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Abstract. If ' is aPisotsubstitutionof degreed, thenthein�ation andsubstitutionhomeomorphism� on

thetiling spaceT' factorsvia geometricrealizationontoa d-dimensionalsolenoid.Underthis realization,

thecollectionof � -periodicasymptotictilings correspondsto a�nite setthatprojectsontothe branch locus

in a d-torus. We prove that if two suchtiling spacesarehomeomorphic,thentheresultingbranchloci are

thesameup to theactionof certaina� nemapson thetorus.
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1. Intr oduction

In this paperwe introducethe branchlocus,a new topologicalinvariant for one-dimensionalPisot
substitutiontiling spaces.A substitutionon n lettersis a mapfrom an alphabetA = f1;2; : : : ; nginto
A � , whereA � is the collectionof �nite andnonemptywordsfrom A. The abelianizationmatrix of
' is de�ned asA = (ai j ), whereai j = numberof occurrencesof i in ' ( j). Thesubstitution' is Pisot
providedthePerron-Frobeniuseigenvalue� of A is a Pisot-Vijayaraghavan number(� > 1 andall alge-
braicconjugatesof � arestrictly insidetheunit circle). The degree of ' is thedegreeof theminimal
polynomialof � .

Associatedwith any substitution' , thereis a tiling spaceT' consistingof certaintilings of thereal
line; if (� 1; : : : ; � n) is a positive left eigenvectorof A, thenT' consistsof all tilings of R by translatesof
theprototilesPi = [0; � i ], i = 1; : : : ; n, with thepropertythattheword spelledout by any �nite patchof
consecutive tiles in thetiling occursasa factorof ' m(i) for somei 2 A andm 2 N. Thesubstitution'
is primitive if for somem 2 N, every entryof Am is strictly positive, and aperiodicif no elementof T'

is periodicundertranslation.For theremainderof thepaper, all substitutionswill beassumedprimitive
andaperiodic.

De�ne the topologyof T' by stipulatingthat two tilings arecloseprovided a small translateof one
is identicalto theotherin a largeneighborhoodof theorigin. Undertheassumptionthat ' is primitive
andaperiodic,T' is a continuum(a compact,connectedmetric space). For sucha ' , in�ation and
substitutionis thehomeomorphism� : T' ! T' that replaceseachtile t + Pi = [t; � i + t] of a tiling T
in T' by the patch[� t; �� i + � t] tiled by translatesof prototilesfollowing the patternof theword ' (i).
Thereis also a minimal and uniquely ergodic R-actionon T' , called the translation�ow, given by
T = fTig1

i=�1 7! T � t := fTi � tg1
i=�1 , for t 2 R.

Thetopologyof asubstitutiontiling spaceis of interestfor anumberof reasons.Physicsprovidesone
sourceof motivation. SupposethatT is a tiling in thesubstitutiontiling spaceT' . Placinganatomat
theendof eachtile createsa one-dimensionalmaterialwhich is calleda quasi-crystalif its di� raction
spectrumis purepoint (theatomsmustbe`weighted'accordingto the tile typesthey lie in). Bombieri
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andTaylor ([BT]) proved that if ' is Pisot,sucha materialhasa nontrivial discretecomponentin its
spectrum.Whethersuchamaterialhaspurepointspectrumwhen' is irreducibleunimodularPisot(i.e.,
' is Pisotwith degree(� ) = d = n = jAj, anddet(A) = � 1) remainsanopenquestion.Lee,Moody and
Solomyak([LMS]) have provedthatthedi� ractionspectrumof thematerialis purepoint if andonly if
the dynamicalspectrumof the translation�o w on T' is purediscrete. It follows from [BSw2] that if
T' andT arehomeomorphictiling spaces,thenthetiling �o w on T' is purediscreteif andonly if the
tiling �o w onT is purediscrete.Thatis, thequestionof whetheror notaone-dimensionalmaterialbuilt
from asubstitutionhaspurepointdi� ractionspectrumis a topological questionaboutthecorresponding
tiling space.

Substitutiontiling spacesalsoarisein thestudyof hyperbolicattractors.R.F. Williams ([Wi1]) proved
that every hyperbolicone-dimensionalattractoris topologically conjugatewith the shift map on the
inverselimit of an expandingendomorphismof a branchedone-manifold,and,with minor restrictions
onthemapof thebranchedone-manifold,all suchinverselimits canberealizedashyperbolicattractors.
More recently, AndersonandPutnam([AP]) provedthatin�ation andsubstitutionon aone-dimensional
substitutiontiling spaceis conjugatewith theshift on the inverselimit of anexpandingendomorphism
of abranchedone-manifold.As aconsequence,everyorientablehyperbolicone-dimensionalattractoris
eithera substitutiontiling space,for which theunderlyingmanifoldis branched,or a classicalsolenoid,
for which theunderlyingmanifoldis thecircle. Modelinganattractorasa tiling spaceprovidesa much
clearerview of its global topologythanonegetsfrom consideringaninverselimit description:moving
alonganarccomponentin theattractoris simply translatinga tiling, andthepatternsof consecutive tiles
determinetherecurrencepropertiesof thetranslates.

Althoughthe“inverselimit on branchedmanifolds”descriptionof tiling spaceswill not play anex-
plicit role in this paper, the intuitive contentof our main result,andthe rationalefor the terminology
“branchlocus” thatweintroduce,hasits origin in thatdescription.Thereare,of course,noactualbranch
pointsin a tiling space:in theone-dimensionalcase,every point hasa neighborhoodthat is homeomor-
phic with theproductof anarcanda Cantorset. Nevertheless,aninverselimit descriptionof thetiling
spacegivesasequenceof approximatingbranchedone-manifolds.In thelimit, theghostof thebranches
canbe observed in the existenceof asymptoticcomposants:two distinct tilings T;T 0 are asymptotic
providedd(T � t; T0 � t) ! 0 ast ! 1 or ast ! �1 . Thearccomponentsof asymptotictilings are
called asymptoticcomposants. Partially sewing up suchasymptoticcomposantsresultsin a spacethat
doeshave branching:thenew, branched,spacecorrespondsto an inverselimit on a branchedmanifold
with periodicbranchpoints.

Althoughthis “ghostbranching”in T' seemsto have no clearlocation,we will seethat, in casethe
substitutionis Pisot,thebranchingoccursin well de�ned relative geometricalpatterns.Theappropriate
underlyinggeometryis thatof thed-dimensionaltorus,whered is thedegreeof � . Ourmainresultis that
if T' andT arehomeomorphictiling spaces,thentheirbranchloci, nonempty�nite setsof pointsin the
d-torusthatwede�ne in x2, areequalmodulotheactionof acertaincollectionof a� neendomorphisms
of thetorus.Thusthebranchlocusbecomesa topologicalinvariant.We illustratethis by distinguishing
pairsof tiling spacesthatareotherwisedi� cult to tell apart(seex3).
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The ideafor considering“branching” in one-dimensionaltiling spacesarosein discussionsthe �rst
authorhadwith SørenEilersregardingthetopologicalcontentof theK0-groupof theMatsumotoalgebra
associatedwith a substitution.Eilers,Restor� andRuiz ([ERR]) have shown that this (ordered)group
is alsoa completeinvariantof the Matsumotoalgebraand,consequently, the Matsumotoalgebrais a
topologicalinvariantof thetiling space.

How is the Matsumotoalgebra(equivalently, its K0-group) re�ected in the topology of the tiling
space?In x5 we show thatthebranchlocusprovidesapartialanswer. Weusethebranchlocusto de�ne
the“Pisotpartof theaugmenteddimensiongroup”,anorderedgroupthatis a �o w equivalenceinvariant
of the substitutionandan orderedsubgroupof the augmentedcohomologygroupof the tiling space,
which, in turn, is closelyrelatedto theMatsumotoK0-group(see[CE1], [CE2] for a descriptionof the
MatsumotoK0-groupin thesubstitutive settingand[BSm] for anaccountof therelationshipbetweenthe
MatsumotoK0-groupof a substitutive systemandthe augmentedcohomologyof the associatedtiling
space).

2. GeometricRealization

For convenience,we will usethe “strandspace”model for the tiling space(see[BK] and [BBK])
which we recall now. Let ' be a Pisotsubstitutionof degreed on n letterswith abelianizationA and
Perron-Frobeniuseigenvalue� . Thereis an(unique)A-invariantdecompositionRn = V � W suchthat
V containsa right Perron-Frobeniuseigenvector! associatedwith � anddimV = d. 1 We canalways
chooserationalbasesfor V andW. Thereis a further AjV-invariantsplitting V = Eu � Es obtainedby
lettingEs bethespaceorthogonalto a left Perron-Frobeniuseigenvectorof AjV andEu bethespanof ! .
Let prV : Rn ! V; prs : V ! Es; andpru : V ! Eu denotetheprojections,resp.,alongW, Eu andEs,
andlet � denotetheA-invariantlatticeprVZn.

