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Abstract. If ' is aPisotsubstitutionof degreed, thenthein ation andsubstitutiorthomeomorphism on
thetiling spaceT: factorsvia geometricrealizationontoa d-dimensionakolenoid.Underthis realization,
thecollectionof -periodicasymptotidilings correspondso a nite setthatprojectsontothe brandchlocus
in a d-torus. We prove thatif two suchtiling spacesarehomeomorphicthenthe resultingbranchloci are
thesameupto theactionof certaina nemapsonthetorus.
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1. Intr oduction

In this paperwe introducethe branchlocus, a new topologicalinvariantfor one-dimensionaPisot
substitutiontiling spaces.A substitutionon n lettersis a mapfrom analphabetA = f1;2;:::;nginto
A , whereA is thecollectionof nite andnonemptywordsfrom A. The abelianizationmatrix of
' isde nedasA = (a;;), wherea;; = numberof occurrencesfi in ' (j). Thesubstitution' is Pisot
providedthe Perron-Frobeniusigevalue of A is a Pisot-Vjayaraghagan number( > 1 andall alge-
braicconjugate®f arestrictly insidethe unit circle). The deagree of ' is the degreeof the minimal

polynomialof .
Associatedvith ary substitution' , thereis atiling spaceTl: consistingof certaintilings of thereal
line; if ( 1;:::; n)isapositive left eigewvectorof A, thenT: consistsf all tilings of R by translateof

consecutie tiles in thetiling occursasa factorof ' ™(i) for somei 2 A andm 2 N. Thesubstitution

is primitiveif for somem 2 N, every entryof A™ is strictly positve, and aperiodicif no elementof T

is periodicundertranslation.For the remainderof the paper all substitutionswill be assumegbrimitive
andaperiodic.

De ne thetopologyof T: by stipulatingthattwo tilings are closeprovided a small translateof one
is identicalto the otherin alarge neighborhoodf the origin. Underthe assumptiorthat' is primitive
andaperiodic,T- is a continuum(a compact,connectedmetric space). For sucha' , ination and
substitutionis the homeomorphism : T- ! T thatreplacesachtilet+ P; = [t; ; + t] of atiling T
in T bythepatch[ t; ;+ t] tiled by translatef prototilesfollowing the patternof theword" (i).
Thereis also a minimal and uniquely ergodic R-actionon T: , calledthe translation ow, given by
T =1‘Tig*‘=1 NT t:=fT; tg*‘=1 ,fort2 R.

Thetopologyof asubstitutiortiling spaces of interestfor anumberof reasonsPhysicgprovidesone
sourceof motivation. SupposehatT is atiling in the substitutiontiling spaceT: . Placinganatomat
theendof eachtile createsa one-dimensionaiaterialwhich is calleda quasi-crystalf its di raction
spectrumis purepoint (the atomsmustbe “weighted'accordingto thetile typesthey lie in). Bombieri
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and Taylor ([BT]) provedthatif ' is Pisot,sucha materialhasa nontrvial discretecomponenin its
spectrumWhethersuchamaterialhaspurepointspectrumwhen' isirreducibleunimodularPisot(i.e.,
' is Pisotwith degre€ ) = d = n = jAj, anddef{A) = 1) remainsanopenquestion.Lee, Moody and
Solomyak([LMS]) have provedthatthedi ractionspectrumof the materialis purepointif andonly if
the dynamicalspectrumof the translationow on T: is purediscrete. It follows from [BSw2] that if
T. andT arehomeomorphidiling spacesthenthetiling ow onT: is purediscreteif andonly if the
tiling owonT ispurediscrete.Thatis, thequestionof whetheror nota one-dimensionahaterialbuilt
from asubstitutiorhaspurepointdi ractionspectrurris a topolggical questioraboutthecorresponding
tiling space.

Substitutiortiling spaceslsoarisein thestudyof hyperbolicattractors R.F. Williams ([Wil]) proved
that every hyperbolicone-dimensionahttractoris topologically conjugatewith the shift map on the
inverselimit of an expandingendomorphisnof a branchedne-manifold,and,with minor restrictions
onthemapof thebranchedne-manifold all suchinverselimits canberealizedashyperbolicattractors.
More recently AndersorandPutnam([AP]) provedthatin ation andsubstitutionon a one-dimensional
substitutiontiling spaces conjugatewith the shift on theinverselimit of anexpandingendomorphism
of abranchedne-manifold As aconsequenceyvery orientablenyperbolicone-dimensionattractoris
eithera substitutiortiling spacefor which the underlyingmanifoldis branchedor a classicakolenoid,
for which theunderlyingmanifoldis the circle. Modelinganattractorasatiling spaceprovidesa much
clearerview of its globaltopologythanonegetsfrom consideringaninverselimit description:moving
alonganarccomponentin theattractoris simply translatingatiling, andthe patternsof consecutie tiles
determingherecurrenceropertieof thetranslates.

Althoughthe “inverselimit on branchednanifolds” descriptionof tiling spaceswill not play an ex-
plicit role in this paper the intuitive contentof our main result,andthe rationalefor the terminology
“branchlocus”thatwe introduce hasits origin in thatdescription.Thereare,of coursenoactualbranch
pointsin atiling space:in the one-dimensionatase gvery point hasa neighborhoodhatis homeomor
phic with the productof anarcanda Cantorset. Neverthelessaninverselimit descriptionof thetiling
spaceagivesa sequencef approximatingoranchedne-manifoldsin thelimit, the ghostof thebranches
canbe obsered in the existenceof asymptoticcomposantstwo distincttilings T; T? are asymptotic
providedd(T t;T® t)! Oast! 1 orast! 1 . Thearccomponent®fasymptotictilings are
called asymptoticcomposantsPartially seving up suchasymptoticcomposantsesultsin a spacethat
doeshave branching:the new, branchedspacecorresponds$o aninverselimit on a branchednanifold
with periodicbranchpoints.

Althoughthis “ghostbranching”in T seemgo have no clearlocation,we will seethat,in casethe
substitutionis Pisot,the branchingoccursin well de ned relatve geometricapatterns.The appropriate
underlyinggeometnyis thatof thed-dimensionatorus,whered is thedegreeof . Ourmainresultis that
if T andT arehomeomorphidiling spacesthentheirbranchloci, nonemptynite setsof pointsin the
d-torusthatwe de ne in x2, areequalmodulotheactionof a certaincollectionof a neendomorphisms
of thetorus. Thusthe branchlocusbecomes topologicalinvariant. We illustratethis by distinguishing
pairsof tiling spaceshatareotherwisedi cult to tell apart(seex3).



