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Abstract In this paper we compare topological methods and dynamical methods corresponding to recert de-
velopemerts in the classi cation of inverselimit spacesof one dimensional maps on graphs. We elucidate the role
of shifting the periodic basepoint in applying Williams' theory. We exploit the Fox calulus to de ne and apply
the Bowen-Fanks trace | a shift equivalenceinvariant of free group homomorphisms. We show that augmerted
cohomology of certain suspensionsassaiated with wrapping rules in a substitution yields augmerted dimension
groups that have a relatively simple product structure. We complete the classi cation of a family of examplesof
generalizedsolenoidsintiated by R.F. Williams.

Contents
1. Intro duction 1
2. Conjugacy and Shift Equiv alence in Pointed Topological Spaces 3
3. The Fox Calculus 5
4. Bowen-Franks Factor Groups and Trace Invariants 7
5. Ordered Cech Equiv alence of Augmen ted Solenoids 11

1. Intro duction

The aim of this paper is to cortrast older and more recen methods for classifyingone
dimensionalhyperbolic attractors or generalizedsolenoids. This is a problem with two
fronts: dynamical classi cation (by conjugacy)and the topological classi cation of the
solenoid. We preseit somenew resultsin both directions, but we want to provide some
badkground rst.

In the late 1960's, R.F. Williams (e.g. [16]) discovered a new way to think about
the conjugacy classof a one dimensional hyperbolic attractor h : S'! S. Williams'
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classi cation of sudh attractors (S;h) ( or generalizedl-solenoids)relied on the shift
equivalenceof various possible\presertations” of S. A presemation is a mapping pair
(K;f)sudh that f : K ! K is acontinuous endomorphismof a graph K, with inverse
limit spacelim(f;K) whoseshift map is conjugate to the given homeomorphismon
S. Williams showved (in  [16] Theorem 3.3 and Theorem 2..2 below) that two shift
mapsf, and f,, on presenations (K 4;f;) and (K,;f,), are topologically conjugate if
and only if the mapsf, and f, are shift equivalert. He was able to show further that
shift equivalenceis equivalert to \strong shift equivalence"in the category of mapson
branched 1-manifolds (connectedgraphs). This reducescheding shift equivalenceto
seekinga sequenceof \elementary" (or lag 1) shift equivalences.

Williams wert on to link the shift equivalenceof pointed presemations (corresponding
to pointed conjugacyclasse®f shifts f : (lim(K;f);x) ! (lim(K;f);X), X = (X;x;:::))
to the shift equivalenceof ; represetations.
Williams de nes the shift classS(f) of f to be the shift equivalenceclassof 1(f;x) :
1(K;x) ! 1(K;x). But as Williams obsenes, \More accurately S(f;x), as all of
this depends on the choice of basepoint.” This is, indeed, a key distinction: shift
equivalenceof graph maps does not imply shift equivalence of group endomorphisms
unlessresults are carefully framedin the categoryof pointed topological spaces.Writing
the ; represemation asf rather than, say, f « is commonenoughbut perhapsa bit
reckless.

In fact, shifting the baseint can alter the shift equivalene classof the group endomor-
phism (Example 4..5). There is no easy x for this, as group endomorphismssimply
do not have basepoints. Only graph maps and solenoidalshifts have basepoints (in a
pointed category).

Hereis the Williams classi cation theorem ( [16]): Seede nitions below.

Theorem: Supposethe elemenary presemations (K;;f;), i = 1;2. satisfy Axioms 2..1.

Supposefi(yi) = vy, i = 1;2. There is a pointed conjugacyTr : (Iim(Ky;fq);y,) !

(lim(K;f,);y,) of f, with f, if and only if the fundamertal group homomorphisms
1(f1;y1) and 1(f2;y,) are shift equivalert.

This theoremis most usefulwhen conmbined with strong shift equivalenceinvariants for

freegroup homomorphisms.In Section4., we descrike the \bf-trace"”, dueto the authors

of [10Q], which conbinesthe Fox (free) calculusand Bowen-Fanks theory. We make use
of this to determine (in Proposition 4..7) the pointed and unpointed conjugacy classes
of the set of 1-dimensionalhyperbolic attractors having the particular characteristic

polynomial X2 3X 2, alingering problem posedby Williams in [16].

The purely topological classi cation of generalizedsolenoidshas its own history (see
referencesn [1]), which hastaken on new life with the discovery that tiling spacescan
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be viewed as generalizedsolenoids.

In Section5.1, we study a newinvariant | augmened ordereddimensiongroups| for
topologically distinguishing generalizedsolenoids. These rst appear in the paper [7].
Most recerily, these\Matsumoto” groups(e.g. [14]) wereconstuctedmoretopologically
in [4] asaugmerted Ced ordered rst cohomologygroups. We prove that augmerned
dimensiongroups always have a simple computable product structure (Theorem 5..4).
We shaw that the order part of the cohomologyinvariant is presened, under additional
assumptions,only if a new invariant, called the crossing group, is presened by an
order isomorphism (Theorem 5..10). We exploit the crossinggroup to topologically
distinguish some speci ¢ unpointed solenoidsand to complete the classi cation of a
family of generalizedsolenoids,originally suggestedoy Williams.

2. Conjugacy and Shift Equiv alence in Pointed Topological Spaces

We will formulate a pointed versionof R.F. Williams' classi cation of 1-solenoidg [16]).
Let K denotea directed graph with vertex setV and edgesetE, and supposef : K I K
IS a cortinuous map.

