X)
00’ ©00'©00'|,_,
ko E 93 vec(X)
= Z Z Z / / / (Es,u ® Et,u ® EU,V)I ; and
= 00,200,000, p=0
3
Qi) def M = dvec (F(?’),pzf/Q,l)) ;
00200200 |,_,

where E; ,, is defined in (20);
141 d1m(01) k
S R A
Vi dlm(ek) J=l1

and dvec(A, a, b) is the a x b matrix that satisfies vec(A) = vec{dvec(A,a,b)}. The matrix A must
have exactly ab elements. Higher-order derivatives can be rearranged by post-multiplying by

commutation matrices. For example,

2 p 2 p
0 /vec( )/ _ 0 /vec( )/ I, and
00, 200, 00,200, "
9® vec(Z 9% vec(E
/ VeC/( ) _ : vecl( ) (T @ L)
00,200,200, 00,200,200, e
0% vec(X)
IU I Vg,U. )
90,200, 200, )
where I. .y is the commutation matrix (MacRae, 1974). The commutation matrix I, ;) is

denoted by some writers as K , (Magnus & Neudecker 1979, 1999 §3.7). The derivatives of vec X
with respect to 0 satisfy the following multiplicative invariance properties:

FO = I(pyp)F(l);
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F@ = 14, F? =FP1, ;)
FU = (I, ®1,,) FOY;
F(g) = I(p7p) F(g) = F(g) I(l-,)i,z) = F(B) I(1)2,1'/);

_ F(3) (Iz'/ ® I(z),z‘/)) — F(3) (I(,;’,;) & If,); and

Fa1y (I(W) @ 1;2) FQ1) _ (Ip2 ® I(DVD))F(lll) .

These properties are useful when simplifying expressions.
The derivatives of A, vec G, and vec ¥ involve several structured matrices. For ease of
reference, these structured matrices are defined below:

N, = % (Taz +T(a0)) ; I = (A1 eL,);

N = % (To2 = T(a,0)) ; 11()3) = (I, ®vecl,®1L,);
Jo =L + T2y + (L @ L a); 1) = (I, @ vecA®1,) ; (21)
J, =1 + 14,02 + (Ta,0) @ La); 11()4) = (I, ® vecl, ® vecl, ® I,)’;

Jap =Tpa) + (I @ Lp.0)); Ig’;\ =I,®vecA® Ip)/ ;

J:,b =T,2 + (I(b,b) ®1L,);

where a and b are positive integers. The matrix N, is the perpendicular projection operator that
projects onto the vector space generated by symmetric matrices. That is, N/, = N,, N2 = N,,, and
if A is an a x a matrix, then vec A = N, vec A if and only if A is symmetric. The matrix N+ is
the perpendicular projection operator that projects onto the vector space generated by
skew-symmetric matrices. That is, (N+)’ = N, (N1)2 = NI and if A is an a x a matrix, then
vec A = Nt vec A if and only if A is skew-symmetric.

3.2 Correlation Matrices

Denote the correlation matrix by W. Then, the covariance matrix can be written as

-
Y =3(0)=0,Y0,, where 0= |pu|, ¥=TAI
%)
op =Diag(ou), oa=0a(t), T=TG(u,¢)|,, A=DiagA), X=2A(p),

and T' € O(p), the space of p X p orthogonal matrices.

3.2.1 Derivatives of Scale Parameters
The vector of scale parameters, o4, is parameterized as

o4 = T1exp{®T27},
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where Ty and T are full column-rank design matrices with dimensions p X ¢; and ¢q; X v,
respectively.

Theorem 3. The first three derivatives of o4 with respect to T’ are

(90',1

Dy)r = 7 =TiDiag(exp{®@Tor}) T,
2 q1
DB = % =T, ) el exp{e!'Tor}(el' Ty @ e’ Ty), and
e 9 o oT vt 4 7 7 4
830'(1 q1
I 4 ! !
DY .. = o oo L > el exp{el' Ty} (e!'T, ® /' T, ® €' Ty),

=1

where el is the i'" column of I, .