Theideafor considering'branching”in one-dimensiondliling spacesrosein discussionghe rst
authorhadwith SgrerEilersregardingthetopologicalcontentof the Ko-groupof the Matsumotaalgebra
associatedvith a substitution.Eilers, Restor andRuiz ([JERR]) have shavn thatthis (ordered)group
is alsoa completeinvariantof the Matsumotoalgebraand, consequentlythe Matsumotoalgebrais a
topologicalinvariantof thetiling space.

How is the Matsumotoalgebra(equialently its Ko-group) re ected in the topology of the tiling
spacedn x5 we shav thatthe branchlocusprovidesa partialanswer We usethe branchlocusto de ne
the“Pisot partof theaugmentediimensiongroup”, anorderedgroupthatis a o w equvalenceinvariant
of the substitutionand an orderedsubgroupof the augmenteccohomologygroup of the tiling space,
which, in turn, is closelyrelatedto the MatsumotoKy-group (see[CE1], [CE2] for a descriptionof the
MatsumotoKg-groupin thesubstitutve settingand[BSm| for anaccounbf therelationshipbetweerthe
MatsumotoKg-group of a substitutve systemandthe augmenteadohomologyof the associatediling
space).

2. GeometricRealizaion

For convenience we will usethe “strand space”modelfor thetiling space(see[BK] and[BBK])
which we recallnow. Let' bea Pisotsubstitutionof degreed on n letterswith abelianizationA and
Perron-Frobeniusigemwvalue . Thereis an(unique)A-invariantdecompositiorR" = V.~ W suchthat
V containsa right Perron-Frobeniusigevector! associateavith anddimV = d. ! We canalways
chooserationalbasedor V andW. Thereis a further Ajy-invariantsplittingV = EY  ES obtainedby
letting E® bethe spaceorthogonato a left Perron-Frobeniusigevectorof Ajy andE" bethespanof ! .
Letpry : R"! V, prg: V! ES andpr,: V! EYdenotetheprojectionsresp.,alongW, EY andE?,
andlet denotethe A-invariantlattice pr,,Z".

If &;i = 1;:::;n, arethestandardasisvectorsn R", de ne 3 := pry(g),andlet ;:=ft3:0 t 1g
denotethe orientedsegmentrepresenting. Evenif ; = ; for somei , j, we wish to distinguish
betweerthesesggments.we call ; a (labeled)sgmentof typei. An orientedbrokenline =f ;, + xg
Xk 2 V, consistingof a collectionof translatecdtopiesof the basicsegmentsmeetingtip-to-tail andwith
connectedinion,will becalleda strand We denotethe spaceof bi-in nite strandsn V by

F:=f . lisabi-in nite strandin Vg

The substitution' inducesthe in ation and substitutionmap : F ! F asfollows: for eachedge
(translatedsegment) ;, + X in strand , replacethatedgeby the collectionof edges j, + Axc, |, +
Axc+ 3,00 o H A+ 3+ + 31, where' (i) = jij2  j. Thatis, () isobtainedoy applying
thelinear mapA to eachedgeof , thenbreakingup theimageinto translatedsegmentsfollowing the
patterndeterminedy applying' to thetypeof theedge.

For R > 0, let FR denotethe subseif F consistingof thosestrandsall of whoseedgesare within
distanceR of EY. Thereis thenanRy sothat \

Foo= "(FR)
no

1V is thekernelof m(A), if m(x) denoteghe minimal polynomialof .
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is independendf R Ry. ThesetF: hasa naturalmetric topologyin which and ° arecloseif a
smalltranslateof by avectorin V linesup exactly with ©, sggmenttypesbeingconsideredin alarge
neighborhooaf the origin. With respecto thistopology andthe translation ow,

= gt X 7N ti= et

arecontinuous.

In somecasegheremay be a few translationorbitsin F. thatcorrespondo strandswith acceptable
headsandtails but thatarejoinedin anunnaturalway (this happensfor instancewhenthereareletters
aandbwith' (@) =a ,'(b) = b, butthewordba never occursin' M(i), i 2 A, m2 N). We
eliminatethesechimerady de ning T- to bethe! -limit set,undertranslationow, ofary 2 F: . That
is,forary 2F , \
T = clf t:t2[T;1)g

T>0

In ation andsubstitution, : T- ! T ,isahomeomorphisnrom T. ontoitself, andthetranslation
owonT: isminimalanduniquelyemgodic.

Onereasonfor usingthe ratherelaboratestrandspacemodel of thetiling spaceis thatit permitsa
simpleandconcreteade nition of geometriaealization.Onecouldfactorthetiling dynamicsontothose

of asolenoid by choosinghelattice inV andmapping 2 T to
(minlg+ ;minlg+ ;::2) 21im Fy,;

whereFy;, : V=| V= isdenedby Fp,(v+ )= Av+ |, Ixisary edgein () andminly is its
initial vertex. This doesgive a well de ned surjectionof T: ontothe d-dimensionalsolenoidlim Fp;,
thatsemiconjugatem ation andsubstitutionwith the shift, aswell astranslationo w with a Kronecler
action.However, to maximizethesizeof thefactor wewill de ne acoarsermorenaturallattice. Toward
thisend,denotethe collectionof returnvectos by

@ := fv2 : thereexists 2 T containingedged ;%

eachof typei; with 1°= 1 + vg
Itisnotdi cultto shawv thatthesubgroup
*[ +
1= (AVS )
k2z

of V generatedby S wz(Aiv)K (i) isindependenofi 2 A. The returnlattice
= 1\

is invariantunderA andalsoof rankd.

Note: In caseA is irreducible(d = n), then = = Z". In x3, we will seeanexamplewhere is
strictly coarsethan .

To de ne geometriaealizationontoasolenoiddeterminedy , we mustdeterminesomeappropriate
translations. We begin by noticing that for eachi; j 2 A, thereis a well de ned “transition vector”
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4i; 2 = sothatif 2T andl andJ areedgesof of typesi andj resp.then
(minJ  minl) mod = 4;:
Then,since4ij + 4 + 4y = Oforalli; j;k 2 A, thereareu; 2 = ,fori 2 A, sothatfor all i; j,
4ij=uj U
We maythennormalizetheu; sothat
AU = Ujo
foralli 2 A, wherei® denotegheinitial letterof * (i). Letting F a;, denotethe mapinducedby A onthe

torusV= , we have awell de nedmapl : T ! Ilim Fy, (wewill awaysusethelattice in placeof
in thede nition of F;,) givenby

1 ()= (minlo+ U minly + uj ;i)

wherely is ary edgeof  K( ) of typeix. Themap1l is calledgeometricrealization

Note: Themapl depend®nthechoiceof theu; 2 =, whicharenotuniquelyde ned evenafter
thenormalization.