Considerthe following version of Williams' axiomstaken from [17]:

Axioms 2..1.
1: K is dynamially indecomposable(connected in this context).

2: All points of K are nonwanderingunder f .

w

. (Flattening) Thereisa k 1 suchthat for all x 2 K, there is an open neighlmrhood
U of x suchthat f ¥(U) is an arc.

4: f is uniformly exmanding on su ciently smal arcs.

ol

- F "k v is locally 1-1 for n > 0.

(o}

Lf(V) V.

A Williams solenoid is de ned to be the inverselimit spaceof a pair (K ;f) satisfying
eat of Axioms 2..1. Sud a pair will be called a presentation . The notation (K;f;x)
will meanthat f (x) = x. Justto x notation, put

Im(K;f) = f(Xy;Xo;::0) 0 f(Xp+1) = X forn  1g

If f (x) = X, let X denote(x; x; X;:::). Let f denotethe shift map on lim(K;f) given by
f(xe;x2;000) = (F(X0); Xa; X2 000).

Two graph presetations (K ;f) and (K %f 9 areshift equivalent of lag k if there exist
mapsr : K | K%ands:K%! K, and a positive integer k, sud that fX = s r,
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(fO=r s, f s=s f%andf® r=r f.If (r;s)issud ashift equivalence,thenr :
im(K;f) ! lim(K%f9 givenby (X1, Xo;:::) = (r(Xx1);r(x»);:::) is a homeomorphism
de ning a conjugacybetweenf and °

The presetation (K;f) is elementary provided K is homeomorphicwith a wedgeof
circlesand f xes the branch point of K.

A key result about solenoidsis in R.F. Williams [16] Theorem 3.3.

Theorem 2..2. Supmwsethat (K;f) and (K%f9 are presgntations.There is a homeo-
morphismh : lim(K;f) ! lim(K%f9 conjugatingf with f " if and only if there is a shift
equivalene (r;s) fromf to f °suchthat h = T.

Remark 2..3. It shouldbe noted that this result doesnot depend on basepoints, unlike
results about ; represetations, which we now consider.

Shift equivalencecategorically extendsto homomorphismsof fundamertal groups.

Supposegiven homomorphisms : 1(K;x)! (K;x)and : (K%x%! ;(K%x9,

there exist group homomorphismsr : (K%x9 ! 1(K;x) and s © 1(K;x) !
1(K%x9 sud that

‘=rs:  =sr, r =r: ands = r:

Then we sy that and areshift equivalent of lag .

Example2..4. Let K and K °denotewedgesof two circlesand let (K ;f) and (K%f9 be
elemenary presetations de ned by the \wrapping rules":

_a! abba . ! :

f: bl aba and g: | ;
where a; b are the oriented edgesof K and ; thoseof K% In Example 4..5 we will
shawv that the free group endomorphisms = (f;p) and = (f%p? arenot shift

equivalert, with p and p° the brand points of K;K°% We shov now, howewer, that f
and f % shift equivalert as maps.

Let x denotethe xed point of f in the interior of edgeb, and let x° denotethe xed
point of f %in the interior of edge . Then x splits b splits into oriented edgesb; and b,

and x°splits  into oriented edges ; and ,. Synbolically, b= by, and = ; ,. Let
r:K! K%ands:K% K be givensynmbolically by
al 2 1 ! bzaatl
r: and S: X
b! 5 I by

Then (r;s) is a shift equivalenceof (K;f) with (K%f9. In this example, (K;f) and
(K%f9 aredi erent presetations of the sameWilliams solenoid,but with di erent xed
points of the solenoidscorresmnding to the branch points p and p°.
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3. The Fox Calculus

We will state somebasicfacts from the free di erential calculusoriginated by R.H. Fox
( [11]). We have adapted the simple treatment due to J. Birman ( [6]) to the needsof
this paper, and the readercan consult that resourcefor proofsin this section.

Let ZG denotethe integer group ring of all formal sums
X
g 0,
092G

with a; 2 Z and a; = O for all but nitely many terms (with 0 g 0). De ne addition
and multiplication in ZG by

X X X
agg+t byg= (gt hyg
|
X X X X
ayg byg = agh 1 g
g h
An elemen g of G acts by left multiplication to de ne a ZG automorphism by
X
g ( M) Nic 90k:
k k

Of course,ZG isaZ module.

sud that
() %= ;
1
% = i;jail
(ii) @(%_V)= % +w %

Remark 3..1 If aword w in the generatorsf a;g cortains no inverseswhich is often the

(ii)

casein our applications, the Fox partial derivatives are very easyto compute: % =
X .

p; Wherep;; denotesthe pre x of the j™ occurrenceof & in w. If w beginswith
a, the pre x is de ned to be\1". Inversesonly slightly complicatethis algorithm.
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X X
agg ag (9):

Finally, if M denotesthe matrix (m;; ) over ZG, then M denotesthe matrix ( (m;;))
over Z (G).

Given :F(b;:::;h) ! F(a;:::;a,), de ne the free jacobian matrix with ertries in
ZF(ay;:::;a,) asfollows:

0 @ (b1) @ (b1) @ (b1) 1
@ @2 @n
@ (k) @ () @ ()
@ @2 @an
D =
@(bn) @ (bm) @ (bm)
@ @2 @n

Considerthe chain of free group homomorphisms

F(ci;iii0) ! F(byiinshn) ! F(ag; it an):
Then the chainruleD( )= (D ) D holds.