If ei ; i = 1; : : : ; n, arethestandardbasisvectorsin Rn, de�ne 3i := prV(ei ), andlet � i := ft3i : 0 � t � 1g
denotethe orientedsegmentrepresenting3i. Even if � i = � j for somei , j, we wish to distinguish
betweenthesesegments:wecall � i a (labeled)segmentof typei. An orientedbrokenline 
 = f� ik + xkg,
xk 2 V, consistingof a collectionof translatedcopiesof thebasicsegmentsmeetingtip-to-tail andwith
connectedunion,will becalleda strand. Wedenotethespaceof bi-in�nite strandsin V by

F := f
 : 
 is abi-in�nite strandin Vg:

The substitution' inducesthe in�ation and substitutionmap� : F ! F asfollows: for eachedge
(translatedsegment)� ik + xk in strand
 , replacethat edgeby the collectionof edges� j1 + Axk, � j2 +
Axk + 3j1, : : :, � j` + Axk + 3j1 + � � � + 3j` � 1, where' (ik) = j1 j2 � � � j` . Thatis, � (
 ) is obtainedby applying
the linearmapA to eachedgeof 
 , thenbreakingup the imageinto translatedsegmentsfollowing the
patterndeterminedby applying' to thetypeof theedge.

For R > 0, let FR denotethe subsetof F consistingof thosestrandsall of whoseedgesarewithin
distanceRof Eu. Thereis thenanR0 sothat

F' :=
\

n� 0

� n(FR)

1V is thekernelof m(A), if m(x) denotestheminimal polynomialof � .
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is independentof R � R0. The setF ' hasa naturalmetric topologyin which 
 and
 0 arecloseif a
small translateof 
 by a vectorin V linesup exactly with 
 0, segmenttypesbeingconsidered,in a large
neighborhoodof theorigin. With respectto this topology, � andthe translation�ow,


 =
�
� ik + xk

	
7! 
 � t :=

�
� ik + xk � t!

	
;

arecontinuous.
In somecasestheremaybea few translationorbits in F ' thatcorrespondto strandswith acceptable

headsandtails but thatarejoinedin anunnaturalway (this happens,for instance,whenthereareletters
a andb with ' (a) = a� � � , ' (b) = � � � b, but the word ba never occursin ' m(i), i 2 A, m 2 N). We
eliminatethesechimerasby de�ning T' to bethe! -limit set,undertranslation�o w, of any 
 2 F ' . That
is, for any 
 2 F ' ,

T' :=
\

T>0

clf
 � t : t 2 [T;1 )g:

In�ation andsubstitution,� : T' ! T' , is ahomeomorphismfrom T' ontoitself, andthetranslation
�o w on T' is minimalanduniquelyergodic.

Onereasonfor usingthe ratherelaboratestrandspacemodelof the tiling spaceis that it permitsa
simpleandconcretede�nition of geometricrealization.Onecouldfactorthetiling dynamicsontothose
of a solenoid,by choosingthelattice� in V andmapping
 2 T' to

(min I0 + � ;min I1 + � ; : : :) 2 lim
 ��

FAjV ;

whereFAjV : V=� ! V=� is de�ned by FAjV(v + � ) = Av + � , Ik is any edgein � � 1(
 ) andmin Ik is its
initial vertex. This doesgive a well de�ned surjectionof T' onto thed-dimensionalsolenoidlim

 ��
FAjV

thatsemiconjugatesin�ation andsubstitutionwith theshift, aswell astranslation�o w with aKronecker
action.However, to maximizethesizeof thefactor, wewill de�ne acoarser, morenaturallattice.Toward
thisend,denotethecollectionof returnvectors by

� (i) := fv 2 � : thereexists
 2 T' containingedgesI ; I 0;

eachof typei; with I 0 = I + vg:

It is notdi� cult to show thatthesubgroup

� 1 :=
*[

k2Z

(AjV)k� (i)
+

of V generatedby
S

k2Z(AjV)k� (i) is independentof i 2 A. The returnlattice

� := � 1 \ �

is invariantunderA andalsoof rankd.
Note: In caseA is irreducible(d = n), then� = � = Zn. In x3, we will seean examplewhere� is

strictly coarserthan� .
To de�ne geometricrealizationontoasolenoiddeterminedby � , wemustdeterminesomeappropriate

translations.We begin by noticing that for eachi; j 2 A, thereis a well de�ned “transition vector”
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4 i j 2 � =� sothatif 
 2 T' andI andJ areedgesof 
 of typesi and j resp.,then

(min J � min I) mod� = 4 i j :

Then,since4 i j + 4 jk + 4ki = 0 for all i; j; k 2 A, thereareui 2 � =� , for i 2 A, sothatfor all i; j,

4 i j = u j � ui :

Wemaythennormalizetheui sothat

Aui = ui0

for all i 2 A, wherei0 denotestheinitial letterof ' (i). Letting FAjV denotethemapinducedby A on the
torusV=� , we have a well de�ned map1' : T' ! lim

 ��
FAjV (we will alwaysusethelattice� in placeof

� in thede�nition of FAjV) givenby

1' (
 ) = (min I0 + ui0;min I1 + ui1; : : :)

whereIk is any edgeof � � k(
 ) of typeik. Themap1' is calledgeometricrealization.
Note: Themap1' dependson thechoiceof theui 2 � =� , which arenot uniquelyde�ned evenafter

thenormalization.
From resultsof [BK] and[BBK], the map1' is boundedly�nite-to-one andalmosteverywherem-

to-1,wherem is the coincidencerankof ' , andthetiling �o w on T' haspurediscretespectrumif and
only if m = 1. Moreover, 1' is optimalin thesensethatany otherfactoringof � ontoa solenoidalshift
factorsthrough1' .2

Geometricrealizationexpressesthe underlyingsolenoidalnatureof Pisot tiling spaces.But tiling
spaces,unlike solenoids,are not homogeneous. Asymptotictilings are one kind of inhomogeneity
collapsedout by geometricrealization. We say the tilings 
 ; 
 0 2 T' are forward (backward, resp.)
asymptoticprovidedd(
 � t; 
 0� t) ! 0 ast ! 1 (�1 , resp.).3 If 
 and
 0 areasymptotic,where
 , 
 0,
thereis a uniquet so that 
 � t and
 0 � t areperiodicunderin�ation andsubstitution.Moreover, the
setC' consistingof thosetilings 
 2 T' for which thereis a tiling 
 0 , 
 with 
 and
 0 asymptoticand
� -periodicis �nite andnonempty(see[BD1]). Wewill call theelementsof C' specialtilings.

Let L : (V; � ) ! (Rd; Zd) be a linear isomorphism,and FL : V=� ! Td := Rd=Zd the induced
isomorphism.Also, let M = M' denotetheintegermatrix representingthelinearisomorphismL � AjV �
L� 1 in thestandardbasis,andlet FM : Td  - denotethecorrespondingtoralendomorphism.

Thebranch locusof T' is theset

Br(' ) := (FL � � 0 � 1' )(C' ) � Td;

where� 0 : lim
 ��

FAjV ! V=� is projectiononto the0th coordinate.Note that FM(Br(' )) = Br(' ). Also
notethatBr(' ) dependsnotonly on ' but alsoonthechoiceof fuigin thede�nitions of 1' andthelinear
isomorphismL madein theconstructionof 1' . Ourmaintheoremis thatthisdependenceis limited.

2For the translation�o w on T' , the Kronecker �o w, (z0; z1; : : :) 7! (z0 � t! ; z1 � t� � 1! ; : : :) on lim
 ��

FAjV is the maximal

equicontinuousfactor.
3Thereis a weakeningof asymptoticity, calledregionalproximality, with thepropertythat1' (
 ) = 1' (
 0) if andonly if 


and
 0 areregionally proximal,see[Aus].
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Theorem 1. Supposethat ' and  are primitive, aperiodic, Pisot substitutionswhosetiling spaces
are homeomorphic.Thenthere are d � d integer matricesS;T, and m0; m1 2 N so that Mm0

' = ST,
Mm1

 = TS, andtranslations� 0; � 1 on Td sothat

Br( ) = (� 0 � FT)
�
Br(' )

�
and Br(' ) = (� 1 � FS) (Br( ))

In case� is a Pisotunit, thatis, det(AjV) = � 1; calculationsaresimpli�ed.