Fromresultsof [BK] and[BBK], themapl: is boundedly nite-to-one andalmosteverywherem-
to-1,wheremis the coincidenceankof ' , andthetiling ow onT: haspurediscretespectrumf and
only if m= 1. Moreover, 1. is optimalin the sensahatary otherfactoringof ontoa solenoidalkhift
factorsthroughl: .2

Geometricrealizationexpresseghe underlying solenoidalnatureof Pisottiling spaces.But tiling
spacesunlike solenoids,are not homogeneous. Asymptotictilings are one kind of inhomogeneity
collapsedout by geometricrealization. We saythetilings ; °2 T. are forward (badkward, resp)
asymptotiprovidedd( t; © t)! Oast! 1 (1 ,resp.)’If and ®areasymptoticwhere , ©
thereis auniquet sothat tand © t areperiodicunderin ation andsubstitution. Moreover, the
setC consistingof thosetilings 2 T for whichthereis atiling ©, with and ©asymptoticand

-periodicis nite andnonempty(see[BD1]). We will calltheelementof C. specialtilings.

LetL : (V ) ! (R%Z9 bealinearisomorphismandF, : V= ! T9 := R4=z9 the induced
isomorphismAlso, let M = M- denotetheintegermatrix representinghelinearisomorphismL  Ajy
L 1in thestandardasis,andletFy : T9 - denotethe correspondingoral endomorphism.

Thebrand locusof T: is theset

Br():=(FL o 1)C) T4

where o : limFapy ! V= is projectiononto the 0" coordinate.Notethat Fy(Br(* )) = Br(* ). Also
notethatBr(' ) dependsiotonlyon’ butalsoonthechoiceof fu;jgin thede nitions of 1. andthelinear
isomorphisnmL madein the constructiorof 1. . Our maintheoremis thatthis dependences limited.

2For the translationow on T. , the Kronecler ow, (z0;z;:::) 7! (2o t';zz t ;::) onlim Fay is the maximal
equicontinuougactor

3Thereis awealening of asymptoticity calledregional proximality, with the propertythat1 ( ) = 1. ( 9 if andonly if
and ©areregionally proximal,see[Aus].



Theorem 1. Supposehat' and are primitive, aperiodic, Pisot substitutionswhosetiling spaces
are homeomorphicThenthere are d  d integer matricesS; T, andmg; my 2 N sothat M™ = ST,
M™ = TS, andtranslations o; 1 onT9 sothat

Br()=(o Fr) Br(") and Br(")=(1 Fs)(Br())
In case isa Pisotunit, thatis, def(Ajy) = 1; calculationsaresimpli ed.

Corollary 2. Supposé¢hat' and are primitive andaperiodicPisotsubstitutionsvith - a Pisotunit
of degreed, andthatT: is homeomorphiavith T . Thentherearea T 2 GL(d; Z) andatranslation on
T9 sothat

Br( )= Fr(Br(")):

Beforeproving thetheoremwe look at afew examples.

3. Examples
Example 1.
8
1 ! 121
Considerthesubstitution' : §2 I 312: Inthisinstance,
-3 1 213
8 9
2 11 3 g NE
A=E81 1 1 =3andV = E' = §t 2 :t2R§. Wehae 3 = pryg = G 2 E whichwe
011 -1 - 1
denoteby v, sothat = Zv. Now considetthestrand , x edunder ,

=fii 1 2v 2 v 2tV 1t 2viiig

Thatis, follows thepatternof the x edword 312121  of ' . Clearly if | andl®aretwo edgesof

of typel,thenminl® minl is of theform 2kv, wherek 2 Z (andk = 1 occurs).Thus

* + * +
= AV @D\ = @v )\ =2 =27v
k2z k2Z

Thetransitionvectorsare(mod ) 4,1 = v, 431 = v, and4,3 = 0. Choosingu; = 0, u; = v, Uz =V,
we have 4i; = u; U andAu = 3u; = upe (mod ), where' (i) = i . Finally, we mapV= onto
R=Z = T' by F_, whereL : V! Risde nedby L(tv) = %v. Thengeometricrealizationof T: ontoa
3-adicsolenoidis givenby 1. ( ) = (minlp uj,;; minly u;,;:::), wherely is anedgeof K(') of type
ik andminly istakenmod . Thebranchlocusof' is(Fp o 1 )(C ).

Thereareproceduregor nding asymptotidilings describedn [BD1] and[BDH], andanappletfor
this purposecanbe foundat [E1]. For this' , thereis a single pair of backward asymptotictilings (of
period2 under ) andasinglepair of forwardasymptotidilings (x edby )inC =f ; % : %where

=fi 0 Vg 2+V 1+ 2viiig
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followsthepattern 312121 ,
=fi 3 v g 2tV 1+2viig
followsthepattern 213121 ;

=fi 1 Vo3 1tV 2o+ 2viig
followsthepattern 121312 and
=fi 1 v 1tV 3+ 2viig

follows the pattern 121213 . ThusBr(' ) = fO+ Z;1=2+ Zg The periodicforward asymptotic
tilings are“halfway around”thetiling spacdrom the periodicbackward asymptotidilings.

Note: Onecanshav that = ' Z=hZ, whereh is the heightof the substitution' (see[D]), if ' is
constantength(asin Examplel) or, moregenerally' is Pisotof degreel. In this sensethegroup =
is anextensionof the notion of the heightof a constantengthsubstitutionto the higherdegreesetting.

Example 2.

Wewill shav thattwo particulartiling spacesrenothomeomorphidy consideringheir branchloci.
The MatsumotoKp-group([M]) andthe crossinggroup([BSw1] do not distinguishthesespacesAlso,
we have not beenableto distinguishthesespacesdy the generalizedBowen-Frankdrace([BSwl]) or
the proximality structuresiescribedn [BD2]. The (unorderedpugmentedohomologygroupsof these
spacesareisomorphic but onecanshaw thatthe Pisotpartsof theaugmentedimensiongroups(seexs)
arenotorderisomorphic.

Considerthesubstitutions
a | aad?blbaa
b ! abd*bl*ba

a | aaad'b'®aa
b ! aabd®'ba

8 9
=
HereA = A =%§ i%S =3 = E”=ztiié:tﬂ?s,&:?:z:v:%éforboth'

W AX/ OO
W Ao

and ,and : = = = Zv. In geometricrealizationall the u; canbe taken to be 0.
ChoosingL : tv 7! t, onegetsBr(' ) = f1=31+ Z;30=31+ Zg Br( ) = f2=31+ Z;30=31 + Zg and
M=M =M =(32). So,if T ishomeomorphiavith T , theremustbeS = (s) andT = (t), where
s;t2Z,anm2 N sothatM™ = ST, andatranslation onT! = R=Z sothat F1Br(" ) = Br( ). The
only possibilityfor tis 2K, wherek 2 N. Then ( 2Kf1=31;30=81g = f2=31;30=31gmodl) implies
that( 2%)(29=31) = (28=31)(mod1), hencethat( 2K)(29) = 28(mod31),or 2k*1 = 3(mod31), which
is notthe casefor ary k 2 N. It follows from Theoreml thatT- andT arenothomeomorphic.