Remark 3..2 Although we cannot nd a particular referencewith the chain rule written
in this fashion, it is equivalert to the chain rule in J. Birman ( [6]), originally due to
R.H. Fox.

Example 3..3. De ne a homomorphism :F(a;b)! F( ; )by (a) = and (b) =
.Alsodene :F(; )! F(abby ()=aband ( )=h
Then ()= and ()= . Also
|
1+ 4+ '
D =
() 1 0
| |
) 1 a 1
01 0 1
!
1+
D =
1 0



4. Bowen-Franks Factor Groups and Trace Invariants
Given a free group endomorphism : F(as;:::;a,) ! F(as;:::;a,). The factor group
G generatedby the relations [f (ax) agk;gh hg] is called the Bowen-Franks
group of ([5]). Let bf : F(as;:::;a,)! G denotethe natural homomorphism.
It is easilychekedthat if :G ! G isanisomorphism,then the inducedhomomor-
phism :ZG ! ZG isanisomorphismof the assaiated group rings.
In the absenceof strong clues,it can be quite arduousto decidewhether two distinct
endomorphismsare shift equivalert. As part of his program to classify hyperbolic at-
tractors, and as a kind of test case,R.F. Williams ( [16]) sough to determinethe shift
equivalence classesof all | there are 46 | free group endomorphisms arising as
actions of orientation preserving presemations on fundamenal groups whoseinduced
abelianizations A sharethe characteristic polynomial t? 3t 2.
By restricting to shift equivalencesthat presene the number of generators,which are
more computable, Williams found the following (seeTable 1):

Fact 4..1 Under the equivalencerealtion of shift equivalenceof group endomorphisms
induced on the fundamertal group, basedat the branch point, the elemetary presen-
tations with characteristic polynomialt> 3t 2 fall into at most the four equivalence
classegepreseted in Table 1.

Table 1: Elemenary Presenations with Characteristic Polynomial t? 3t 2

I [ [ A%

d(a) = a’Pa| @(a) = ababa| gs(a) = a’t’ wu(a) = akra
a=a (b =a gs(b) = ab au(b) = aba

Previously obtained results on this classi cation problem are as follows: The fact that

classeg(l) and (I1) are distinct shift equivalenceclasseswas rst establishedin [15],
using combinatorial group theory, then in [17], using shift of nite type covers.

The strongestresult along theselines (see [1]) is that the pair of 1-solenoiddim (K ; g;)

andlim(K; gy) not only fail to have conjugateshift mapsbut are not even homeomorphic
topological spaces.The authors of [10] usethe bf-trace invariant (seebelow) to show
the following:

Fact 4..2 Classes(l) and (I11) in Table 1 are distinct and are eat distinct from (11)
and (V).



This leavesonly classegl 1) and (IV). Wewill showv (in Example4..5below) that  1(g; p)

and 1(gs; p) arenot shift equivalert in the categoryof free group endomorphismsp the

branch point, using the samebf-trace invariant applied to the squares 1(g;p)? and
1(94: P)%.

We will needthe following de nition (see [10]).

Let (D )" be the Bowen-Fanks reducedFox jacobian matrix asin Section3.. Then

the elemen T( ) Trace (D )* in ZG will be calledthe bf-trace of

Provided the Bowen-Fanks groupsaren't too large, the bf-trace is useful for separating

shift equivalence classes. Comparing traces is greatly facilitated by further reducing

them modulo someinteger. The following result was proved in [10] Theorem 4.3 by a

di erent argumert.

Prop osition 4..3. If and are shift equivalentof lag 1, then there is an isomorphism
(of Bowen-Fanksgroups)r : G ! G suchthat T( )=T( )" .

Proof. Sowe have = rsand = sr. Asobsenedin [5], there are canonicalisomor-
phisms

G ! G G! G: r:G! G and s :G ! G ;

that are factor maps, respectively, of the homomorphisms; ;r; ands.

For easen notation, the choiceof Bowen Franksreduction (bf = bf ) isto beunderstood
by the cortext.

In particular, bf r = r bf andbfs=s bf. Alsor s =id andsr = id.

Applying the chain rule and Bowen-Fanks reductionsyields
(D )Pf = (Drs)®f = ((Ds)'Dr)" = (Ds) " (Dr)"
(D )bf r_ (Dr)sbf(Ds)bf r_ (Dr)bfsr (Ds)bfr — (Dr)bf(Ds)rbf:

That completesthe proof, since, for all compatible matrix pairs A; B, we know that
trace(AB) = trace(BA). O

Corollary 4..4. I1f and are shift equivalent (of arbitrary lag) then for all k 1,
T( %) = T( %, wheer r, denotesan isomorphism of Bowen-Fanks groups of the
powers K and K,

Proof. If and are shift equivalert, then soare X and ¥ by [16]. Every shift
equivalencecan be decompsedinto a nite chain of lag 1 shift equivalences(Lemma
4.6in [16]). By Proposition 4..3, ead lag 1 shift equivalencepresenesthe trace up to
Bowen-Fanks isomorphism. O



Example 4..5. De ne a pair of free group homomorphismsin terms of generators,as
follows:

[a;b! [abbapbgd [ ; ]! [ I

Theseendomorphismsarise from the shift equivalenceclasseq1V) and (11) in the table
above. Our aim is to shaw that theselie in distinct shift equivalenceclasses.
Wenote G » = Zg, wherel® = 1;a= P. Similarly G = Zg, where 8=1; = 5.