Corollary 2. Supposethat ' and are primitive andaperiodicPisotsubstitutionswith � ' a Pisotunit
of degreed, andthatT' is homeomorphicwith T . Thentherearea T 2 GL(d;Z) anda translation� on
Td sothat

Br( ) = � � FT(Br(' )):

Beforeproving thetheorem,we look at a few examples.

3. Examples

Example1.

Considerthesubstitution' :

8
>>>>>><
>>>>>>:

1 ! 121

2 ! 312

3 ! 213

: In this instance,

A =

0
BBBBBBBBBB@

2 1 1
1 1 1
0 1 1

1
CCCCCCCCCCA
, � = 3 andV = Eu =

8
>>>>><
>>>>>:
t

0
BBBBBBBBBB@

3
2
1

1
CCCCCCCCCCA

: t 2 R

9
>>>>>=
>>>>>;
. We have 3i = prVei =

1
6

0
BBBBBBBBBB@

3
2
1

1
CCCCCCCCCCA
, which we

denoteby v, sothat� = Zv. Now considerthestrand
 , �x edunder� ,


 = f: : : ; � 1 � 2v; � 2 � v; � 1; � 2 + v; � 1 + 2v; : : :g:

Thatis, 
 follows thepatternof the�x edword � � � 312:121� � � of ' . Clearly, if I andI 0 aretwo edgesof

 of type1, thenmin I 0 � min I is of theform 2kv, wherek 2 Z (andk = 1 occurs).Thus

� =
*[

k2Z

(AjV)k� (1)
+

\ � =
*[

k2Z

(3k)(2v)
+

\ � = 2� = 2Zv:

The transitionvectorsare(mod � ) 421 = v, 431 = v, and423 = 0. Choosingu1 = 0, u2 = v, u3 = v,
we have 4 i j = u j � ui andAui = 3ui = ui0 (mod � ), where' (i) = i0� � � . Finally, we mapV=� onto
R=Z = T1 by FL, whereL : V ! R is de�ned by L(tv) = t

2v. Thengeometricrealizationof T' ontoa
3-adicsolenoidis givenby 1' (
 ) = (min I0 � ui0;min I1 � ui1; : : :), whereIk is anedgeof � � k(
 ) of type
ik andmin Ik is takenmod� . Thebranchlocusof ' is (FL � � 0 � 1' )(C' ).

Thereareproceduresfor �nding asymptotictilings describedin [BD1] and[BDH], andanappletfor
this purposecanbe foundat [E1]. For this ' , thereis a singlepair of backward asymptotictilings (of
period2 under� ) andasinglepairof forwardasymptotictilings (�x edby � ) in C' = f� ; � 0; � ; � 0g, where

� := f: : : ; � 2 � v; � 1; � 2 + v; � 1 + 2v; : : :g
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follows thepattern� � � 312:121� � � ,

� 0 := f: : : ; � 3 � v; � 1; � 2 + v; � 1 + 2v; : : :g

follows thepattern� � � 213:121� � � ;

� := f: : : ; � 1 � v; � 3; � 1 + v; � 2 + 2v; : : :g

follows thepattern� � � 121:312� � � and

� 0 := f: : : ; � 1 � v; � 2; � 1 + v; � 3 + 2v; : : :g

follows the pattern� � � 121:213� � � . ThusBr(' ) = f0 + Z;1=2 + Zg. The periodicforward asymptotic
tilings are“halfway around”thetiling spacefrom theperiodicbackwardasymptotictilings. �

Note: Onecanshow that � =� ' Z=hZ, whereh is theheightof thesubstitution' (see[D]), if ' is
constantlength(asin Example1) or, moregenerally, ' is Pisotof degree1. In thissense,thegroup� =�
is anextensionof thenotionof theheightof aconstantlengthsubstitutionto thehigherdegreesetting.

Example2.

Wewill show thattwo particulartiling spacesarenothomeomorphicby consideringtheirbranchloci.
TheMatsumotoK0-group([M]) andthecrossinggroup([BSw1] do not distinguishthesespaces.Also,
we have not beenableto distinguishthesespacesby thegeneralizedBowen-Frankstrace([BSw1]) or
theproximalitystructuresdescribedin [BD2]. The(unordered)augmentedcohomologygroupsof these
spacesareisomorphic,but onecanshow thatthePisotpartsof theaugmenteddimensiongroups(seex5)
arenotorderisomorphic.

Considerthesubstitutions

' :

8
>>><
>>>:

a ! aaa12b16aa

b ! aba14b14ba
and  :

8
>>><
>>>:

a ! aaaa11b16aa

b ! aaba13b14ba
:

Here A' = A =

0
BBBBB@
16 16
16 16

1
CCCCCA, 3' = 3 = Eu =

8
>><
>>: t

0
BBBBB@

1
1

1
CCCCCA: t 2 R

9
>>=
>>; , 31 = 32 = v =

0
BBBBB@

1
2
1
2

1
CCCCCAfor both '

and  , and � ' = � ' = �  = �  = Zv. In geometricrealizationall the ui can be taken to be 0.
ChoosingL : tv 7! t, onegetsBr(' ) = f1=31 + Z;30=31 + Zg, Br( ) = f2=31 + Z;30=31 + Zg, and
M = M' = M = (32). So,if T' is homeomorphicwith T , theremustbeS = (s) andT = (t), where
s; t 2 Z, anm 2 N sothat Mm = ST, anda translation� on T1 = R=Z sothat� � FT Br(' ) = Br( ). The
only possibility for t is � 2k, wherek 2 N. Then�

�
(� 2k)f1=31;30=31g

�
= f2=31;30=31g(mod1) implies

that(� 2k)(29=31) = (28=31)(mod1), hencethat(� 2k)(29) = 28(mod31),or � 2k+1 = 3(mod31),which
is not thecasefor any k 2 N. It follows from Theorem1 thatT' andT arenothomeomorphic. �

Example3.

De�ne ' :
1 ! 1122111
2 ! 1211111221

and :
1 ! 1121211
2 ! 1211112211

:
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The matrix A = A' = A =

0
BBBBB@
5 7
2 3

1
CCCCCA, so � = � ' = �  is a Pisotunit andCorollary2 applies. As �

hasdegree2, � ' = �  = Z2. TakingL to bethe identity map,geometricalrealizationfor bothT' and
T takestheform 
 7! min I (modZ2), wherethis last I is anedgeof 
 . Eachof ' and hasa pair of
backwardanda pair of forwardasymptotictilings, �x edunderin�ation andsubstitution.Consider, for
example,thetilings for ' following thepatterns

� � � 11221111
�
122111� � �

and
� � � 11221111

�
211111221� � � ;

wherethesmallcirclein eachwordaboveindicatesthepositionof theorigin. To locatethecorresponding
strands(call them
 1 and
 2), weseekx 2 R2 sothat

� (� 1 + x) = f� 1 + x � e1; � 1 + x; � 2 + x + e1; : : :g

or, equivalently,
� (� 2 + x) = f� 1 + x � e1; � 2 + x; � 1 + x + e2; : : :g:

Since
� (� 1 + x) = f� 1 + Ax; � 1 + Ax + e1; : : :g

wemusthave Ax = x � e1. Thisyieldsx =

0
BBBBB@

1
3

� 1
3

1
CCCCCA, a vertex of both
 1 and
 2. Thus

1' (
 1) = 1' (
 2) =

0
BBBBB@

1
3

� 1
3

1
CCCCCA=

0
BBBBB@

1
3
2
3

1
CCCCCA(modZ2) 2 Br(' ):

Similarcalculationsyield:

Br(' ) =

8
>><
>>:

0
BBBBB@

1
3
2
3

1
CCCCCA+ Z2;

0
BBBBB@

2
3
1
3

1
CCCCCA+ Z2

9
>>=
>>;

and

Br( ) =

8
>><
>>:

0
BBBBB@

1
3
2
3

1
CCCCCA+ Z2;

0
BBBBB@

1
2

0

1
CCCCCA+ Z2

9
>>=
>>; :

WereT' andT homeomorphic,therewould be a T 2 GL(2;Z) anda translation� on T2 so that (� �
FT)(Br(' )) = Br( ). In otherwords,

FT

2
666664

0
BBBBB@

1
3
2
3

1
CCCCCA�

0
BBBBB@

2
3
1
3

1
CCCCCA+ Z2

3
777775= �

2
666664

0
BBBBB@

1
3
2
3

1
CCCCCA�

0
BBBBB@

1
2

0

1
CCCCCA+ Z2

3
777775:

Thatis, T 2 GL(2;Z) wouldsatisfy
1
3

T

0
BBBBB@
1
2

1
CCCCCA�

1
6

0
BBBBB@
1
2

1
CCCCCA2 Z2:

Sincethis is notpossible,Corollary2 impliesthatT' andT arenothomeomorphic. �
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Example4.