O
3.2.2 Derivatives of Eigenvalues of ¥
The vector of eigenvalues of W is parameterized as
A = wpTsexp{®T4€} subject to CIA = ¢, where w = (17 T3 exp{®T4§})_l (22)

and T3 and T4 are full column-rank design matrices with dimensions p X g3 and q3 X g4
respectively. The design matrix T, satisfies rank (T4 1q3) = qq + 1. The g4-vector £ is
parameterized as € = £(p) = Vin + Vap, where Vi and Vs are full column-rank matrices with
dimensions g4 X r2 and g4 X (g4 — 72), respectively; Vi Vo = 0; n is an implicit function of ¢; £ is
subject to the constraints Cf exp{®T4£} = 0; ro = rank(Cz); Cs is a full column-rank matrix
whose columns form a basis for R [T5(C1 — 1,p~'c()], and R(M) is the vector space generated by
the columns of M.

Theorem 4. Define We 1 as We 1 = Diag (exp{®T4&€}) T4. It is assumed that CoWe 1 has full
row rank in an open neighborhood of the solution. Accordingly, CtWe 1 can be expressed in terms
of its singular values and vectors as follows:

!/

A
C/2W571 = Ug (Dg 0) (AZ;> = U£D£A/£,1; (23)

where D¢ is an ro X o diagonal matriz of nonzero singular values; ro = rank(Csz); Ug € O,,; Ag
has dimension qa X ra2; Ag o has dimension qa X v3; V3 = qa — r2; and (Ag,l Ag_g) €Oy, Let Vy
be any matriz whose columns form a basis for R(Agq1). Similarly, let Vo be any matriz whose
columns form a basis for R(Ag 2). This choice of V = (Vl Vg) is delicate because V is defined
as a function of &, yet it will be treated as a constant when taking derivatives. For fized V, the first
three derivatives of X with respect to ¢’ are

2 | |
Dfxl;f,, = B = wpHATsW¢ 1 Vs, w is defined in (22);
1
Hy, = I,- 2—?)\1;;
D _ 9*°A

S P P
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= 2w (D&{ZP ® 1;T3W571V2) N,, + wpHAT;HeWe » (Vo @ Va) ;

He = I, — Wea(CoWea)"Cy;
(CoWe )t = AeiDg'Ug is the Moore-Penrose inverse of C4We 1;

a3

Weo = Y ePexp{e® T} (e’ Ty @ e¥'Ty);
=1

D® _ [ADY
Aip,p,p 850/ ® 850/ ® 8801
= —wpHAT3HeWe 5 [(CoWe 1) TCoWe 2 (V2 @ Vo) @ Vo] T

~w (DY, , @1, TsWe1V2) J,,
—w {1;T3H5W5,2 (Vo ® Vo) ® Dg{;} 1.,
—I—prATgHgWE_’g (VQ ®Ve® V2) ; and
93

Wes = Z el exp{e?3'T4§}(eg—3lT4 ® e?S/T4 ® e?3'T4).

Jj=1

O
To reduce memory and computational requirements, matrix derivatives can be stored as
sparse matrices. Also, to decrease the number of non-zero entries in the matrix derivatives, V4 can
be equated to the transpose of the row reduced echelon form of A’g g

Corollary 1. If Cy in (5) has rank 0 (i.e., there are no additional constraints beyond 1)X = p),
then rp =0, Vo =1, v3 = q4, ¢ = & and the derivatives of A simplify to

D\, = wpHAT;We,,
Dg\2:)np,zp = 2w (Dg\lzp X 1;T3W571) Nl/3 + pwH}‘T3W£72;
D{*) = —uw (DY 1 TsWe 1), —w (1. TsWeo @D ) J HAT; W 5;
X0 w )\:Lp,cp® pr3VVEL vy —W\{1,13 £2Q A ) dvs + wpHX1T3Wg 35
where N, and J,, are defined in (21). |