A computationshovsT( ) = [I+aP+a]” = 2+ PandT( )= [1+ +( )I°f =2+ 2
so not much help here. Passingto the secondpowers, we obtain the Bowen-Fanks
groups: G 2= hi = Zg; a=BPandG :=hi = Zg = 5 The integerterm in
the monomial expansionof T( ?) is 2, whereasthe integer part of T( 2) equals4. By
Corollary 4..4,there is no shift equivalencebetween and

Prop osition 4..6. There exists an elementary presentation, satisfying Axioms 2..1,
f : K I K with branchpoint panda xed point x suchthat (f;p) = and (f;x) =
with  and not shift equivalent.

Proof. Let (K;f) be asin Example 2..4, with branch point p 2 K and second xed
point x in edgeb splitting basb= biby. Then 1(K;x) hasgeneratorsa = bab,* and
b= bl . Apply f to thesegeneratorsto get

f(8) = f (hab ') = (ha)(abbi(a 'b,?) = aafh
f(® = f(bbh?) = (na)(abg(a 'h,*) = aah

Thus, = (f;x) hasthe form [&;B] ! [aafh;aal). Let (K2f9 be asin Example 2..4
with K °the wedgeof circles and , p°the brandh point of K% De ne the group
homomorphismss: ((K;x)! 1(K%p) andr: (K%p)! 1(K;x) by

s(a) = r( )= ash

s(B) = r()="%
Then (r;s) is ashift equivalenceof = ((f;x)with (f¢pd= [ ; ]! [ ]
In Example4..5wesavthat and = (f;p) arenot shift equivalert; therefore,neither
are = q(f;ppand = (f;x). O

We return to the four part classi cation of R.F. Williams' endomorphismsin Table 1.

Prop osition 4..7. SupmseK is a welgeof two circles. There are exactly three conju-
gacy classesof shift homemorphismsf : lim(K;f)! lim(K;f), for which (K;f) is an
elementarypresentationsuchthat the akelianizations havethe characteristic polynomial
t> 3t 2. There are exactly ve pointed conjugacyclassesof such shifts



Proof. There are 46 positive endomorphismsof the free group on two generatorswhose
abelianizationssharethe characteristic polynomialt> 3t 2, and ead of theseis shift
equivalent to one,induced by an elemenary presetation in Table 1 by Fact 4..1.

point x; 6 p. For ead i thereis anelememary presetation (K;;f;) with (f;; p) pointedly
shift equivalert to (g; ;). We needto make this precise.

Moving the basemint to x; (as in Example 4..5), one nds K; = K, i = 1;2;4, is
a wedgeof two circles, K3 is a wedge of three circles and the wrapping rules are as
follows: f, : [a; ! [baabet]; f,:[a;! [alPa;abd; f;:[a;b;d! [alfc;abc;ad and
f4:[a;b! [ababag]. Notethat f, = g, andf, = g,.

We explicitly show that (f 1; p) is shift equivalert to 1(g:; p) asfollows: The conjugacy

[a;o! [ % Y, =at?l =b1l yieldsthe homomorphism :[ ; ]! [ ; %]
shift equivalert with ;(f1; p). Now the pair of homomorphismsr( ) = a; r( ) = bba
and s(a) = ; s(b) = de nes ashift equivalencebetween and 1(g:;p).

Sincea conjugacy betweenf on lim(K;f) and g on lim(K;g) must arise from a shift
equivalencebetweenf and g (Theorem 2..2), the foregoingcalculationsshaow that there
are at most three conjugacy classesof shifts f : lim(K;f) ! lim(K;f) represeted
by 0;;0,; and g;. Now if there is a conjugacy from g; to g, ,for somei 6 j, then the
conjugacyeither xes the point p= (p;p;:::) or mapsp to Xj. Thus, either the group
endomorphisms 1(g;p) and 1(g;;p) are shift equivalert, or (g;p) and (f;;p) are
shift equivalert.
We will know there are exactly three (unpointed) conjugacy classesif we verify that
1(f3; p) is not shift equivalent to either 1(g:;p) or 1(Q2; p), asgroup endomorphisms.
The bf-trace ( 1(f3;p)) = 3isdistinct from the constart terms of both ( 1(g;;p)) and
( 1(g2; P)) (seeExample4..5). Thus, (using Fact 4..2 and Example 4..5) the conjugacy
classef g, i = 1;2; 3, are all distinct.
We now want to show that (fs;p) and 1(gs; p) are not shift equivalert as group en-
domorphismg. We claim that 5 : lim(K3;f3) ! lim(Ks;f3) and g5 : lim(K;gs) !
lim(K;gs) are not conjugate by a conjugacy taking the xed point p of g; to the
xed point p of f;. The branched manifolds K and K3 are naturally oriented and
0s; f 3 presene the orientation. Hence,the inverselimits are orientable and any home-
omorphismfrom Iim(K3; f3) to lim(K3; f3) either presenesor reversesthe oriertation.
Supposethat h is a conjugacy of g, with f 5 taking p to p with correspnding shift
equivalences(r;s) from gz to f3 (asin Theorem 2..2). Then r and s both presene
or both reverse the orientation. Thus, the free group homomorphismr takes let-
ters a;b to words in a;b;cor to wordsin = a !, =b?' = cl andsimilarly
for s. Now (g3) hasa unique periodic right in nite word: w = w;w, with eadh

10One can prove that it is not possibleto distinguish the shift equivalenceclassesof (f3;p) and
1(gz; p) basedsolely on Bowen-Fanks traces of powers.
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w; 2 fa;bg sud that (g3)*(w) = (gs)*(w1)(g:)*(W2) = w. In our case,k = 1 and
w = aabbbbaabbbbabal@ba. Similarly, (f3) hasunique positive and negative periodic
right in nite words u = abbbbcabcabcabcabcacand v = . The ho-
momorphismr must either take w to u or w to v (if orientation reversing). A straight
forward inductive argumert shaws that neither of the words u or v has a honempty
pre x that is a square. Sincer (w) = r (&)r ()r (hh = xxr (b , we seethat g,
and f ; cannot be conjugateby a homeomorphismthat takesp to p.