Example 3.

1! 1122111 q - 1 ! 1121211

Dene': and : :
2 ! 1211111221 2 1 1211112211
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_ 7 _ _ _ .
ThematrixA= A = A = % 3% so = = is a Pisotunit andCorollary 2 applies. As

hasdgree2, : = = Z2. TakingL to betheidentity map,geometricarealizationfor both T and
T takestheform 7! minl (modZ?), wherethislast! is anedgeof . Eachof' and hasa pair of
backward anda pair of forward asymptotictilings, x edunderin ation andsubstitution.Consider for
example,thetilings for* following the patterns

1122111122111

and
1122111211111221 ;

wherethesmallcirclein eachwordabove indicateghepositionof theorigin. Tolocatethecorresponding
strandgcall them 1 and »), we seekx 2 R? sothat
(1+X)=f1+x e 1+X 2+X+e;:iig
or, equivalently
(2+X)=f 1+Xx e 2+X 1+X+eyiig
Since

(1+x)=f AX; 1+ AX+ ;0

avertex of both 1 and ,. Thus

= %%modzz) 2 Br(" ):

xEm—t

wemusthave Ax = x ;. Thisyieldsx =

(gllmomIH Wik
wWl= Wik
B 0)

1(1)=2(2)=
3
Similar calculationsyield: 8 9
1 2
Br(' ) = séﬁ éf z? %é» Z%
"3 3 '

and 8 g
Br( )= iéé‘ 22;%§. Z%:
> .

WereT. andT homeomorphictherewouldbea T 2 GL(2;Z) andatranslation on T2 sothat(
Fr)(Br( )) = Br( ). In otherwords,

TR

Thatis, T 2 GL(2; Z) would satisfy
1 1
-7 = B2 7%
3 %é 6 %E

Sincethisis not possible Corollary2 impliesthatT: andT arenothomeomorphic.



Example 4.

8 8
§ aadb*cac %a aaabfcaac
'= gb' aba’bbc®bbc b! aabab®c®bbbac
aab&b®c3cbe “c! aabbadb*c3cbbac
8 8
with abelianizationA = 9 8E. Theprojectionalong onto the Pisotsubspacé/ is given by
6 5 1
10
pry = 1 OE. In this casethelattices and areequal,sincereturnvectorsspan over Z (the
5 31 _ _
repeatedettersaa; bb;, andccyield returnvectors3 = pry(e); i = 1;2; 3).
8 9
Thesetf3;;3, + 3g= § is abasisfor over Z. In thesecoordinatesAjy takesthe form

1% I

Thereareone pair of x ed backward asymptotictilings andtwo pairsof x edforward asymptotic
tilings for both' and . We solve the equationdor the branchlocuspointsin a mannersimilar to the

foregoingexamples:

2

Br(' ) (modZz?) Br( ) (modz?)

I Y
ookl B kb
T

Therearein nitely mary di erenttrianglesonthe 2-torushaving aglvensetof threepointsasvertices.

3
3
3

In casethevertice&arethepointsof Br(' ), wewrite thegenerakdgevectors,up to integertranslationin

thelift, as(4 +p;3 1+q) and(4 +r; % + 9). Theareahastheform

1 1

16 8 Z(p+ s+4ps q 2r 4rq) .
Sincep; g; r; s areintegers,theminimumareais 1—16 (e.g.p=q=r = s=0). Theagumentfor Br( ) is
similar, but the minimumareais %. WereT: andT homeomorphicthemap T of Corollary6 would

presere theareaf thesetriangles.We concludethey arenothomeomorphic.



Example5.

Thepair
8 8
a! aabbcac a! caabbac
b= gb! ababccbcc = gb! cababchbcc
¢! aad'b®c? “c! caadb®c’
providesanexampleof substitutions and suchthatthePerron-Frobeniusigewalue + =  isPisot

but not a unit. Thereadercancheckthatthe branchlocusBr( ) is colinear whereasBr(' ) is not. By
Theoreml, T andT arenothomeomorphic.

4. Proof of Theoreml
Supposehat’ is aprimitive andaperiodicsubstitutionwith languaye
L. :==fw2A :wisafactorof' "(i) for somei 2 A;n2 Ng
and allowedbi-in nite words

X =f XiXoX1 X 2A;Xn Xuk2L:- forn22Z;k2Ng

by therule' %) = i; i provided' (4i) = 4, 4i.. Wewill call sucha' °a rewriting of ' , and
themorphism : f1;:::;kg! A givenby (i) = 4; the associatedrewriting morphism Note that

'0=" " ltisnothardto seethat' °is alsoprimitive andaperiodic.

Supposenow that' ®and' aresubstitutionsand is a morphismwith ' 9 =" . Thenthe
abelianizationsA; A and P of ' ;' ®and , resp.,satisfy PA? = AP. Consequentlyif w andw® are
positive right Perron-Frobeniusigevectorsof A andA°, resp.,thenPwP = aw for somea > 0, and A
and A? have the samePerron-Frobeniusigevalue. Thus' Cis Pisotif andonly if ' is. In this case,
let V and V° be the invariant Pisot subspace$with rational bases)orrespondingo A and A°, resp.
Sincew 2 PV°\ V, PVC\ V is anontriial rationalsubspacef V. The characteristigpolynomialof
Ajy is irreducible,and PV°\ V is A-invariant, which impliesthat PV°\ V = V andV  PVY But
dimV = d = dimV®° henceP(V9) = V andPjyo : V°! V isinvertible. Furthermorejf ' and' ®are
Pisot,thereis anaturalcontinuoussurjection : T-o! T thatconjugates °with , de nedasfollows:
Givenanedgel = 9+ xin VO with (i) =i1 i and3j:= vej, let (1) denotethe nite strandin V
de ned by

(M) =f A Px g, P35+ Px+ 3+ +30.9

If 9=1f D+ x : k2 Zgis ary strandin V° let 7( 9 denotethe strandin V madeup of the nite
substrandS( ;, + X«) givenby

[
(9= T+

k2z
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Obserethat™ 9= . SincePEY, = E¥, thereisanR > 0 suchthat™(T:- o) FR. Thusif %2 T o,
=7 CYCOINY = "C Y 2 "R
foralln2 N, so \
(92 "FH=T:
n2N
Continuityof ~ is cleat andfrom thefactthat™( © t)="( 9 at andminimality of thetiling o w, it

followsthat™ : T.o! T issurjectve.