3.2.3 Derivatives of Eigenvectors of ¥

If Theorem 2 in Boik (2003) is satisfied with k& = 1, then the correlation matrix ¥ can be written as

¥ =TGAG'T' , where G = G(u, ). (24)

n=0
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Denote the vector of eigenvalue multiplicities that corresponds to ¥ by m and let V* be a

(p?> — m'm)/2 x (p?> — m'm)/2 nonsingular matrix that can be partitioned as V* = (V3 Vy),
where V3 has dimension (p? — m'm)/2 x (p — 1), V4 has dimension (p? — m'm)/2 x vs,
vo=[(p—1)2+1—m'm]/2, and V5V, = 0. Then, vec G can be written as

g df vec G = Ain* 4+ Ap™ = (A1 A2V3) (Zl) + A2 Vyp, (25)
2

where n; = n*; 0y = (V4 Vi) 'Vip*; u= (ViV,)~1Viu*; and A; and A, are known
semi-orthogonal indicator matrices of order p? x p(p + 1)/2 and p? x (p? — m’m)/2, respectively.
These matrices satisfy Aj vecG = n*, A, vec G = p*, and Aj Ay = 0 (see §2.3 in Boik (2003)).

Expressions for the derivatives of g = vec G with respect to p’ and ¢’ for a specific choice of
V* are given in Theorem 5. The following definitions are used in Theorem 5 and throughout the
remainder of this supplement:

p p—1
L,= Z(ef ®el)el and C3 = Z(e? ® e?)e?l. (26)
i=1

Jj=1

Theorem 5. Define W, as W, = 2C5(T'A @ T')Ny Ay, where N is given in (21). Ezpress W,

in terms of its singular values and vectors:

A/
W,=U, (D, 0) ( Af’vl) = U,D,A,;;

p,2
where D, is a (p — 1) X (p — 1) diagonal matriz of singular values; U, € O(p —1); Ap 1 has
dimension (p> —m’'m)/2 x (p —1); A, has dimension (p> —m'm)/2 x (p> —m'm)/2 —p+1; and
A, =(Ap1 Ap2) € O[(p? —m'm)/2]. Let Vg be any matriz whose columns form a basis for
R(Ap 1) and let V4 be any matric whose columns form a basis for R(Ap2). This choice of
V= (V3 V4), like the choice of V in Theorem 4, is delicate because V* is a function of
p =vec¥, yet it will be treated as a constant when taking derivatives with respect to p. For fived
V*, the first three derivatives of g = vec G with respect to p' and ¢’ are

0 vec G
pH, = —= = 2N*A,Vy;
g o o P
d?vec G
(2) _ Y Ve _ _ 1 1(3) (2) 1(3) (1) .
Dfin = dpsom| o (@ H)A DI + BT | (D), © DY)
H, = 2N;A2W;§C'3 (TA®T);
W;’; = ApynglUlp is the Moore-Penrose inverse of W p;
D(3) _ (93 vec G
81 aul ® aul ® aul =0
2) 1(3) .
= - [(I - HP)AlD;IDI;(Dg) + HPI;(),;\I;,A} (I(p,p)D(g%L,u ® D(glL) Jus;
0 vec G
DO —
g (‘:)SOI 4=0



DB

8P, PP

1 2 1
- §HPIEH?>\¢ Lng\izP;

8% vec G
a(p/®a<p/

pn=0

(- H,)A DI + H,I 1 | (DY), @ DY)

2 1 1 2 2
+2H, 141 (Dggp ® L,,ngp) N, — §H,,1;7;LPD§;2W,
3 vec G

0@’ ®Ip' ®0 ¢!

n=0

2 3
-[@-B,)AD I + HINI | (1, D, © DY) Ju,

(2) (4 1 (1) 1 * (2) 13
+HPIp,>\Ié ) (D(gt)p ® LPD)\:cp ® D(gZP) Jl/3 - HPIp, Ié )