We can now infer that there are v e distinct pointed conjugacy classesepreseted by
(@:;p), fori = 1;:::;4 and (03; X3). O

5. Ordered Cech Equiv alence of Augmen ted Solenoids

If the graph K is oriented and the presenation (K;f) is orientation preserving,thereis a
natural nonsingular ow ' ; on the Williams solenoidlim (K ; f) that satis esf (' (X)) =
" (F(X), for all X = (Xx1;%2;:::) 2 lim(K;f), and the Perron-Fobenius eigervalue
of the abelianizaton of f. In caselim(K;f) is homeomorphicto the inverselimit of
z 7! 2" onthe circle| aclassi@l solenoid| then' ; is a translation, and isometry, on
a compactabelian group. Otherwise,there area nite number of forw ard asymptotic
orbits of the ow; that is, there exist X 6 y sud that d(' {(X);" «(y)) ! Oast! 1
(similarly for backward asymptotic orbits ). In case(K;f) and (K %f 9 aretwo orien-
tation preservingpresemations, an orientation preservinghomeomorphismof lim (K ; f)
onto lim(K ¢ f 9 must take forward (backward) asymptotic orbits to forward (badkward)
asymptotic orbits ( [1]Lemma3.5). Moreover, ead asymptotic orbit cortains a unique
periodic point of f sothat a homeomorphismbetweenlim(K;f) and lim(K % g) must,
up to isotopy, map the collection of asymptotic periodic points, say P; , to the like
collection P, of lim(K %g) ( [1]Proof of Thm. 3.10), wherethe superscript refersto
forward (+) or badkward (-) asymptotic orbits.

The orientation on lim(K; f) inducesan order structure on the Ced cohomology
H(lim (K ; f); P¢), with integercoe cients, andP; = P;; P, ; or P/ [ P; . This ordered
group is called the augmented cohomology group of lim(K;f). The augmerned
cohomologygroup is closely related to the augmerted dimension group employed by
Carlsenand Eilers to study substitutive systems( [7], [8]). The latter groupis, in turn,
a manifestation of the Matsumoto K group ( [14]) arisingin C -algebratheory. In this
sectionwe usethe following theoremto separateWilliams solenoids.

Theorem 5..1. [4] If (K;f) and (K% g) are orientation preservingpresentations,and
there is an orientation preservinghomemorphismbetween the Wil liams solenoids
lim(K;f) and lim(K % g), then the augmentel cohomolay groups H(lim (K ;f); P;) and
H(lim (K % g); Py) are order isomorphic.

The group H(lim(K;f)) is determined ertirely by the abelianization of f . The space
lim(K;f)=P; cortains someadditional cocyclesthat may intertwine in an algebraically
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nontrivial fashionwith the generatorsof H(lim(K;f)). In this way, H(lim (K ;f);Ps)
can capture at least someof the nonabelian character of f , aswe will seein the sequel.
For any sudr augmened cohomologygroup, there is a recipe (see [4]) for constructing
an \augmented matrix" whosedimensiongroup is order isomorphicto the augmered
cohomologygroup. In the extendeddiscussionat the end of this section,we will explain
in more detail this recipe in the context of the Williams examples.

5.1 Ordered Dimension Groups for Augmen ted Matrices  SupposeA denotes
ad dnonsingularmatrix over the integerscalledthe base matrix . The nonsingularity
will greatly simplify the exposition (seeRemark5..3). Let | (or \1") denotethe k k
identity matrix, and E denotean k d rational matrix. Then an augmented matrix
(A; E) isad+ k squarematrix of the special form

. A O
(AE)= E |

Wewill say A isaugmerted by E. The readercanverify that (A;E) 1= (A 1, EA 1),
and (A;E) (B:F)= (AB:EB + F).

De nition 5..2. The dirnension group of a nonsingular matrix M is de ned to be
the in nite unionDy = M ™Z". WhenM = (A; E) with E ak dintegral matrix,

m 0
we will say that D is a k-augmerted dimensiongroup.

Remark 5..3. While, for simplicity, we assumeM is nonsingularin the sequel,suitably
adapted results would hold for the singular casg. If detM = 0, onereplacesM by the
restriction of M to the evertual rangeR(M) = M™(Q").

m

We now shaw that D o hasa very simple product structure in most cases.

Theorem 5..4. Given the k-augmente dimension group D o suchth%; AandA |
are nonsingular, there exist a sulgroup D(E) DA and a lattice ¢ = !‘=1 Z (pi;g)
isomorphic to Z¥, for somep, 2 Z% and ¢ 2 Q, suchthat Dag is isomorphic to
D(E) k- The sulgroup D(E) has the form A M™Pe whee Pg = fp 2 z9:

m O

E(A 1) p2 Zkg.