SupposehatV andVCare nite dimensionarealvectorspacesand V, ° VOarelattices.By a
mapT : (V: )! (V% 9, wewill meanalineartransformatior : V! VOwith T( ) % Two maps
A (V)L (v )andA%: (V% 91 (V% 9 are shift-equivalentA sg A° providedtherearemaps
T:(V)! (V% 9andS: (V® 91 (v )andnaturalnumbersn; nsothatA™ = ST, (A" = TS,
AT = TA andSA® = AS; S andT expressthe shift equivalence Therelation sg is anequivalence
relation,andif A sg A thenA* g (A9 for all k 2 N. Furthermorejf Fr : limFa ! lim Faois
de ned by

Fria+ ixe+ ;)= (Tx+ STxe+ %)
(andFs; Fao andF 4 arede ned similarly), andif and Careco-compactthenFt andFg aretopolog-
ical isomorphism®f the solenoidghatconjugatethe shifts F 4 andF ao.

Lemma 3. Supposghat' and' °are Pisotsubstitutionsandthat either

(@)' Cis arewriting of ' with rewriting morphism , or

(b) there are morphisms ; sothat' = and' 9=

LetA;V and (A%VCand © resp.)betheabelianization,nvariant Pisot subspacend return lattice
for' (' © resp.).Then,in thecaseof (a),

(1a)”: To! T isahomeomorphism,

or, in thecaseof (b),

(1b)":T-o! T and :T ! T oarehomeomorphisms.

Also,
(2)themapsAjy : (V: )! (V )andAYyo: (VE 91 (V% 9 areshiftequivalent.
Furthermoe, if 1 : T- | limFp, andlo: T-o ! lim Fag, are geometricrealizationsonto the

natural solenoidsandT : (V: ) ! (V% 9 andS: (V% 91 (V) expressthe shift equivalencen
(2), thenthere are translations and ®onlim Faj, andlim Fag,, sothat, in thecaseof (a),
(33)1 ~= Fg loand
1o ~1=0 F 'fm\, 1 for somem2 N,
or, in thecaseof (b),
(3b)l ~= Fg 1o and

o =0 Fr 1.

Proof: Supposehat' ©is a rewriting of ' with rewriting morphism having abelianizationP, and
supposehat ©, 992 T. o aresuchthat™( 9 = 7( %9. Let w® andw®be thewordsof X: o spelledout by
Oand % wheresomelocationis choserfor the decimalpoint indicatingthe locationof the O™ letter
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Then (49 and (4% agree,up to shift, so that w® andw®mustagree,up to shift, by the uniqueness
of factorizationin X: in the de nition of rewriting. It followsthat ©= 90 t for somet. Butthen
(9="(9=7(% t)="( 9 at hencet=0and °= 90 Thatis, ~ isahomeomorphism.

In case = and' 0= ,wehavethat™ = and ~= ©soboth™and mustbe
homeomorphisms.

Again, supposehat' Cis arewriting of ' . If v2 i) isareturnvectorfor' © say °2 T. o hasedges
| andl + v of typei, then™ °2 T. hasedges] andJ+ Pvoftypei;, where (i)=i; .ThusPv2 (i1)
is areturnvectorfor ' . It follows thatP °

While it is notnecessarilyhecasethatP °= |, weshallseethat A™ P Ofor somem 2 N. To this
end,supposehat! is anedgein V of typei, andl, | +vareedgef 2T withv, 0.Let %:=~ 1(),
andfor eachn 2 N, let "and "bemaximalsubstrandsf( 9"( 9 with thepropertythat=( ") (1)
and=( ") (1 +v). If xX";y" 2 L. oarethewordscorrespondingo ", ", resp.,thenwe have the
factorizationsp” (x")s" andqg" (y")r" of ' "(i) in whichthewordsp", s", r", q" 2 L. areof bounded
length. Puttinga decimalpoint (to markthe positionof the 0" coordinate)on theleft of ' "(i), we may
choose ! 1 andmy 2 N, with m, ontheorderof % sothat "™(' "(i)) corvemgesto abi-in nite word
w2 X (here istheshiftthattakes:abc toabc ). Letik betheletter(in A = A ) immediately
to theright of thedecimalpointin ™ (* "(i)), andlet xgk andygk denotetheletters(in A= A. o) of x
andy™, resp.,sothat (xgk) and (ygk) contain(theidenti ed occurrencef) i¥. Puttinga decimalpoint
immediatelyto the left of x3* andyg* in X andy™, resp.,we may choosea subsequence, sothatx™
andy™ cornverge to bi-in nite words,say x andy, resp.,in X-o. Now (x) and (y) give factoringsof
4 2 X bythewords4; = (j), for j 2 A% By uniquenessx = y. Thusfor large ", xgk‘ = ygk‘. Pick
suchan’, letm = n, j = xJ' = y7, and J J + 3 bethe edgesof the substrands™, ™ of ( )™( 9
correspondingo xJ' andyg', resp.ThenP(®) = A™3 Thatis, givenv 2 (i), areturnvectorfor ' , there
is®2 ), areturnvectorfor ' © with 3= (Ajy) "P(3) = P(AYv0) ™(P).

AM3 isin P Oforall j = 1;:::;d. Thatis, A" P O LetS := PjyoandT := (Pjvo) *(Ajv)™ (recall
thatPjyo is invertiblebecausé and' ?arePisot). Wehae S : (V% 1 (V' ), T: (v )! (V% 9,
AjyS = SAYyo, TAjy = AfyeT, ST = (Ajy)™, andTS = (A%yo)™.

Still in therewriting case supposédhatl : T ! limFp, andl o: T o! lim Fag,, aregeometric
realizationsntothe naturalsolenoidsde ned by theselectiorof fuigin = andfudgin %= 0 resp.(see
thede nition of geometriaealizationn x2). Letf4ijg = andfwiojg 0= Odenotethecorresponding

transitionvectors(so4ij; = uj U andvvﬂ. = u‘j) u, for alli; j). Let °2 T- o have edgel of typei. Then
1 of 9 hasOMcoordinate

@ o o= (mint+ 9 P

in V%= @ Thestrand™( 9 in T. hasanedgel of typei;, where (i)=i; ,withminJ= Pminl. Thus

@ CCYo=(Pminl)+ )

12



We have

(Pminl)+ ) Fpul
L gt Feud
Weclaimthatu;, Fpulisindependenofi 2 A% Indeed,

(U, Feu) (u, Feud) = (w, uy) (Fe() u)
4, Fp(Wh):

Fe((2 o 9)o)

Butif 22 T ohasedgel of typei andedgel of type j, sothat(mind minl)+ = w?i, then™( 9
hascorrespondingdgesof typei; and j; with initial verticesdi eringby P(minJ) P(minl). Thatis,
4, = Fp(4(j)i). It follows thatif ; is translationby Fpu?  ui,, then

(' Jo= 1 Fpy (@ok:
Similarly, k" coordinatesatisfy
(T k=1 Fpp @k
Notethat
Fay(Uy  Feyol) = Feoliy  FeioFayolf
= u, Fpolf

from the normalizatiorrequiremenbnthefuigfuiog sotranslationby this sameelemenin eachcoordi-
natein lim Fj, de nesatranslation onlim F;,. We have

1 ~= Fpy Lo
Thuswith S = PjyoandT = (Pjyo) 1 (Ajv)™, we have conclusion(3a).
Theproofsof (2),in case = and' 0= , and(3b) aresimilar (althoughmorestraightfor
ward).