X [ (I<p,p>Déf?p,¢ ® LpD(jj,,) n (LPDQW © DY), ) } '

1 2 3
- iHPI;,;LPDg\:Zp,cp,cp;

% vec G
a<p/®au/

pn=0

2 3
[(I ~H,)A,D,I® + HPIE));‘IZ());‘] (Dgzp ® DS:L)
~H, L1 (L,DY), @ DE):

P vec G
a<p/®a(p/®aul

n=0

2 3
~[@-B,) A DI + H IR [ (14, DE)., © DY)

P, g:p,p

2
+ (I(p,p)D(gQ:ZP# @D 12,9) JVWS} - HPI( 3\11(03)

g: p,

2 1
X [ (LPD&:Zp,cp ® D(glL) + (I(p-,p)D(g%()p,u ® LPD(Azp) JV27V3:|

2 1 *
+H,I2 10 (D), © L,DY), © DY), ) 3

A l/2-,l/3;
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3 vec G
8P 890/ ® 8“/ ® 8/1/

p=0

2 3 Kok
— [(1 ~H,)A, DI 4 HPI;_’;I;;} (I<p,p>D(2.) ® D(gI:L) 3

g1 va,V3

2 3
+[@- 1) AD I + H A1, | (DL, @ DY), )

2 1
ALY (D), © 1D, & DY) Ty 1)

g:

(2) 7(3 (1) 2 .
_HPIP7)\II(7 ) (LPD)\:LP ® D(g:L,p,) )

where Dy, is the duplication matriz of order p*> x p(p +1)/2 (Magnus and Neudecker, 1999, §3.8),

N Ja 35 Jaws 3oy, 35, I I 10 and 1YY are defined in (21), and L, is defined in (26).

|

3.2.4 Derivatives of X

Theorem 6 (First-Order Derivatives of vecX). Assume that 0 is partitioned as in equation
(3) in Boik (2003). First-order derivatives of vec X with respect to the components of 0, evaluated
at p =20 are

0 vecX
o7 o = 2NP(‘7D‘I’ ® Ip)Lth(rld):-r§
p=
0 vecX 1
o |0 = (00 ®0)Dpy;
0 vec W
DL, = 5 =2N,(TA®T)DY),; and
124 u=0
0 vecX
e I
0 vec W 1 1
D) = — = 2N, (T ®T) [(A ®1,) DY), + ELPD;L ;
¥ u=0

where the derivatives of o4, A, and g are given in Theorems 3, 4, and 5, respectively; N, is defined

in (21); and Ly, is defined in (26).

To obtain expressions for second- and third-order derivatives, the identities

(ABC@DE = {A ® [vec(C')]' ® D} vee(B') ® E] and

(A®BCD)E = [A® (vecD) @ B](E® vecC),

are repeatedly used, where A, B, C, D, and E are any matrices that are conformable for
multiplication.
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Theorem 7 (Second-Order Derivatives of vecX). Second-order derivatives of vec X with
respect to the components of 8, evaluated at p = 0 are

9?2 vec X 9
oT' ot u=0 = 2 [(UD\II © IP)LPDEfd):T,T
+(IZD ® vec v ® IP)/(LZDDSTld):T ® LPDt(J'ld):-r):| ;
0?vec X 3 1 1
drsow| . — Nbeent? (LD, o DY)
‘L:
0?2 vec X 9
8;1/ ® a'u/ p=0 = 2 NP(UD ® o-D)D(p:L,H;
0% vec W
p® _ gvee¥ | N Ter [A@I DO _1®) (DY oD };
P, 3#’ ® au/ =0 P( ) ( P) g, p,A( gip g-u)
0?vecT 5
' ®0 ¢ u=0 = (e UD)D(p:ZP,cp;
9% vec ¥
(2) _ _ (3) (1) 1)
Dive = Gpoag), " T {211, (L,DS., © DY) Nu,
1
19 (D) © DY) + (A0 1)DE , + 7LDF, |
0% vec ™

0% vec W
2 _ _ 2 (3) 1 1
Db = goregm| =N (A0 LDE,, 1} (D« Dg))
H_
®) W ,
+1%, (LD, @ DgLﬂ  and
0% vec™
g s - 2N 1)1 (D<1_> L,DY) )
dp' @0t u=0 plop @ L)L pip @LpDg 7 )3

where the derivatives of oq, X, and g are given in Theorems 3, 4, and 5, respectively; N, I](D?’), and
I](:’;\ are defined in (21); and L, is defined in (26).