Remark 5..5. Even though (A; E) can be block diagonalizedto (A;0) = A Iy, this
similarity transformation doesnot imply that the dimensiongroup D o is isomorphic
to Do Z¥ asmight be expected, unlessthe similarity transformation is invertible over
Z. In the sequelwe will equate Da.g with the particular, easyto describe, product
structure D¢ = D(E) k of Theorem5..4.
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Let My.q denotethe groupof k  d integral matrices. Theorem 5..4showvsthat there are
at most ko = jM.q=M.q(A 1)j isomorphismclassesf augmerted dimensiongroups.
We can relate this to the Bowen-Franks group (Section4.) bfg(A) = Z9=Z%(A I).

Corollary 5..6. There are at most
ko = jbfg(A)j* jdet(A 1)
isomorphismclassesfor the family of k-augmentel dimensiongroupsD a .

Now we prove Theorem5..4.

Proof. It will be corveniert to replaceD e with the isomorphicgroup

I 0

0 —_
Dae= g 1)t

Dae = f(A ™p; E(A 1) P+ 2)Gmps;
for all nonnegatiwe integersm, and all (p;z) 2 Z9 Zzk.
Thegroup  E (A I) 1zd +Zk is asubmadule of the freeZ-module det((A 1) 1) zk

As aconsequencethere exist vectors(pi;z) 2 29 ZKsuhthat E(A 1) ‘pi+z =
g. Put v = (pi;g) for ead i.

De ne the subgroupPe = fp2 Z9: E(A 1) *p2 Zkg.

Then we want to establishthe following splitting:

[ X
De = A MPg Z v
m 0
X
We needto sole the equation A ™p; E(A 1) 'p+z = A g0 + v for

B2 Pe angd 'y 2 Z. From the de nition of the setfqg, there exist uniqueintégersf‘ig
suhthat ‘ig= E(A 1) 'p+z

! X
We are left with A "p= A ™p "ipi to be solved for p2 Pe. But we can rewrite

this as | |

X X X X
p=p A" i =p (A" 1) 1% in=p o+ (A )t
i i i i
X
for somet 2 Z9. So,it is enoughto shov p “ipi 2 Pe. We have the two equations:
i
|
. X . X ' X
EA 1) 'p+tz= ig and EA 1) it 2o= ig:

13



X
Subtracting yields the conclusionthat E(A 1) * p 2 Zk.

For the reverseinclusion, xing m= 0;p= p; and z = z, then (p;;qg) 2 DX;E , for eath

i = Lk If ead 7 = 0, we want to shov that A ™p 2 D3z, when there exists

z2 Zksuhthat E(A 1) 'p+2z=0. Hence,p= pandz= E(A ) ‘pwill

do. O
0

Example 5..7. Considerthe 1-augmeted matrices A; = 1 Forj = 0;1, these

matrices appear in [7]. An explicit computation (using Theorem 5..4) shows that if
j60anda = (7 j) *mod 7,then

7 .
DY = 4 Z[1=2] 16“=7 z

. 1 0
Ifj=0D3,= 4 Z[1=2] |
As descriled at the beginning of the section, the topological invariant underlying aug-
merted dimensiongroupsis ordered Cedh cohomology In caseu is a nonnegatie left
Perron-Fobeniuseigervector for an augmerned matrix (A; E), an orderis determinedin
Dag byx vy, (x y)u 0.Ahomeomorphismbetweenoriented Williams solenoids
either presenes or reversesorientations and the induced isomorphism on augmered
cohomologygroups (augmerted dimension groups) either presenes or reversesthe or-
der. In either event, the induced isomorphismmust presene orthogonality to Perron-
Frobeniuseigervectors. With this in mind, forv2 R"denev’ = fu2 R": v u= 0g.
In terms of augmerted dimensiongroups,the order structure is re ected in the following
de nition ((see [4] and [7] for more detalils).

Supposewe are given two augmened matrices (A; E) and (B; F) having, respectively,
the left Perron-Fobeniuseigervectorsu andv. Then the isomorphismC : Dage ! Dgf
is an augmented order isomorphism if C(u?) = v”.

Order isomorphismsyield a new topologicalinvariant, asfollows:

SupposeA | is nonsingular. De ne the crossing group of the augmened matrix
(A; E) to be the quotient group

CG(A;E)= E(A 1) 1z9+ zk =z

Z. All sewen dimensiongroupsare isomorphic.

The assignmehv+ (A 1)Z9 7! v + Z9(A 1) yields an isomorphismbetween the
Bowen-Franks groups bfg(A) and bfg(AT). Someadditional dual characterizations of
the crossinggroup are as follows:

Prop osition 5..8. (a) CG(A; E) is isomorphicto a factor group of the Bowen-Fanks
group bfg(A).
14



(b) If k = 1, CA;E) = hE + Z9 bfg(A). Hence, CG(A; E) is isomorphic to
a cyclic sulgroup of bfg(A). If k > 1, and E has the row vectors e;; e;:::; &,
then CG(A; E) is isomorphicto the sutgroup of bf g(A)¥ correspndingto the direct
product of the cyclic sulgroupshe, + Z49(A )i, fori = 1;2;:::;k.

Proof. (a): The cosetmap : v+ (A 1)Z971E(A 1) v+ ZK is well-de ned and
de nes a surjective homomorphism : bfg(A)! CG(A; E).