' :=

8
>>>>>><
>>>>>>:

a ! aaa2b4cac

b ! aba7b6c5bbc

c ! aaba6b6c3cbc

 :=

8
>>>>>><
>>>>>>:

a ! aaab4caac

b ! aaba5b5c5bbbac

c ! aabbaa4b4c3cbbac

with abelianizationA =

0
BBBBBBBBBB@

5 8 8
4 9 8
2 6 5

1
CCCCCCCCCCA

. The projectionalong

0
BBBBBBBBBB@

2
0

� 1

1
CCCCCCCCCCA

onto the PisotsubspaceV is given by

prV =

0
BBBBBBBBBB@

0 1 0
0 1 0
1
2 � 1

2 1

1
CCCCCCCCCCA

. In this casethe lattices� and� areequal,sincereturnvectorsspan� over Z (the

repeatedlettersaa; bb; andccyield returnvectors3i = prV(ei); i = 1;2;3).

The set f31; 31 + 32g =

8
>>>>><
>>>>>:

0
BBBBBBBBBB@

0
0
1
2

1
CCCCCCCCCCA

;

0
BBBBBBBBBB@

1
1
0

1
CCCCCCCCCCA

9
>>>>>=
>>>>>;

is a basisfor � over Z. In thesecoordinates,AjV takes the form

M =

0
BBBBB@
5 16
4 13

1
CCCCCA.

Thereareonepair of �x ed backward asymptotictilings andtwo pairsof �x ed forward asymptotic
tilings for both ' and . We solve theequationsfor thebranchlocuspointsin a mannersimilar to the
foregoingexamples:

Br(' ) (modZ2) Br( ) (modZ2)

(M � I )� 1

0
BBBBB@

� 1

0

1
CCCCCA=

0
BBBBB@

3
4
3
4

1
CCCCCA (M � I )� 1

0
BBBBB@

� 2

0

1
CCCCCA=

0
BBBBB@

1
2
1
2

1
CCCCCA

(M � I )� 1

0
BBBBB@

2
0

1
CCCCCA=

0
BBBBB@

1
2
1
2

1
CCCCCA (M � I )� 1

0
BBBBB@

3
0

1
CCCCCA=

0
BBBBB@

3
4
3
4

1
CCCCCA

(M � I )� 1

0
BBBBB@

1
1

1
CCCCCA=

0
BBBBB@

1
4

0

1
CCCCCA (M � I )� 1

0
BBBBB@

1
2

1
CCCCCA=

0
BBBBB@

1
4
3
4

1
CCCCCA

Therearein�nitely many di� erenttriangleson the2-torushaving agivensetof threepointsasvertices.

In casetheverticesarethepointsof Br(' ), wewrite thegeneraledgevectors,up to integertranslationin
thelift, as(1

4 + p; 1
2 + q) and(1

4 + r; 1
4 + s). Theareahastheform

�����
1
16

�
1
8

+
1
4

(p + s+ 4ps� q � 2r � 4rq)
����� .

Sincep;q; r; s areintegers,theminimumareais 1
16 (e.g. p = q = r = s = 0). Theargumentfor Br( ) is

similar, but theminimumareais 1
8. WereT' andT homeomorphic,themap� � T of Corollary6 would

preserve theareasof thesetriangles.Weconcludethey arenothomeomorphic. �

9



Example5.

Thepair

' :=

8
>>>>>><
>>>>>>:

a ! aabbcac

b ! ababccbcc

c ! aaa4b6c8

 :=

8
>>>>>><
>>>>>>:

a ! caabbac

b ! cababcbcc

c ! caaa4b6c7

providesanexampleof substitutions' and suchthatthePerron-Frobeniuseigenvalue� ' = �  is Pisot
but not a unit. Thereadercancheckthat thebranchlocusBr( ) is colinear, whereasBr(' ) is not. By
Theorem1, T' andT arenothomeomorphic. �

4. Proof of Theorem1

Supposethat' is aprimitive andaperiodicsubstitutionwith language

L ' := fw 2 A � : w is a factorof ' n(i) for somei 2 A;n 2 Ng

and allowedbi-in�nite words

X' := f� � � x� 1x0x1 � � � j xn 2 A; xn � � � xn+k 2 L ' for n 2 Z; k 2 Ng:

Supposethatthe�nite subsetW = f41; : : : ; 4kg� L ' hasthepropertiesthat(1) eachelementof X' can
be uniquelyfactoredasa productof elementsof W, and(2) for each4 i 2 W, ' (4 i) canbe uniquely
factoredasa productof elementsof W. We maythende�ne a substitution' 0 : f1; : : : ; kg! f1; : : : ; kg�

by the rule ' 0(i) = i1 � � � i` provided ' (4 i) = 4 i1 � � � 4 i` . We will call sucha ' 0 a rewriting of ' , and
the morphism� : f1; : : : ; kg ! A � given by � (i) = 4 i the associatedrewriting morphism. Note that
� � ' 0 = ' � � . It is nothardto seethat' 0 is alsoprimitive andaperiodic.

Supposenow that ' 0 and ' aresubstitutionsand � is a morphismwith � � ' 0 = ' � � . Thenthe
abelianizationsA; A0 and P of ' ; ' 0 and � , resp.,satisfy PA0 = AP. Consequently, if w and w0 are
positive right Perron-Frobeniuseigenvectorsof A andA0, resp.,thenPw0 = aw for somea > 0, andA
andA0 have the samePerron-Frobeniuseigenvalue. Thus' 0 is Pisot if andonly if ' is. In this case,
let V and V0 be the invariant Pisot subspaces(with rational bases)correspondingto A and A0, resp.
Sincew 2 PV0 \ V, PV0 \ V is a nontrivial rationalsubspaceof V. The characteristicpolynomialof
AjV is irreducible,and PV0 \ V is A-invariant, which implies that PV0 \ V = V andV � PV0. But
dimV = d = dimV0, henceP(V0) = V andPjV0 : V0 ! V is invertible. Furthermore,if ' and' 0 are
Pisot,thereis anaturalcontinuoussurjection� : T' 0 ! T' thatconjugates� 0with � , de�nedasfollows:
GivenanedgeI = � 0

1 + x in V0, with � (i) = i1 � � � i l and3j := � Vej , let � (I ) denotethe�nite strandin V
de�ned by

� (I ) := f� i1 + Px; � i2 + Px + 3i1; : : : ; � i` + Px + 3i1 + � � � + 3i` � 1g:

If 
 0 = f� 0
ik

+ xk : k 2 Zgis any strandin V0, let � (
 0) denotethe strandin V madeup of the �nite
substrands� (� ik + xk) givenby

� (
 0) =
[

k2Z

� (� 0
ik + xk):

10



Observe that� � � 0 = � � � . SincePEu
' 0 = Eu

' , thereis anR > 0 suchthat� (T' 0) � FR
' . Thusif 
 0 2 T' 0,

� (
 0) = �
�
(� 0)n(� 0)� n(
 0)

�
= � n(�

�
(� 0)� n(
 0)

�
2 � nFR

'

for all n 2 N, so
� (
 0) 2

\

n2N

� n(FR
' ) = T' :

Continuityof � is clear, andfrom thefactthat � (
 0 � t) = � (
 0) � at andminimality of thetiling �o w, it
follows that� : T' 0 ! T' is surjective.

SupposethatV andV0 are�nite dimensionalrealvectorspacesand� � V, � 0 � V0 arelattices.By a
mapT : (V; � ) ! (V0; � 0), we will meana lineartransformationT : V ! V0 with T(� ) � � 0. Two maps
A : (V; � ) ! (V; � ) andA0 : (V0; � 0) ! (V0; � 0) are shift-equivalent, A � SE A0, providedtherearemaps
T : (V; � ) ! (V0; � 0) andS : (V0; � 0) ! (V; � ) andnaturalnumbersm;n sothatAm = ST, (A0)n = TS,
A0T = TA, andSA0 = AS; S andT expresstheshift equivalence. Therelation� SE is anequivalence
relation,andif A � SE A0, thenAk � SE (A0)k for all k 2 N. Furthermore,if F̂T : lim

 ��
FA ! lim

 ��
FA0 is

de�ned by
F̂T(x1 + � ; x2 + � ; : : :) = (Tx1 + � 0; Tx2 + � 0; : : :)

(andF̂S; F̂A0 andF̂A arede�ned similarly), andif � and� 0 areco-compact,thenF̂T andF̂S aretopolog-
ical isomorphismsof thesolenoidsthatconjugatetheshifts F̂A andF̂A0.