With the notationof Lemmag3, andwith C: andC: o the collectionsof specialtilings for ' and"' °
resp.,notethat ™, —, and  determinebijectionsbetweerC: andC o, andF;, mapsl: (C ) bijectively
ontoitself. Thisyieldsthefollowing consequencef Lemma3.

Corollary 4. If* and' °are Pisotsubstitutionsvith onea rewriting of the other or for which there are
morphisms ; with' = and' 9= ,thenAjy : (V) ! (V: )andAYyo: (V% 91 (v& 9
are shiftequivalentexpressecby mapsS : (V% 91 (v YandT : (v )! (V% 9, with

Fr o 1 (C ) =0 1 O(C' o)

and
O Fs o 1oCo= g 1(C):
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Let us saythat the substitutions and arein the samerewriting classif thereare substitutions
o=";"1 ;" n= withthepropertythatfor eachi = 0;:::;n 1,oneof' j and' j+1 isarewriting
of the other The proof of therigidity resultin [BSwZ] (seeTheorem? in the next section)establishes

thefollowing:

Lemma 5. Supposdhat' and are substitutionsud that T: is homeomorphiavith T . Thenther
arem;n 2 N andsubstitutions ®and %sud that(1)' ®and' ™ arein the samerewriting class,asare
Oand ", and(2) there are morphisms and sudthat' °= and 9=

Proof: See[BSw2, Theorem2.1].

To prove Theoreml, let' and be Pisotof degreed, with geometricrealizationsl: andl of T:
andT . Fix isomorphismd : (V.; ) ! (R:;Z% andL :(V: )! (R%Z%, andletBr(') =
FL ol (C))andBr( )=F_ o1 (C))bethecorrespondindgpranchloci. Letm;n;' °and %be
asinLemmab. AsT. = T-mandT =T n,wemaytakel m=21,1n=1,Lm=L andL =1L,
sothatBr(" ™) = Br(' ) andBr( ™ = Br( ). Apply Corollary4 repeatedlyto gettranslations and”
(thislastdeterminedby andL ),andamapTy:(V-; +)! (V ; )forwhichtherearek;” 2 N and
amapS;:(V; )! (V; ) suchthat

SiT1= (AMy. )% T1Sp=(Ay )

and

Br( ) FL (1 n(C n)o

= FL( Fr, 2m(Cm))o
= Fo Fr, L Y(Br()

~

FL T]_L 1.

fM =LALLM =LALLT=LT.L?LYandS =L S;L ! (expressecasmatricesin the
standardasisonRY), my = mkand o = ~, thenBr( )= ¢ Fr(Br(')) with ST = (M. )™. Similarly,
if my = n , thereis atranslation ; with Br(' )= 1 Fs((Br( )) andTS = (M )™.

5. ThePisa Part of the AugmentedimensiorGroup

In this sectionwe give a cohomologicalnterpretatiorof Theoreml. For a Pisotsubstitution of de-
greed, letL andM beasin thede nition of Br(* ). TheinducedFy : HY(T9;R) -isthenavectorspace
isomorphisnwith simpleeigervalue = - anda(d 1)-dimensionainvariantsubspaceomplementary
to the eigenspacef . This(d 1)-dimensionabpacesplits H1(T%; R) into two closedinvarianthalf-
spacespneof which containsthe cogycle dualto (F) ([! 1), where[! ] is the 1-cycle generatedby the
positive eigevector! of A= A . This half-spaces calledthe positiveconein H1(T%; R) andis denoted
by HY(T9; R)*. Theinclusion{: Z! Rinduceq : H(T% ! HYTY:R) (anunspeciedcoe cientring
is understoodo be Z), andwe de ne the positive conein H1(T%) to be HY(TY* := () Y(HYT;R)*).
Likewise, thepositive conein H1(T%; Br(' )) is

HYTSBr( )™ = (1) * HYTY"

14



| HYTY%Br( ))! HY(TY) thenaturalhomomorphism.
We have

Fy @ HYTSBr( ) (HYTEBr¢ ) 1 HYTY Br( ) (HYTY; Br( )" ;
andwede ne PDG(' ) := lim Fg: HY T%Br( ) ! H® T9Br( ) ,with positve cone
PDG( )* := [(k:g)] 2PDG(" ) : g2 H! T%Br() "
Theshiftisomorphisnon PDG(' ); PDG(' )* istheorderedsomorphisngivenby [(k; g)] 7! hk; Fu(@ I.
A homeomorphisnof tiling spacesf : T- ! T , is orientationpreserving(reversing) provided it

takesthepositve o w directionin T to thepositive (negative) o w directionin T ; thatis, thefunction
s: T R'! Rdenedbyf( t)=f() 9o ;t)ispositve(negative).

Theorem®6. If' and arePisotsubstitutionsandthetiling spacesl: andT are orientationpreserv-
ing (reversing) homeomorphichenthere is an ordered isomorphisnbetween PDG(' ); PDG(' )* and
PDG( );PDG( )" resp: PDG( ); PDG( )* thatconjugatessomepositivepowes of the shift
isomorphisms.

Proof:LetT; S; o, 1, mg; andm, beasin Theoreml. Thecommutingdiagram

Fyym

HY T9:Br(") HY T Br(")

(1 Fg) \ /(*0 Fr) \R\(l Fs)

H* T4 Br( ) — H! T%Br( )

m

M

inducesan isomorphism (k;g)) ! (k;( 1 Fs) (g) thatconjugategshe m™ power of the shift on
PDG( ) with the mp" power of the shift on PDG(' ). Sincethe orderis dynamicallyde ned, this
conjugay aloneguaranteeshat orderis either presered or reversed. If T- andT are orientation
preservinghomeomorphicthenS andT take L (! ) andL: (! - ) to positve multiplesof L: (! - ) and
L (! ),resp.(here,l: andL denotehel inthede nition of Br(* )andBr( ),and! - ,! arepositve
eigevectorsof A , A ,resp.).Thus( 1 Fs) HYTYBr( ))* = HY(T%Br( ))*.