(b): First, supposek = 1. Fix a generatorE(A 1) v; + Z of CG(A; E), for some
Vq 2 z9,

Considerthe homomorphismh : v+ Z4%A 1) 7! v(A 1) vy + Z forv2 Z9. Then
h(E + Z9(A 1)) generatesOG(A; E). The homomorphismh mapsthe cyclic subgroup
hHE + Z9(A 1)i onto CG(A; E). Choosethe leastm (equal to the order of CG(A; E))
sud that mE(A 1) v; 2 Z. If mE(A 1) ! 2 Z9 then there existsw 2 Z9 with
E(A 1) 'mw 2 Z. But this would mean CG(A; E) cortains a cyclic subgroupwhose
order doesnot divide m. Thusthe restriction of h to hE + Z9(A 1)i is anisomorphism.
Now supposek > 1 with E a matrix cortaining the rowse, i = 1;2;:::;kof 1 d
vectors. The crossinggroup E(A 1) z9+ zK =Z¥ is naturally isomorphicto the

YK
product e(A 1) 'z%+ zX =z. Each group summand e(A 1) 129+ 7 =z =

i
he(A 1) v + Zi for somechoiceof v; 2 Z9. By the above remarksfor k = 1, eah
componert cyclic group is isomorphic to the cyclic subgrouphe + Z4%A 1)i of the

Bowen-Fanks group. O
Example 5..9. For instance,the crossinggroup for (A; E) = i g (1 0) is
1 1
. = —/=/ = — + = .
CG(A; E) 4Z Z 2 Z Z,

The Bowen-Fanks group is also Z4, and so, in this case,is a topological| not just
dynamical | invariant.

Theorem 5..10. Supmwsedet(A);det(B) 6 0; 1, andthe characteristic polynomials of
A; B are irr educible over Q. Then the condition CG(A; E) = CG(B; F) is necessaryfor
the existene of an order isomorphismfrom Dag t0o Dg k.

Example5..11 If det(A) = 1, then CG(A; E) neednot be an invariant. For instance,
let A= B = g > JE=( 1) andF = (2 3),
Then CG(A; E) = Z3; and CG(A; F) = Z,. The dimensiongroup of both examplesis

Z3. The identity map is certainly an isomorphism. Sincethe base matrices are the
15



same,the idertity presenesthe orthogonal spaceto the left Perron eigervector, and,
thus, is an order isomorphism, despite the crossinggroup di erence. In fact, thesetwo
augmernied matrices arise from speci ¢ wrapping rules, given by [a;b] 7! [ab’ab;a’k!]
and [a;b] 7! [a?b®; a®#] (seethe recipe in 5.1 below for obtaining augmerted matrices
from wrapping rules).

Proof. Supposethat there is an order isomorphismof Dae with Dg.z. Then there is
an order isomorphismC given by arational (d+ k) (d+ k)-matrix, acting on the left,
mapping D%.c onto D .

SinceC is rational, we have C(u?) = w? for the left Perron conjugateeligen/ectorsui;wi
fori= 1;2;:::;d, of (A;E) and (B;F) respectively. The intersection u’ =0 RKis
C-invariant.

By Theorem5..4,sinceC xes O R and preser\efdimensiongroups,and, therefore,
their intersection0 Z¥=D%: (0 R¥)=DZ. (0 RY), it followsthat 0 Z*is

C-invariant and that C hasthe (d;k) block decomposition
_ C4 O
€= H Cy

with Cy invertible over Z.
SinceC(DRg) = D3, we know that

Ca(A Mp);H(A "p)+ Ck( E(A 1) 'p+2) =(B p% F(B 1) 'p’+ 29
for p;p®2 z9 and z;z°2 Zk.
From Minkowski's Theorem,and det(A) 6 O; 1, the elemem zerois not isolatedin the
dimensiongroupD 5. The nonzerorational vector spaceW = spar, (Da\ B nfOg) is

>
A-invariant, whereB denotesthe ball about 0. It foIIowsthatosparb (Da\ B nf0Og) =
W = QY sincethe nestedintersectionsmust stabilize at some xed > 0 and A has
no proper nontrivial rational invariant subspaces.Thus, span, (Da\ B nfOg) Da is
-densein RY.

It follows that H(RY) = 0, sinceH is cortinuous with discrete values, and that C is
block diagonal,relativeto RY R,

We now know that C,( E(A 1) Y29+ 2zK= F@B 1) }z9+ zk and C(Z¥) =
Z¥. Therefore C inducesthe quotient map €, : OG(A;E) ! CG(B;F). SinceCy is
invertible, € is a group isomorphism. O

Example5..12 Which matricesin Example5..7 have orderisomorphicdimensiongroups?
The crossinggroup for j = 0 mod 7 is trivial while all the others have crossinggroups
isomorphicto Z;. The casesj 6 0 mod 7 correspnd to order isomorphic dimension
groups, as the readercan che.
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We now can write the \ nal chapter" on the Williams examplesfeatured in Section4.
(Table 1) on the dynamical classi cation of solenoids. We want to indicate how the
augmerned matrices are obtained from those presetations.