Theorem 8 (Third-Order Derivatives of vecX). Third-order derivatives of vec X with respect
to the components of 0, evaluated at p = 0 are

B vecE
0T 0T Q0T

~ 2N, [(Ip @vec¥ @1,) (LD, , ®L,DY) ),

oq:T,T Oq:T
n=0
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oW o 1)L, .

0 vecE B ®) @ " ,
S e oW SO |,y 2N, (6,7 ® aDr){I]mA (I(W) DY), . © Dg:#) J,+(A® Ip)D(g:L)M)“};
2 vec® B 3) 2) W
0P @0¢@ @0 o = 2Np(0'DF ® GDF) Ip)\ (I(p,p) Dg:%Lp ® ngp)
(3) (2) 1 1
[ (EDR0 0 DE,) + (T Dt 2 1iDL) ] 2.
_1 1 1) x 1
19 (D, © 1,04, & DEL) 85, + (A 91,0 + 3L, )
B vecE — 9N JTW (L DO _ oD o1, DYV I
o' RIT' 9T =0 PTp P~ oq:T P?M® P O'di‘l') ( (v2,v1) ®IV1)
oo o 1)1 (D) o LD, ) |
3 vecX — 9N JTW (L DY _ &DW oL DY I
' 0T @IT! =0 PP P=oa:T pip @ Lip O'di‘l') ( (vs,v1) ®Il/1)
+(op R T,)I) (Dg)p ® Lngi:TyT) };
O vecE B 3 @ W
o @op ®0T! u=0 = 2Ny(op @ IP)IP (Dp:u,u ® LpDUd:T) ;
0% vec X - @ () W
6(.‘0/ ® a (p/ ® 87” =0 - 2 NP(UD ® IP)IP (Dpicp,Lp ® LPDo'd:T) ;
P vecS B @) @ .
e B0 SO |, o T 2N, (0T @ o, T) I [ (I(W) DR, ® Dgw)

+ (I(Pvp) D(g22p,p, ® D(gl()p) Juzﬂfs}
Ap,p

(3) (2 1 1
+18% [(L,DR),., @ DEL) + (T D% @ LD, Juss|

_T4 1 (1) *
I;’ ) (D(gt)p ® LPD)\:cp ® D(glL) Jl/g,l/g + (A ® I;D)D(g??()p,cp,y};
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5o (‘;Bgzcé ol 2N, (0oL @ aDr){IS) (LY, © D))
1% [(Dg, DE,.) - (T DEL . DE) 322,
—1(¥ (DgL ®L,DY, @ Dg%L) (Tgm) ® L) + (A ® Ip)Dg’szM};

where the derivatives of oq, A, and g are given in Theorems 3, 4, and 5, respectively; Ny, Jo, Ja b,
I T 1) 11(,3), 1(3);‘, and 11(74) are defined in (21); and L, is defined in (26).

a,b’ Ya,by Tp, X D

3.3 Covariance Matrices

If interest is in the eigenvalues of the covariance matrix, then it is useful to write the covariance
matrix as

¥ = 5(8) = TAT”, where 0 = (Z) ,

I =TG(u)|,_o A =Diag(A), A=X(p),

=0’

and T' € O(p).