If T andT areorientationreversinghomeomorphicthenT. and T— are orientationpreserving
homeomorphic,” beingthereverseof (if (i) =iy ixthen (i) = ix i1). Theabore appliedto
(PDG(' ); PDG(* )*) and(PDG( ); PDG( )*) togethemwith theisomorphism(PDG(™); PDG(7)*) !
(PDG( ); PDG( )*)inducedby F g Yieldstheconclusionof thetheoremin the orientationreversing
case.
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Example6.

8 8
_ 22 | ababba Sa | a’Tapl8pk?
Consider : 3 and 3 .
b |  aabbba b 1 a*’bb8ap?®
Onecomputes:

wocyeocey ok Bock KR ano
o yeos ol Book B

Thesegroupsareorderisomorphicbut, becauseno power of 96 is a power of 6, the shiftisomorphisms
do nothave conjugatgowers.By Theoremb, T: andT arenothomeomorphic.

We now relatethe pair (PDG(' ); PDG(' )*) to theordered augmentedohomolgy of thetiling space
T . Webggin with adescriptiornof theaugmentediling space(for moredetail,anda precisedescription
asaninverselimit, see[BSm]).

(0] (0]

L f b b
Rj::fjgfj tg:t 0 and R':= fig f; tg:t O:

Theaugmentediling spacef: is de nedto betheunion

i [ B n 0
=T [ § R RE tig figfig fig;
=1 i=1
in which all of the endpointsf therayshave beenidenti ed to a singlebranchpoint. Themetricon T:
is extendedo ¥ in suchawaythat

£ f N S S b :
d i t;fjg fj tg—m—d Pttfig fP+tg;

fort 0, makingtheray RJT asymptoticto the forward orbit of Jf andtheray Rib asymptoticto the
backwardorbit of P.

Thehomeomorphism extendsto © : & - with € fjg f I tg = fj% f Jfo tg where j%is
suchthat ( JT) is forward asymptoticto JTO, andsimilarly for the rays Rib. We orderH(§: ) in such
awaythat® : H'(& ); HY® )" -isanorderisomorphism.Firstnotethat : HY(T ;R) -
is a vectorspaceisomorphismwith simpleeigewvalue = . andcodimensioroneinvariantsubspace
complementaryo the eigenspacef . This codimensioronespacesplits H(T: ) into two closedhalf-

spacespneof which correspondso the positive directionof the o w#: call thatspaceH(T: ; R)*. Let

4speci cally, thereis anorientationpreservingnmapof T. ontothecircle . Let H}(T. ; R)* containthe positive half-line
in HY(T%; R) pulledbackto HY(T: ; R).
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HY® ) = {|) ! HY(T ;R)*, where{ : HYT.) ! HYT ;R)isinducedby{: Z! R and
| : HY® ) ! HYT )isinducedby theinclusionj : T | & . Thepair HY® ); H}(& )" isthe
ordered augmenteccohomolgy of T- . Call theisomorphism€ : H(& ); HY(® )" - the shift
isomorphism.

Therigidity resultof [BSw2] is

Theorem7. If f: T. I T isahomeomorphisrof substitutiortiling spacesthentherearem;n 2 N
andh:T ! T isotopicto f sothath ™= " h,

Corollary 8. If T- andT are orientationpreservingreversing) homeomorphighentheordered coho-
molagies HY(® );H'@& )* and HY® );H® )* resp., HYF ); HY® )" areisomorphicbyan
isomorphisnthat conjugatesomepositivepowes of the shiftisomorphisms.

Proof: Thehomeomorphisnh of Theorem?7 extendsto ahomeomorphisrfh : & ! § thatconjugates
€M with €n,

The corollary — without the conjugag in the conclusion— appeardn [BSm]. Also, in that paper
a nonn@ative integer matrix &' is constructedvith ordereddimensiongroup DG(A'); DG(A!)* iso-
morphicto HY(& );HY(E )" .

Viewing PDG(' );PDG(' )* asthePisotpartof theaugmentedohomologyis justi ed by our nal
theorem A formulafor the Pisotpartasthe dimensiongroupof anintegermatrixwill arisein the proof.

Theorem9. If ' is a Pisotsubstitutionthenther is an orderedembeddingf PDG(' ); PDG(' )* into
H(@& );HY® )" thatcommutesvith a positivepowerof the shiftisomorphisms.

Example?7.
If ' istheThue-Morsesubstitution(1! 12; 2! 21),(then )
" # " H# !
PDG(' );PDG(' )" = Z:—2L; XZZ%;X 0
with shift isomorphisnx 7! 2x, and
"1# ( "1# )!
HY@ );HYE )" = > Z% (xy)2Z > Z*:x 0 ;

with shift isomorphisn(x;y) 7! (2x;y).

Proof:(Theoren®) Let' be a Pisotsubstitution. To simplify, we passto a prepaed substitution(see
[BSm]). We may supposeall specialasymptotictilings in T are x edby ' ", for somen 2 N, and' "
hasa x edbi-in nite word b:a .Sowehae' "@ =a ,'"(b)= bandbaoccursin' ),
for somek 2 N.

collectionof wordswith the properties
(i) eachu; occursasafactorof thein nite worda' "(a)' '(a)
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(i) eachuy; hastheforma b;

Theneachword ' "(y;) factorsuniquelyin theform uj,  uj,. Fromthis,dene by (i) =iy ip,
i = 1;:::;9. Thesubstitution is primitive andaperiodicPisot( = ") andstrictly proper. there
arer;s 2 f1;2;:::;qgsothat (i) =r sfori = 1;:::;9. Also, the specialasymptotictilingsin T
areall xedby . ThenT n =T andT areorientationpreservinghomeomorphidthisis a special
caseof Lemma3) by a homeomorphisnthat conjugates " with . Hence, HY(§ );H'& )* and
HY(@& );HY(¥ )" areisomorphicby anisomorphisnthatconjugate§ ") with  (Corollary8) and
PDG(' );PDG(' )" = PDG(' ");PDG(' ™" isisomorphicto PDG( );PDG( )" (Theoremb). The
isomorphisntonjugateshe (" n)" power of theshifton PDG(' ); PDG(' )* tothe ™ power of theshift
on PDG( );PDG( )* for some" 2 N. Thusoncewe prove the theoremfor suchsubstitutions , we
have provedit for all Pisotsubstitutions.