Lemma 3. Supposethat ' and' 0 are Pisotsubstitutionsandthateither
(a) ' 0 is a rewriting of ' with rewriting morphism� , or
(b) there aremorphisms� ; � sothat ' = � � � and' 0 = � � � .
Let A;V and � (A0;V0 and � 0, resp.)be theabelianization,invariant Pisotsubspaceandreturn lattice
for ' (' 0, resp.).Then,in thecaseof (a),
(1a) � : T' 0 ! T' is a homeomorphism,
or, in thecaseof (b),
(1b) � : T' 0 ! T' and� : T' ! T' 0 are homeomorphisms.
Also,
(2) themapsAjV : (V; � ) ! (V; � ) andA0jV0 : (V0; � 0) ! (V0; � 0) are shift equivalent.
Furthermore, if 1' : T' ! lim

 ��
FAjV and 1' 0 : T' 0 ! lim

 ��
FA0jV0 are geometricrealizationsonto the

natural solenoids,andT : (V; � ) ! (V0; � 0) andS : (V0; � 0) ! (V; � ) expresstheshift equivalencein
(2), thenthere are translations� and� 0 on lim

 ��
FAjV andlim

 ��
FA0jV0 sothat, in thecaseof (a),

(3a)1' � � = � � F̂S � 1' 0, and
1' 0 � � � 1 = � 0 � F̂T � F̂m

AjV
� 1' for somem 2 N,

or, in thecaseof (b),
(3b)1' � � = � � F̂S � 1' 0, and

1' 0 � � = � 0 � F̂T � 1' .

Proof: Supposethat ' 0 is a rewriting of ' with rewriting morphism� having abelianizationP, and
supposethat 
 0, 
 002 T' 0 aresuchthat� (
 0) = � (
 00). Let w0 andw00bethewordsof X' 0 spelledout by

 0 and
 00, wheresomelocationis chosenfor thedecimalpoint indicatingthe locationof the0th letter.
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Then� (40) and� (400) agree,up to shift, so that w0 andw00mustagree,up to shift, by the uniqueness
of factorizationin X' in the de�nition of rewriting. It follows that 
 0 = 
 00� t for somet. But then
� (
 00) = � (
 0) = � (
 00� t) = � (
 00) � at, hencet = 0 and
 0 = 
 00. Thatis, � is ahomeomorphism.

In case' = � � � and' 0 = � � � , we have that � � � = � and� � � = � 0, soboth � and� mustbe
homeomorphisms.

Again,supposethat' 0 is a rewriting of ' . If v 2 � 0(i) is a returnvectorfor ' 0, say
 0 2 T' 0 hasedges
I andI + v of typei, then�
 0 2 T' hasedgesJ andJ+ Pvof typei1, where� (i) = i1 � � � . ThusPv 2 � (i1)
is a returnvectorfor ' . It follows thatP� 0 � � .

While it is notnecessarilythecasethatP� 0 = � , weshallseethatAm� � P� 0 for somem 2 N. To this
end,supposethatI is anedgein V of typei, andI , I + v areedgesof 
 2 T' with v , 0. Let 
 0 := � � 1(
 ),
andfor eachn 2 N, let � n and� n bemaximalsubstrandsof (� 0)n(
 0) with thepropertythat� (� n) � � n(I )
and� (� n) � � n(I + v). If xn; yn 2 L ' 0 arethe wordscorrespondingto � n, � n, resp.,thenwe have the
factorizationspn� (xn)sn andqn� (yn)rn of ' n(i) in which thewords pn, sn, rn, qn 2 L ' areof bounded
length.Puttinga decimalpoint (to markthepositionof the0th coordinate)on theleft of ' n(i), we may
choosenk ! 1 andmk 2 N, with mk ontheorderof nk

2 , sothat� mk(' nk(i)) convergesto abi-in�nite word
w 2 X' (here� is theshift that takes:abc� � � to a:bc� � � ). Let ik betheletter (in A = A ' ) immediately
to theright of thedecimalpoint in � mk(' nk(i)), andlet xnk

0 andynk
0 denotetheletters(in A 0 = A ' 0) of xnk

andynk, resp.,sothat � (xnk
0 ) and� (ynk

0 ) contain(theidenti�ed occurrenceof) ik. Puttinga decimalpoint
immediatelyto theleft of xnk

0 andynk
0 in xnk andynk, resp.,wemaychoosea subsequencenk` sothat xnk`

andynk` converge to bi-in�nite words,sayx andy, resp.,in X' 0. Now � (x) and� (y) give factoringsof
4 2 X' by thewords4 i = � ( j), for j 2 A0. By uniqueness,x = y. Thusfor large `, x

nk`
0 = y

nk`
0 . Pick

suchan `, let m = nk` , j = xm
0 = ym

0 , and J; J + 30 be the edgesof the substrands� m, � m of (� 0)m(
 0)
correspondingto xm

0 andym
0 , resp.ThenP(30) = Am3. Thatis, givenv 2 � (i), a returnvectorfor ' , there

is 30 2 � 0( j), a returnvectorfor ' 0, with 3= (AjV)� mP(30) = P(A0jV0)� m(30).
Now supposethat31; : : : ; 3d is a basisfor � , thereturnlattice for ' . Each3j is thenan integercom-

binationof elementsof
S

k2Z(AjV)k� (i). Theprecedingargumentshows that thereis anm 2 N so that
Am3j is in P� 0 for all j = 1; : : : ; d. That is, Am� � P� 0. Let S := PjV0 andT := (PjV0)� 1(AjV)m (recall
thatPjV0 is invertiblebecause' and' 0 arePisot).We have S : (V0; � 0) ! (V; � ), T : (V; � ) ! (V0; � 0),
AjVS = SA0jV0, TAjV = A0jV0T, ST = (AjV)m, andTS = (A0jV0)m.

Still in therewriting case,supposethat1' : T' ! lim
 ��

FAjV and1' 0 : T' 0 ! lim
 ��

FA0jV0 aregeometric
realizationsontothenaturalsolenoidsde�ned by theselectionof fuigin � =� andfu0

i gin � 0=� 0, resp.(see
thede�nition of geometricrealizationin x2). Let f4 i jg� � =� andfw0

i jg� � 0=� 0denotethecorresponding
transitionvectors(so4 i j = u j � ui andw0

i j = u0
j � u0

i , for all i; j). Let 
 0 2 T' 0 haveedgeI of typei. Then
1' 0(
 0) has0thcoordinate

(1' 0(
 0))0 = (min I + � 0) � u0
i

in V0=� 0: Thestrand� (
 0) in T' hasanedgeJ of typei1, where� (i) = i1 � � � , with min J = Pmin I . Thus

(1' (� (
 0)))0 = ((Pmin I) + � ) � ui1:
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Wehave

FP((1' 0(
 0))0) = ((Pmin I ) + � ) � FPu0
i

=
�
1' (� (
 0))

�
0

+ ui1 � FPu0
i :

Weclaimthatui1 � FPu0
i is independentof i 2 A0. Indeed,

(ui1 � FPu0
i ) � (u j1 � FPu0

j ) = (ui1 � u j1) � (FP(u0
i � u0

j))

= 4 j1i1 � FP(w0
ji ):

But if 
 0 2 T' 0 hasedgeI of type i andedgeJ of type j, so that (min J � min I) + � = w0
ji , then� (
 0)

hascorrespondingedgesof typei1 and j1 with initial verticesdi� eringby P(min J) � P(min I). Thatis,
4 j1i1 = FP(40

ji ). It follows thatif � 1 is translationby FPu0
i � ui1, then

(1' � � )0 = � 1 � FPjV0 � (1' 0)0:

Similarly, kth coordinatessatisfy

(1' � � )k = � 1 � FPjV0 � (1' 0)k:

Notethat

FAjV(ui1 � FPjV0u0
i ) = FPjV0ui1 � FPjV0FAjV0u0

i

= ui1 � FPjV0u0
i

from thenormalizationrequirementon thefuig; fu0
i g, sotranslationby this sameelementin eachcoordi-

natein lim
 ��

FAjV de�nesa translation� on lim
 ��

FAjV . Wehave

1' � � = � � F̂PjV0 � 1' 0:

Thuswith S = PjV0 andT = (PjV0)� 1 � (AjV)m, wehave conclusion(3a).
Theproofsof (2), in case' = � � � and' 0 = � � � , and(3b) aresimilar (althoughmorestraightfor-

ward). �

With the notationof Lemma3, andwith C' andC' 0 the collectionsof specialtilings for ' and' 0

resp.,notethat � , � , and� determinebijectionsbetweenC' andC' 0, andF̂AjV maps1' (C' ) bijectively
ontoitself. Thisyieldsthefollowing consequenceof Lemma3.