Suppose we consider a solenoid with an elememary presemation on a wedge of two
circles(K;f), wheref denotesone of the four classesf wrapping rulesg;, i = 1;2;3;4
descrikedin Table 1. The generalconstruction canbe foundin [4]. The spacdim (K ;f)
has exactly one pair of forward (and one pair of backward) orbits asymptotic under the
natural ow, ead invariant under the squaref_z. Ead of the ow orbits cortains a
unique xed point of 2 If, for somelettersi 6 j, f (i) isaprex (sux) off(j), we
say that f hasapre x problem (sux problem). In the recipe for nding augmered
matricesgiven below, it is somewhatsimplerto start with wrapping rules with no pre x
or sux problem. In the presen case,we can readily nd wrapping rules (Williams
presemations) that are shift equivalert to g; in Table 1 and do not have a pre x or su x

problem.

Assumethis hasbeendoneand select xed points (underlined below), oneon a badkward
composan, oneon a forward composar, that correspnd to word factoringsof the form:

(backward) f?(a) = pax, f?(b) = pby panonempy prex, and

(forward) f?(@)=uas, f?0)=vbs sanonemply sux.

Then the 1-augmened matrix for (K ;f 2) is (M 2; E) whereM isthe transposeofthe 2 2
transition matrix for f , as conomologysuggests.(The group D 2. is order isomorphic
with H(lim(K;f); Ps), for the casePs = P [ P; ). The (2 1)-matrix E = (e; &) has
e; equalto the number of occurrencesof a in the word ps and e, equalto the number
of occurrencesof bin ps.
It should be of someinterest that one can obtain the crossinggroup at this juncture,
without passingto the augmerted matrix rst, asfollows:
Supposewe are in the setting with k = 1, and there are pairs of forward and badkward
asymptotic composarts. The asymptotic group of the wrapping rule f 2 above is given
by the

AG(f?)  Hps)™i

viewing f a; by as generatorsof the Bowen-Fanks group, and the word ps asin the de-
scription of the asymptotic composarts. In other words, AG is the cyclic group generated
by the reduction of ps to the Bowen-Fanks group of f 2.

Sincethis is just the secondrepresetation of the crossinggroup in Propositon 5..8,
expressedn terms of the original symbols, we obtain the following result:

Prop osition 5..13. The crossinggroup and asymptotic group are isomorphic;i.e.,
CG(A; E) = AG(f ?)
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We now return to the Williams examples,descrited in Table 1. For example,given gz
with wrapping rule, gs(a) = a’l#, gs(b) = al then the imagesof g2 factor as follows:

2 { zJ A 20 {2
(backward) a 7! a’b*a a b*(ab* and b7! a’bfa b f g, and
z__} —{ Z}i{
(forward) b7! a2b4asz4abab gzgll{b and b7! a21b2 b Zb}a{b.

The wrapping rules for g; do not have a pre x/sux problem. Consequetly, we can
directly apply the foregoingalgorithm. It follows that points of K xed by g3 corre-
sponding to the \a" in g3(a) = pas and the \b' in g3(b) = pb, lifted to xed (by g3)
points in lim(K; gz) that lie on badkward asymptotic composarts, and there are corre-
sponding xed points on forward asymptotic composarts in Iim(K;g;). The relevant
word is ps = aabbbbabadnd the augmeried matrix is

1
8 12 0

(M2E5)= @ 5 O0A:
4 6 1

The Bowen-Franks group of g3 has presetation ha;bj b = 1; a = bi. The asymptotic
group for g3 is
OG(A;E) = AG(g3) h(p;s)i® = n@’t'(ab?)™i = hti = Z,:

To treat the pre x/sux problem for the rules g;; @, replaceg; with & : [a;0] !
[abbabal and g, with & : [a;b] ! [aba;aabad (taken from Williams original reduction
to Table 1).

In like mannerto the construction for gz, one computesthe pair of augmerted matrices

0 8 3 O1
(M2 Ey) = @12 5 0A; for the wrappingrule &, : [a;b] ! [aba;aabad;
6 2 1
0 1
56 0
(M2E;)= @6 8 OA; for the wrapping rule g : [a;b] ! [abbabal:

6 8 1

Here M1; M,; M3 are the transposesof the transition matrices for the wrapping rules
generatedby 61, &, 03, respectively.

The crossinggroups are CG(M?;E;) = Z=4Z OG(M3;F3) = Z=4Z and CG(M 3;E,) =
Z=27Z. As a consequencdim(K; g,) andlim(K; gs) arenot orientation preservinghome-
omorphicto lim(K; g,). The symmetry of g, inducesan orientation reversingselfhome-
omorphismof lim(K; g,). Thus, lim(K;g;) and lim(K;gs;) are not oriertation reversing
homeomorphicwith lim(K; g;) either.
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Unfortunately, the dimension groups of (M2;E3) and (M?; E,) are order isomorphic,
with an explicit isomorphismgiven by the matrix

0 1
110
C=@ 2 O0A:
11 1

Can we topologically distinguish the unpointed solenoidslim(K; g;) and lim(K; g;) by
someother method? The answver is \y es". Becausethe Perron-Fobenius eigervalue
of the base matrices is a Pisot number, there is an additional topological invariant
asseiated with so-calledproximal composants While this invariant doestopologically
separatethesetwo Williams solenoids,the topic is not in the scoge of this paper. We
refer the interestedreaderto the preprint [2].

This obsenation doesallow us to obtain the following topological classi cation corre-
sponding to the Williams examples.

Prop osition 5..14. Considerthe four classesof wrappingrules givenin Tablel in Sec-
tion 5.1. The solenoidscorrespnding to theserules have exactly three homeomorphism
classesthe sameas the (unpointed) conjugacyclasses.
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