3.3.1 Derivatives of Eigenvalues of ¥

The vector of eigenvalues of X is parameterized either as

A = T exp{®T2£} subject to C}A = cp or as (27)

A = p1wT exp{©T2£} subject to C{A = cop1, (28)

where w = (1, T, exp{@Tgé})fl ;

T; and Ty are full column-rank model matrices with dimensions p x ¢; and ¢ X g2, respectively;
and C; and c( are matrices (vectors) of known constants that satisfy ¢o € R(C/). The model
matrix T in (28) satisfies rank (T2 14,) = g2 + 1.

The go-vector £ is subject to the restriction

CiA =cg < Chexp{®T2£} —c; =0 in (27) and

CiA = cop1 <= ChLexp{®T2£} = 0 in (28),

where Cy and ¢; are constructed as follows. For the parameterization in (27), ¢; = (A’A) ™" A’cy
and ACY is any full column-rank factorization of C{T;. For the parameterization in (28), C, is
any full column-rank matrix whose columns form a basis set for R [T} (C1 — 1,¢()]. The go-vector
£ is parameterized as

€ =£&(p) = Vin+ Vap in (27) and
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€ =&(p2) = Vin + Vap, in (28)

where V; and V3 are full column-rank matrices with dimensions gz x r9 and ¢ X (g2 — r2),
respectively; Vi Vy = 0; 1 is an implicit function of ¢,; and ro = rank(Cs). See Boik (2003) for
details. Derivatives of X in (27) with respect to ¢’ are given in Theorem 9 and derivatives of X in
(28) with respect to ¢’ are given in Theorem 10

Theorem 9. Suppose that X is parameterized as in (27). Define W1,e as
Wi, = Diag (exp{©®T2£}) Ts.

It is assumed that C4W e has full row-rank in an open neighborhood of the solution. Accordingly,
CLW1.¢ can be expressed in terms of its singular values and vectors as follows:

!’

A
CyWie = Ug (D 0) <A§;> = UeDeAg o (29)

where D¢ is an ro X o diagonal matriz of nonzero singular values; ro = rank(Csz); Ug € O,,; Ag
has dimension qa X r2; Ag 2 has dimension gz X Va; vy = g2 — T2; and (A571 Ag)g) € Oy,. Let 'V,
be any matriz whose columns form a basis for R(Ag1). Similarly, let Vo be any matriz whose
columns form a basis for R(Ag2). This choice of V = (V1 Vg) is delicate because V is defined
as a function of &, yet it will be treated as a constant when taking derivatives.

For fized V, the first three derivatives of X with respect to ¢’ are as follows:

D)\:Lp_ a(p/

=T WV

@ O°X

Moo= g mag | HHEW2e (V2@ Vo)

3
3) _ A _
Do = D' @0 @D TiHeWse (V2@ Vo @ Vo)

~TiHWae [(ChWie)™ ChWoae (V2 © V) © Vo] 3y, where
He =1, — Wi (CoWae) ' C;

(CoWie)™ = Ag 1D, 'Ug is the Moore-Penrose inverse of CoWg;

q1
Wae = > [l exp{e! ' Tot}e! @ e!'] (T2 ® Ta); and
=1

q1
Wie =) [ef expfel Tot}e! el @e!] (T2 @ Ty ® Ta);
i=1
where J,, is defined in (21). |

Corollary 2. If Cy in (27) has rank 0 (i.e., there are no constraints on A), then ro = 0, vo = ¢a,
Vi =1,,, ¢ = £ and the derivatives of X simplify to

DY DY

7 1VV 156, 690/®890/

a(.p = T1W2;§ and;



Details—14

O°A
890/@6@/@8(’0/

=T, Wie.