Corollary 4. If ' and' 0 are Pisotsubstitutionswith onea rewriting of theother, or for which there are
morphisms� ; � with ' = � � � and' 0 = � � � , thenAjV : (V; � ) ! (V; � ) andA0jV0 : (V0; � 0) ! (V0; � 0)
are shift equivalent,expressedby mapsS : (V0; � 0) ! (V; � ) andT : (V; � ) ! (V0; � 0), with

� � FT � � 0 � 1' (C' ) = � 0 � 1' 0(C' 0)

and

� 0 � FS � � 0 � 1' 0(C' 0) = � 0 � 1' (C' ):
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Let us say that the substitutions' and  are in the samerewriting classif thereare substitutions
' 0 = ' ; ' 1; : : : ; ' n =  with thepropertythatfor eachi = 0; : : : ; n � 1, oneof ' i and' i+1 is a rewriting
of theother. Theproof of the rigidity resultin [BSw2] (seeTheorem7 in thenext section)establishes
thefollowing:

Lemma 5. Supposethat ' and  are substitutionssuch that T' is homeomorphicwith T . Thenthere
are m;n 2 N andsubstitutions' 0 and 0 such that (1) ' 0 and' m are in thesamerewriting class,asare
 0 and n, and(2) there are morphisms� and� such that ' 0 = � � � and 0 = � � � .

Proof:See[BSw2,Theorem2.1]. �

To prove Theorem1, let ' and bePisotof degreed, with geometricrealizations1' and1 of T'

andT . Fix isomorphismsL' : (V' ; � ' ) ! (Rd; Zd) andL : (V ; �  ) ! (Rd; Zd), andlet Br(' ) =
FL' � � 0(1' (C' )) andBr( ) = FL � � 0(1 (C )) bethecorrespondingbranchloci. Let m;n; ' 0 and 0 be
asin Lemma5. As T' = T' m andT = T n, wemaytake 1' m = 1' , 1 n = 1 , L' m = L' andL n = L ,
so that Br(' m) = Br(' ) andBr( m) = Br( ). Apply Corollary4 repeatedlyto get translations� and�̂
(this lastdeterminedby � andL ), anda mapT1 : (V' ; � ' ) ! (V ; �  ) for which therearek; ` 2 N and
amapS1 : (V ; �  ) ! (V' ; � ' ) suchthat

S1T1 = (Am
' jV' )k; T1S1 = (An

 jV )`

and

Br( ) = FL 

�
(1 n(C n))0

�

= FL (� � FT1

�
1' m(C' m))0

�

= FL 

�
� � FT1

�
L� 1

' (Br(' )
� �

= �̂ � FL T1L� 1
'

:

If M' = L' A' L� 1
' , M = L A L� 1

 , T = L T1L� 1
' , andS = L' S1L� 1

 (expressedasmatricesin the
standardbasison Rd), m0 = mk and� 0 = �̂ , thenBr( ) = � 0 � FT(Br(' )) with ST = (M' )m0. Similarly,
if m1 = n` , thereis a translation� 1 with Br(' ) = � 1 � FS ((Br( )) andTS = (M )m1. �

5. ThePisot Part of the AugmentedDimensionGroup

In thissectionwegive acohomologicalinterpretationof Theorem1. For aPisotsubstitution' of de-
greed, let L andM beasin thede�nition of Br(' ). TheinducedFM : H1(Td; R)  - is thenavectorspace
isomorphismwith simpleeigenvalue� = � ' anda(d� 1)-dimensionalinvariantsubspacecomplementary
to theeigenspaceof � . This (d � 1)-dimensionalspacesplits H1(Td; R) into two closedinvarianthalf-
spaces,oneof which containsthecocycle dual to (FL)� ([! ]), where[! ] is the1-cycle generatedby the
positive eigenvector! of A = A' . Thishalf-spaceis calledthepositiveconein H1(Td; R) andis denoted
by H1(Td; R)+ . Theinclusion{ : Z ! R induces{� : H1(Td) ! H1(Td; R) (anunspeci�edcoe� cientring
is understoodto beZ), andwe de�ne thepositive conein H1(Td) to be H1(Td)+ := ({� )� 1(H1(T; R)+).
Likewise,thepositive conein H1(Td; Br(' )) is

H1(Td; Br(' ))+ := ( |� )� 1
�
H1(Td)+

�
;
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|� : H1(Td; Br(' )) ! H1(Td) thenaturalhomomorphism.
Wehave

F �
M :

�
H1(Td; Br(' )); (H1(Td; Br(' ))+

�
!

�
H1(Td; Br(' )); (H1(Td; Br(' ))+

�
;

andwede�ne PDG(' ) := lim
 ��

�
F �

B : H1
�
Td; Br(' )

�
! H1

�
Td; Br(' )

��
, with positive cone

PDG(' )+ :=
�
[(k; g)] 2 PDG(' ) : g 2 H1

�
Td; Br(' )

�+
�

Theshiftisomorphismon
�
PDG(' ); PDG(' )+ �

is theorderedisomorphismgivenby [(k; g)] 7!
h�

k; F �
M(g)

� i
.

A homeomorphismof tiling spaces,f : T' ! T , is orientationpreserving(reversing) provided it
takesthepositive �o w directionin T' to thepositive (negative) �o w directionin T ; thatis, thefunction
s : T' � R+ ! R de�ned by f (
 � t) = f (
 ) � s(
 ; t) is positive (negative).

Theorem6. If ' and arePisotsubstitutions,andthetiling spacesT' andT are orientationpreserv-
ing (reversing)homeomorphic,thenthere is anorderedisomorphismbetween

�
PDG(' ); PDG(' )+ �

and
�
PDG( ); PDG( )+ � �

resp:
�
PDG( ); � PDG( )+� �

that conjugatessomepositivepowers of the shift
isomorphisms.

Proof:Let T; S; � 0; � 1; m0; andm1 beasin Theorem1. Thecommutingdiagram

H1
�
Td; Br(' )

�
-

F �
M

m0
'

H1
�
Td; Br(' )

�

R
(� 1 � FS)�

R
(� 1 � FS)�

*
(� 0 � FT)�

H1
�
Td; Br( )

�
H1

�
Td; Br( )

�
-

F �
M

m1
 

inducesan isomorphism
�
(k; g))

�
!

�
(k; (� 1 � FS)� (g)

�
that conjugatesthe m1

th power of the shift on
PDG( ) with the m0

th power of the shift on PDG(' ). Sincethe order is dynamicallyde�ned, this
conjugacy aloneguaranteesthat order is either preserved or reversed. If T' and T are orientation
preservinghomeomorphic,thenS andT take L (!  ) andL' (! ' ) to positive multiplesof L' (! ' ) and
L (!  ), resp.(here,L' andL denotetheL in thede�nition of Br(' ) andBr( ), and! ' , !  arepositive
eigenvectorsof A' , A , resp.).Thus(� 1 � FS)�

�
H1(Td; Br(' ))+

�
= H1(Td; Br( ))+.

If T' and T are orientationreversinghomeomorphic,then T' and T are orientationpreserving
homeomorphic, beingthe reverseof  (if  (i) = i1 � � � ik then (i) = ik � � � i1). Theabove appliedto
(PDG(' ); PDG(' )+) and(PDG( ); PDG( )+) togetherwith the isomorphism(PDG( ); PDG( )+) !
(PDG( ); � PDG( )+) inducedby F �

� Id yieldstheconclusionof thetheoremin theorientationreversing
case. �
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Example6.

Consider' :

8
>>><
>>>:

a ! ababba

b ! aabbba
and :

8
>>><
>>>:

a ! a47ab18bb29

b ! a47bb18ab29
.