Let n; denotethe numberof equivalenceclasse®f forward asymptoticspecialtilingsin T , andny

the numberof specialbackward classes.As in [BSm], we may selectspecialasymptotictilings Jf

properties
(i) if Jisanedgeof J.(resp.,l anedgeof ib) thatmeetsES, thenJ (resp.,|) meetsES in its interior;
(ii) if kisthetypeof J (resp.,of I), then (k) = p{ks}c (resp., (k) = pibkgb) with p}c andsjf (resp.,
pP andsP) nonemptyand

al:= 2p)) (pDp] (s)) As|)  (resp.AP=  (ED)RP () )
is thebi-in nite word correspondindo I (resp., D).
In particular andthis will beimportantlater,
A(minl) + pry~pPe = minl and A(maxJ) prv~pjf- = maxJ;

where~us denoteghe abelianizatiorof theword u.
Let E denotethen (ns +n, 1) matrixwith i j entry

8
%numberof occurrencesfiin ptl’sjf; ifl | ng

Eij:§

Ciob f. . ;
“numberof occurrencesfi in P} ne+1S1; fni<j ng+np 1.

Let A= A betheabelianizatiorof ,andletl bethe(ns+n, 1) (nf+ny, 1)identitymatrix. The

augmentednatrixfor is
-

of sizea=n+n; +np, 1. Theaugmentedlimensiorgroupfor isthepair
DG(AR'); DG(R)" ; where DG(A'):= lim A" : Z°
with DG(A!)* determineddynamically)asbefore:
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Since is simple, &' hasa codimensiorone invariant subspacéV (in R®) complementaryto the
eigenspacef . Let

(Z%)* = fx 2 Z® : xisin thehalf-spacaleterminecdy W containing
thenonngatie eigewvectorcorrespondingo g

ThenDG(RY)* = n[k; gl 2DG(ARY) : g2 (Z")+O

We know from [BSm] that DG(A!); DG(R)* is isomorphicto HYT ); HY(T )* via anisomor
phism that conjugatesthe shifts. Our remainingtask, then, is to embed PDG( );PDG( )* into
DG(A"); DG(R’")" .

Besidessnablingusto describdts augmenteadohomologyasa dimensiongroup,anotheradwantage
of apreparedsubstitution(like ) is thatits returnlattice isthesameas = pr,,(Z"), makingformulas
for geometricrealizationsimpler To shav theselatticesagreelet 2 T , andlet J beanedgeof type
j in followed by theedgel of typei. Since is strictly proper (J) beginswith anedgeof thesame
type,sayr, asdoes (l). Thusthevector

min (I) min (J)=max (J) min (J) = pr,(Ag)
= (Aiv)pryej = (Av)3 2 (j):
So,3;2 forall j,and =
We maysupposewithoutlossof generalitythatf3;;:::; 3jgisabasisfor = ,takenfromthebasis
f31;:::;3.gfor V. LetBr( )= o1 (C )bethebranchlocusm V= (soF_ Br( ) =Br( )).If and
0areasymptotlonT ,then o1 () and o1 ( 9 areasymptotidn V= undertheKronecler o w; that
is, 01 ()= ol (9.1t foIIowsthat
_ ol 0
Br( )= ol (Dol (£) ol (Diiti ol (5)
If 1 istheuniqueedgeof ibthatmeetsES, let xib = minl; andif J is the uniqueedgeof Jf thatmeets
ES, let xjf ‘= maxJ.
Since = ,wemaytake eachu; = 0in thede nition of geometricrealizationl . Thus ol ( Jf) =
xjf+ f:)_(jf and ol (P)=x+ =%
If #Br( )) = 1,then

PDG( ); PDG( )" lim Ajv; (lim Ajv)*

whichis easilyembeddedn DG( ); (DG( )* .
Thuswe canassumefBr( ) = mf + my, with m; > 0 andmy, > 0, andafterreindeing,

ol n, 0
Br( )= x1 1:00my Xj j=Lme
Recallthat  := ft3 : t 2 [0; 1]gis the orientedsegment. The homologyclasseg ] of the oriented
cycles i := ;+ ;i=1;:::;d, constituteabasisfor H{(V=).
Foreachi = 1;:::;np, Iet ,denotetheorlentedhnesegmentmVfrom xbtoO foreachj =1;:::;n;s,
let ,bethedlrectedllnesegmentfromOtox andlet™j:= j+ ; ;:= j+ .Then

n _ _ _ _
[Tl B0 b [ 2l mdi 2 i [T ol m dl
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is abasisfor Hy V= ; Br( ).
LetL : 28! Z® (recalla = n+ n¢ + n, 1) denotethe homomorphisnrepresentedby A& in the

e forj=0andi=1;:::;n
szgenﬂ- fori=l1landj=1;:::;n;
“€nine+i 1 TOr j=2andi = 2;:::;np.
We de ne ahomomorphisnP : Z8! H; V= ;Br( ) onthebasisB asfollows:

P _ . P .
P(eo) = Ly rij[7j]; providedd = L 13 i= Lo,

soconsiderg; Fz) B with j > 0. Let p; = ~pib- 27" s = ~sJT- 2 Z" andlet{: Z"! Z®begivenhy
{(x;::5%) = L1 % @o. Then,L (&) = {(pi) +{(sj) + &j and
O _
PL(gj)=PL(p)+PL(s)+P(e)= al W+ bl Wd+[)il
k=1 k=1
Py Py
wherepry (b)) = j=; a3 andpry(sj) = -, b
Ontheotherhand,(Fa;,) P(aj) = (Fay) (i D) = [ACi )] if ACi j) denotesheimageof the
directedcurve ; junderthelinearmapA:V ! V. WeclaimthatA( j)iSh0m0|090U$0_i+_i_J‘+_J‘,
where ; = ftpry(p) : 0 t 1gand j = ftpry(s;)) : 0 t 1lgaredirectedsegments.Indeed,
thisfollows from A( xib) = pry(pi) + ( xib) andAxJT = xjf + pry(sj) inthecoverV of V= (seeFigure5).
Clearly™; is homologougo Ezl a k and~; is homologougo ﬁzlbk_k. ThusPL (&) = (Fay,) P(e)).
SinceP is surjectve, thedual
P':Hom Hi V=:Br( ) :Z H'Vv=:Br()! Hom@®%2z) Z®
isinjective. As L'P' = P'(F;,) , weknow P! inducesaninjection
pt lim Fyy = PDG( ) ! lim L'=DG( )

thatcommuteswith the shifts. Sincethe positive conesaredetermineddynamically P! eitherpreseres
or reversedrder As| 1] 2 HY(V=; Br( ))* andP'[ 1] =[ei] 2 (DG( ))*; P! preseresorder
Finally,

P :lim Fy :HYT%Br( ) - =PDG( )! lim Fy :H' V= Br( ) -

by PL ([(k9)]) = k F_(9) isanorderedisomorphismithatcommuteswith the shifts), which em-
beds PDG( );PDG( )* into DG( );DG( )* .
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Figure 1. A Homology

ES
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