Theorem 10. Suppose that X is parameterized as in (28). Partition ¢ as

©1 def [ V21 1
v <<P2> and define v; <V22) <(J2 - 7“2>

where ro = rank(Cy) and the entries in vq represent the dimensions of p1 and p,. Define Vi, Va,
Wie, Wae, Wi, and He as in Theorem 9, except denote the dimension of Va as q2 X (V22).
For fizred 'V, the first three derivatives of X with respect to @’ are

2
D\, =Y D, E

s,V

2 2
>\<P<P ZZDkww SV2®E“’2)’

s=1t=1

2 2 2
/
Acpcptp ZZZDA%,%W SV2®EtV2®EUV2)’wh6Te
s=1t=1u=1

M _ OX o 9*A

Xe. T 9l e 90 @0

S

3) D
D)\:cp RZ-PN7} = / 7 )
PP D, @I, @,

1) L
Dy = )\E,

D(Al;z% = wpiHAT1W1,eVa, w is defined in (28);

1
Ha =1~ AL

2 2
D(Xl,l,g,l = 0px1; D(A:sz,sal = wHAT1 W1,V
2 1
D(>\:)(p2,4p2 = 2w (D&Lz ® 1;T1W1;£V2) N,,, + wprtHAT1HeWae (V2 ® Va);
D(A3:2P27‘P2%P2 = w<p1H>‘T1HEW3§E (VQ & V2 b2 VQ)

—wer HAT1HeWoe [(CoW1,e) TCHWoe (V2 @ Vo) © Va| 3y,

2 1
~w (DS, 4, @ L TiWieVs) T, — w |1 TiHWae (Vo & Vo) @ DY), | T
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1
—0,.; DY _1lpe

(3) . (3) .
D Opxryy; D Ap1,2,2 01 PR

Aip1,01,P0 Aip1,01,01

E; v, is defined in (20), and N,,, and J,,, are defined in (21).

|
To reduce memory and computational requirements, matrix derivatives can be stored as
sparse matrices. Also, to decrease the number of non-zero entries in the matrix derivatives, Vo can
be equated to the transpose of the row reduced echelon form of A’5 9

Corollary 3. If Cq in (5) has rank 0 (i.e., there are no additional constraints beyond 1)\ = p),
then ro =0, Vo =1, v22 = g2, 5, = & and the derivatives of A simplify to

oA
77 = wprHAT1 Wig;
d ¢y
O’ B ,
W = 2w (DA:<p2 & 1pT1W1;€) No,, + wpiH AT Wog;
D @) , / e
0phR0ph @00, (DX‘Pz-r‘P‘z © 1PT1W1?5) Tz —w (1PT1W2?5 ® DMPz) vz
+we1HAT1 Wie;
where N,,, and J,,, are defined in (21). O

3.3.2 Derivatives of Eigenvectors of X

The matrix of eigenvectors of ¥ is parameterized as
= FG(M)|/.L:07 where vecG =g = A1+ Aam;

77 is an implicit function of p and the indicator matrices A; and A are defined in the appendix of
Boik (2002). Theorem Al in Boik (2002) gives the derivatives of g with respect to u’. For
completeness, the derivatives are reproduced in Theorem 11 below.

Theorem 11. The first three derivatives of vec G with respect to u, evaluated at g = 0, can be
written as follows:

0 vec(G)
D{), = o |~ T As)AL= (L T p) A,
pn=0
0? vec(G)
D?, =—""7 =A; (I, ®@vecl,® L)) (DY) @ DM, and
BHE T G @0 o 3 (Ip ®@ vecl, @ L) (Dg, o)y an

D(3) _ (93 VeC(G)
I8 gy Y g 8/1/ Q a'u/ Q a'u/

= —A3 (I, ®vecl, ® L))’ {(ngL ®1,,)DY)
p=0

_(D(gQ:L,M ® D(glL) {ny + (@, ® I(Vl)yl))}], where
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A322i2 bij)(efel’ @ elel )N,

i=1 j=i

N, is defined in (21) and &;; is Kronecker’s delta. O

3.3.3 Derivatives of X

It is assumed that 3 is parameterized as

3 =TGAG'T'|

p=0’

where G = G(u), A = A(yp) and 0 is partitioned as

o= (5)

Theorem 12 (First-Order Derivatives of vec X). First-order derivatives of vec 3 with respect
to the components of 8, evaluated at p = 0 are