Onecomputes:

�
PDG(' ); PDG(' )+ �

�

0
BBBBB@DG

0
BBBBB@
6 0
1 1

1
CCCCCA; DG

0
BBBBB@
6 0
1 1

1
CCCCCA

+1
CCCCCA; and

�
PDG( ); PDG( )+ �

�

0
BBBBB@DG

0
BBBBB@
96 0
19 1

1
CCCCCA; DG

0
BBBBB@
96 0
19 1

1
CCCCCA

+1
CCCCCA:

Thesegroupsareorderisomorphicbut, becauseno power of 96 is a power of 6, theshift isomorphisms
do nothave conjugatepowers.By Theorem6, T' andT arenothomeomorphic. �

Wenow relatethepair (PDG(' ); PDG(' )+) to theorderedaugmentedcohomology of thetiling space
T' . Webegin with adescriptionof theaugmentedtiling space(for moredetail,andaprecisedescription
asaninverselimit, see[BSm]).

Let ' beany primitive aperiodicsubstitutionwith tiling spaceT' . Let f
 f
1; : : : ; 
 f

nf gbea collectionof
forwardasymptoticspecialtilings, exactly onechosenfrom eachforwardasymptoticequivalenceclass,
andf
 b

1; : : : ; 
 b
nb

gacollectionof backwardasymptoticspecialtilings,onefrom eachbackwardasymptotic

equivalenceclass.Let Rf
j , j = 1; : : : ; nf , andRb

i , i = 1; : : : nb, betherays

Rf
j :=

n
f jg� f
 f

j � tg : t � 0
o

and Rb
i :=

n
fig� f
 b

i � tg : t � 0
o
:

Theaugmentedtiling spaceeT' is de�ned to betheunion

eT' := T' [

0
BBBBBBB@

nf[

j=1

Rf
j [

nb[

i=1

Rb
i

1
CCCCCCCA

, n
f jg� f
 f

j g; fig� f
 b
i g

o
;

in which all of theendpointsof therayshave beenidenti�ed to a singlebranchpoint. Themetricon T '

is extendedto eT' in suchaway that

d
�

 f

j � t; f jg� f
 f
j � tg

�
=

1
1 + t

= d
�

 b

i + t; fig� f
 b
i + tg

�
;

for t � 0, makingthe ray Rf
j asymptoticto the forward orbit of 
 f

j andthe ray Rb
i asymptoticto the

backwardorbit of 
 b
i .

Thehomeomorphism� extendsto e� : eT'  - with e�
�
f jg� f
 f

j � tg
�

= f j0g� f
 f
j0 � � tg, where j0 is

suchthat � (
 f
j ) is forward asymptoticto 
 f

j0, andsimilarly for the raysRb
i . We orderH1(eT' ) in such

a way that e� � :
�
H1(eT' ); H1(eT' )+

�
 - is an order isomorphism.First notethat � � : H1(T' ; R)  -

is a vectorspaceisomorphismwith simpleeigenvalue� = � ' andcodimensiononeinvariantsubspace
complementaryto theeigenspaceof � . This codimensiononespacesplitsH1(T' ) into two closedhalf-
spaces,oneof which correspondsto thepositive directionof the �o w4; call thatspaceH1(T' ; R)+. Let

4Speci�cally, thereis anorientationpreservingmapof T' ontothecircle T1. Let H1(T' ; R)+ containthepositive half-line

in H1(T1; R) pulledbackto H1(T' ; R).
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H1(eT' )+ = ({� |� )� 1
�
H1(T' ; R)+

�
, where{� : H1(T' ) ! H1(T' ; R) is inducedby { : Z ! R and

|� : H1(eT' ) ! H1(T' ) is inducedby the inclusion j : T' ! eT' . The pair
�
H1(eT' ); H1(eT' )+

�
is the

ordered augmentedcohomology of T' . Call the isomorphisme� � :
�
H1(eT' ); H1(eT' )+

�
 - the shift

isomorphism.
Therigidity resultof [BSw2] is

Theorem 7. If f : T' ! T is a homeomorphismof substitutiontiling spaces,thenthere are m;n 2 N
andh : T' ! T isotopicto f sothath � � m = 	 n � h.

Corollary 8. If T' andT areorientationpreserving(reversing)homeomorphic,thentheorderedcoho-
mologies

�
H1(eT' ); H1(eT' )+

�
and

�
H1(eT ); H1(eT )+

� �
resp.,

�
H1(eT ); � H1(eT )+

� �
are isomorphicby an

isomorphismthat conjugatessomepositivepowers of theshift isomorphisms.

Proof: Thehomeomorphismh of Theorem7 extendsto a homeomorphismeh : eT' ! eT thatconjugates
e� m with e	 n. �

The corollary — without the conjugacy in the conclusion— appearsin [BSm]. Also, in that paper,
a nonnegative integer matrix eAt is constructedwith ordereddimensiongroup

�
DG(eAt); DG(eAt)+

�
iso-

morphicto
�
H1(eT' ); H1(eT' )+

�
.

Viewing
�
PDG(' ); PDG(' )+ �

asthePisotpartof theaugmentedcohomologyis justi�ed by our �nal
theorem.A formulafor thePisotpartasthedimensiongroupof anintegermatrixwill arisein theproof.

Theorem9. If ' is a Pisotsubstitution,thenthere is anorderedembeddingof
�
PDG(' ); PDG(' )+ �

into�
H1(eT' ); H1(eT' )+

�
thatcommuteswith a positivepowerof theshift isomorphisms.

Example7.

If ' is theThue-Morsesubstitution(1 ! 12; 2 ! 21), then

�
PDG(' ); PDG(' )+ �

=
 
Z

"
1
2

#
;

(
x 2 Z

"
1
2

#
; x � 0

)!
;

with shift isomorphismx 7! 2x, and

�
H1(eT' ); H1(eT' )+

�
=

 
Z

"
1
2

#
� Z4;

(
(x; y) 2 Z

"
1
2

#
� Z4 : x � 0

) !
;

with shift isomorphism(x; y) 7! (2x; y). �
Proof:(Theorem9) Let ' be a Pisotsubstitution.To simplify, we passto a prepared substitution(see
[BSm]). We maysupposeall specialasymptotictilings in T' are�x edby ' n, for somen 2 N, and' n

hasa �x edbi-in�nite word � � � b:a� � � . Sowe have ' n(a) = a� � � , ' n(b) = � � � b andba occursin ' k(a),
for somek 2 N.

We rewrite ' n with stoppingrule b andstartingrule a asfollows. Let U = fu1; : : : ; uqgbe the �nite
collectionof wordswith theproperties

(i) eachui occursasa factorof thein�nite worda' n(a)' 2n(a) � � � ;

17



(ii ) eachui hastheform a� � � b;
(iii ) ba is nota factorof any ui ; i = 1; : : : ; q.

Theneachword ' n(ui) factorsuniquelyin the form ui1 � � � uip. From this, de�ne  by  (i) = i1 � � � ip,
i = 1; : : : ; q. The substitution is primitive andaperiodicPisot(�  = � n

' ) andstrictly proper: there
arer; s 2 f1;2; : : : ; qgso that  (i) = r � � � s for i = 1; : : : ; q. Also, the specialasymptotictilings in T 

areall �x ed by 	 . ThenT' n = T' andT areorientationpreservinghomeomorphic(this is a special
caseof Lemma3) by a homeomorphismthat conjugates� n with 	 . Hence,

�
H1(eT' ); H1(eT' )+

�
and

�
H1(eT ); H1(eT )+

�
areisomorphicby an isomorphismthatconjugates(� n)� with 	 � (Corollary8) and

�
PDG(' ); PDG(' )+ �

=
�
PDG(' n); PDG(' n)+ �

is isomorphicto
�
PDG( ); PDG( )+�

(Theorem6). The
isomorphismconjugatesthe(`n)th powerof theshift on

�
PDG(' ); PDG(' )+ �

to the` th powerof theshift
on

�
PDG( ); PDG( )+ �

for some` 2 N. Thusoncewe prove thetheoremfor suchsubstitutions , we
have provedit for all Pisotsubstitutions.

Let nf denotethenumberof equivalenceclassesof forwardasymptoticspecialtilings in T , andnb

the numberof specialbackward classes.As in [BSm], we may selectspecialasymptotictilings 
 f
j ,

j = 1; : : : ; nf , onefrom eachforwardclass,and
 b
i , i = 1; : : : ; nb, onefrom eachbackwardclass,with the

properties

(i) if J is anedgeof 
 f
j (resp.,I anedgeof 
 b

i ) thatmeetsEs, thenJ (resp.,I ) meetsEs in its interior;

(ii) if k is thetypeof J (resp.,of I ), then (k) = p f
j ksf

j (resp., (k) = pb
i ksb

i ) with pf
j andsf

j (resp.,
pb

i andsb
i ) nonemptyand

4 f
j := � � �  2(pf

j ) (pf
j )p

f
j  (sf

j ) 
2(sf

j ) � � � (resp.,4b
i := � � �  (pb

i )pb
i  (sb

i ) � � � )

is thebi-in�nite wordcorrespondingto 
 f
j (resp.,
 b

i ).

In particular, andthiswill beimportantlater,

A(min I) + prV~pb
i • = min I and A(maxJ) � prV~pf

j • = maxJ;

where~u• denotestheabelianizationof thewordu.
Let E denotethen � (n f + nb � 1) matrixwith i j th entry

Ei j =

8
>>>><
>>>>:

numberof occurrencesof i in pb
1sf

j ; if 1 � j � nf

numberof occurrencesof i in pb
j� nf +1sf

1; if nf < j � nf + nb � 1.

Let A = A betheabelianizationof  , andlet I bethe(n f + nb � 1) � (nf + nb � 1) identitymatrix. The
augmentedmatrix for  is

eA =

0
BBBBB@
A E
O I

1
CCCCCA;

of sizeen = n + nf + nb � 1. Theaugmenteddimensiongroupfor  is thepair
�
DG(eAt); DG(eAt)+

�
; where DG(eAt) := lim

��!
eAt : Zen  -

with DG(eAt)+ determined(dynamically)asbefore:
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Since�  is simple, eAt hasa codimensionone invariantsubspaceW (in Ren) complementaryto the
eigenspaceof �  . Let

(Zen)+ := fx 2 Zen : x is in thehalf-spacedeterminedby W containing
thenonnegative eigenvectorcorrespondingto �  g:

ThenDG(eAt)+ :=
n
[k; g] 2 DG(eAt) : g 2 (Zen)+

o
.

We know from [BSm] that
�
DG(eAt); DG(eAt)+

�
is isomorphicto

�
H1(T̃ ); H1(T̃ )+

�
via an isomor-

phism that conjugatesthe shifts. Our remainingtask, then, is to embed
�
PDG( ); PDG( )+ �

into�
DG(eAt); DG(eAt)+

�
.

Besidesenablingusto describeits augmentedcohomologyasa dimensiongroup,anotheradvantage
of apreparedsubstitution(like  ) is thatits returnlattice� is thesameas� = prV(Zn), makingformulas
for geometricrealizationsimpler. To show theselatticesagree,let 
 2 T , andlet J beanedgeof type
j in 
 followedby theedgeI of typei. Since is strictly proper, 	 (J) beginswith anedgeof thesame
type,sayr, asdoes	 (I ). Thusthevector

min 	 (I ) � min 	 (J) = max	 (J) � min 	 (J) = prV(Aej)
= (AjV)prVej = (AjV)3j 2 � ( j):

So,3j 2 � for all j, and� = � .
Wemaysuppose,without lossof generality, thatf31; : : : ; 3dgis abasisfor � = � , takenfrom thebasis

f31; : : : ; 3ngfor V. Let Br( ) = � 01 (C ) bethebranchlocusin V=� (soFL 

�
Br( )

�
= Br( )). If 
 and


 0 areasymptoticin T , then� 01 (
 ) and� 01 (
 0) areasymptoticin V=� undertheKronecker �o w; that
is, � 01 (
 ) = � 01 (
 0). It follows that

Br( ) =
n
� 01 (
 f

1); : : : ; � 01 (
 f
nf )

o[ n
� 01 (
 b

1); : : : ; � 01 (
 b
nb

)
o
:

If I is theuniqueedgeof 
 b
i thatmeetsEs, let xb

i := min I ; andif J is theuniqueedgeof 
 f
j thatmeets

Es, let xf
j := maxJ.

Since� = � , we maytake eachui = 0 in thede�nition of geometricrealization1 . Thus� 01 (
 f
j ) =

xf
j + � =: xf

j and� 01 (
 b
i ) = xb

i + � =: xb
i .

If #(Br( )) = 1, then
�
PDG( ); PDG( )+ �

�
�
lim
��!

AjV; (lim
��!

AjV)+
�
;

which is easilyembeddedin
�
DG( ); (DG( )+ �

.
Thuswecanassume#Br( ) = mf + mb with mf > 0 andmb > 0, andafterreindexing,

Br( ) =
n
xb

i : i = 1; : : : ;mb

o [ n
xf

j : j = 1; : : : ;mf

o
:

Recallthat � i := ft3i : t 2 [0; 1]gis theorientedsegment.Thehomologyclasses[� i ] of theoriented
cycles� i := � i + � ; i = 1; : : : ; d, constituteabasisfor H1(V=� ).

For eachi = 1; : : : ; nb, let � i denotetheorientedline segmentin V from xb
i to 0; for eachj = 1; : : : ; n f ,

let � j bethedirectedline segmentfrom 0 to x f
j ; andlet � i := � i + � ; � j := � j + � . Then

n
[� 1]; : : : ; [� � ]; [� 1� 1]; [� 1� 2]; : : : ; [� 1� mf

]; [� 2� 1]; [� 3� 1]; : : : ; [� mb� 1]
o
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is abasisfor H1

�
V=� ; Br( )

�
.

Let L : Zen ! Zen (recallen = n + n f + nb � 1) denotethe homomorphismrepresentedby eA in the
standardbasisB = fe1; : : : ; eeng. For convenience,relabelthebasiselementsasfollows:

ei j =

8
>>>>>><
>>>>>>:

ei for j = 0 andi = 1; : : : ; n

en+ j for i = 1 and j = 1; : : : ; n f

en+nf +i� 1 for j = 2 andi = 2; : : : ; nb.

Wede�ne ahomomorphismP : Zen ! H1

�
V=� ; Br( )

�
on thebasisB asfollows:

P(ei0) :=
P d

j=1 r i j [� j ]; provided3i =
P d

j=1 r i j3j; i = 1; : : : n;

P(ei j ) := [� i � j ]; i = 1; j = 2; : : : ; n f and j = 1; i = 2; : : : ; nb:

Clearly, P is surjective. TherelationPL = (FAjV)� P evidently holdson thebasiselementse10; : : : ; en0,
soconsiderei j 2 B with j > 0. Let pi := ~pb

i • 2 Zn; sj = ~sf
j • 2 Zn, andlet { : Zn ! Zen begivenby

{(x1; : : : ; xn) =
P n

i=1 xi ei0. Then,L (ei j ) = {(pi ) + {(sj) + ei j and

PL (ei j) = PL (pi) + PL (sj) + P(ei j ) =
dX

k=1

ak[� k] +
dX

k=1

bk[� k] + [� i � ) j];

whereprV(pi) =
P d

k=1 ak3k andprV(sj) =
P d

k=1 bk3k.
On the otherhand,(FAjV )� P(ei j ) = (FAjV )� ([� i � j ]) = [A(� i � j)], if A(� i � j) denotesthe imageof the

directedcurve� i � j underthelinearmapA : V ! V. WeclaimthatA(� i � j) ishomologousto � i+� i � j+� j ,
where� i := ftprV(pi) : 0 � t � 1gand� j := ftprV(sj) : 0 � t � 1garedirectedsegments.Indeed,
this follows from A(� xb

i ) = prV(pi) + (� xb
i ) andAxf

j = xf
j + prV(sj) in thecoverV of V=� (seeFigure5).

Clearly� i is homologousto
P d

k=1 ak� k and� j is homologousto � d
k=1bk� k. ThusPL (ei j) = (FAjV)� P(ei j).

SinceP is surjective, thedual

Pt : Hom
�
H1

�
V=� ; Br( )

�
; Z

�
� H1

�
V=� ; Br( )

�
! Hom(Zen; Z) � Zen

is injective. As L tPt = Pt(FAjV)� , weknow Pt inducesaninjection

bPt : lim
��!

F �
AjV = PDG( ) ! lim

 ��
L t = DG( )

thatcommuteswith theshifts. Sincethepositive conesaredetermineddynamically, bPt eitherpreserves
or reversesorder. As [� 1]� 2 H1(V=� ; Br( ))+ andbPt[� 1]� = [e1]� 2 (DG( ))+ ; bPt preservesorder.

Finally,

bF �
L 

: lim
��!

�
F �

M 
: H1(Td; Br( ))  -

�
= PDG( ) ! lim

��!

�
F �

AjV
: H1

�
V=� ; Br( )

�
 -

�

by bF �
L 

([(k; g)]) =
��

k; F �
L 

(g)
��

is anorderedisomorphism(thatcommuteswith theshifts),which em-

beds
�
PDG( ); PDG( )+�

into
�
DG( ); DG( )+ �

.
�
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Figure 1. A Homology
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