0 vecX 1
o =2N,(TA®T)D{ L and
0 vecX 1 .
T{_p/ = (F ®I‘)LDA ‘P’

where D(gl;L 1s given in Theorem 11; and, depending on the parameterization, D(;:ZP is given either
in Theorem 9 or in Theorem 10.

a

Theorem 13 (Second-Order Derivatives of vec X). Second-order derivatives of vec X with

respect to the components of 6, evaluated at = 0 are

0?vec™
drsaw =N |TAe DY), , —{T @ (vecA) @ T} (DgL ® D;{L)} ;
0?2 vec X 1) 1
82 vec X (2)
g nog T OTLDie

where D(lL and D(g L w are given in Theorem 11; and, depending on the parameterization, D(l)

and D(A:)(P#, are given either in Theorem 9 or in Theorem 10.
a

Theorem 14 (Third-Order Derivatives of vecX). Third-order derivatives of vec X with
respect to the components of 6, evaluated at p = 0 are

P vecS
aul®aul®aul

=2N, [(TA®T)DS), , .,
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+{I'® (vecA) @ T} (I(W)D(gﬂ# ®D(g%L) {I(UW%) + (I, ® 2N,,1)} ] :

B vec™
(990/@8“/@8“/

2N, [{r ® (vecL)) @ T} (LPDS{P ® Dgg‘,u)

— (T ® (vecI,) ® (vecL,) ®T) (D(glL ® LpD(Al;ZP ® D(glL) (I(UZ,VI) ® Iul) ] ;

O3 vecS
o' @0’ @0

=2N,{T ® (vecI,) @ T'} (LPD&QLW ® Dgl;L) ;

O vecE 3
09" @0 @Iy =T @T)LpDX, 4,05

where D(gl;L, D(g%Ly,L, and DSL,ML are giwen in Theorem 11; and, depending on the

parameterization, D DY and DY

are given either in Theorem 9 or in Theorem 10.
Awp? Tl Aip,p,p 9 9 0

|

4 Matrix Expressions for Z; and K;

The terms Z; for j =1,... in (27) are linear functions of s — o = vec(S — X) whose coefficients
¢9) ©)

depend on the derivatives of 3 with respect to 8. For convenience, define F(), F& F ' and F

as

FO = (=7'ex HFY; FO = (z"lex 1) F®;
FV = 3 evees o2 ) FO and FP = (S ovee St o SN FO
Expressions for Z; and K; are as follows:
1 ..
Z, = §F(1)’\/ﬁ(s—o');
L Lany -1 -1 =7 fa)
Z, = 3F Leo(E'es)Vi(s-0)}-F {F ®\/ﬁ(s—a)};
. PN
Zs = (veeFD@FO) (1,01, 01) {L e FY e as - o)}

+ o2 [F(” ON, (I, @veeE 1 @1,) {F(” ® /(s — a)H
1
+ 3 FU @ (2 @2 ) Va(s—0)}
- 2P (L es even e ) {(Le FY)Nyevi(s - o)

— FY (E 6y - o))
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K, = _Lppd_ i,
2 I
K, — 2§ (F(l) ® F<1>) N, — R (Ip ® F<1>) N, L PO/ P, anq
2 )
K, = F(ll)/ {IV ® (271 & vec >t ® 271)/ (F(l) ® F(l))} {4 (NV ®IV) + 21(,-,2)1-,)}

1
+ AR (B0 er0) {(Iﬂ ®Ny)+ 51(”’”2)}

- FYZ 'gveeT '@vecE @ n Y (F(l) @ FM @ F(l))
X {21(,;7[,2) + 3Lz ) +4 (N, ®If,)}

. 1
_  pauy (Il}2 ® F(l)) {(Il-, ®@N;) + 51(1;,,;2)}

. 1 1.
o (I,‘, & F(2)) {(NV ®Il‘,) + 51(1-,27,))} — 5 FO F(S);

where N, = % (IU + I(,;yl‘,)).
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