INV ARIANTS OF WEAK EQUIV ALENCE IN PRIMITIVE MA TRICES

RICHARD SWANSON AND HANS VOLKMER

Abstra ct. Weak equivalence of primitiv e matrices is a known invariant arising natu-
rally from the study of inverselimit spaces.Seweral new invariants for weak equivalence
are described. It is proved that a positive dimension group isomorphism is a complete
invariant for weak equivalence. For the transition matrices corresponding to periodic
kneading sequencesthe discriminant is proved to be an invariant when the character-
istic polynomial is irreducible. The results have direct application to the topological
classi cation of one dimensional inverselimit spaces.

1. Intr oduction

Weak equivalenceis a powerful invariant for classifying one dimensional inverselimit
spaces.Barge and Diamond ([BD]) shawv that weak equivalenceis necessaryfor homeo-
morphic inverselimit structures corresponding to admissibleperiodic kneading sequences
of unimodal interval maps. Most recertly, J. Jadklitch ([J]) has extended the methods
of [BD]) and someresults of R.F. Williams ([Wi]) to obtain the following important
theorem: Supposef :M ! M andg:N ! N aredi eomorphisms on manifolds with
one-dimensionalconnectedorientable hyperbolic attractors X and Y respectively. Let
A and B denotethe transition matrices of the induced mapson the underlying branched
one-manifoldswhoseinverselimits correspondto X and Y. If X is homeomorphicto Y,
then A and B are weakly equivalert.

The latter a ords ample motivation for studying weak equivalencefor arbitrary prim-
itiv e matrices and not just those that match unimodal kneading sequences.The latter
are analyzedin Sections4, 5, 6 of this paper.

The plan of the paper is to progressfrom a very broad setting to a very speci ¢ one.
In Section 2, we de ne weak equivalence and derive some of its consequencesn the
general setting of primitiv e matrices. Theseinclude the reduceddiscriminant invariant
and common eigervector ideals. Finally in Theorem 2.8, we give a complete invariant:
the dimension groups are isomorphic, and the isomorphism presenes the \p ositive"
semigroup.

Next, we consider specialized casessuch as A and B being unimodular of the same
size (Section 3). In Section 4, we shaw that matrices which arise from unimodal cyclic
permutations are unimodularly similar to their companion matrices. When the charac-
teristic polynomial is irreducible, and A and B are weakly equivalert, we shaw that the
discriminants of the characteristic polynomials are identical (Theorem 4.4), having equal
Perron integral rings Z[ ] = Z[ ] (Corollary 4.5), which improveson [BD].
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In section 5, we study weak equivalencein the speci ¢ pool of matrices generatedby
the family of unimodal kneading sequences.We shaw, for instance, that the last two
periodic orbits to emerge,of the sameperiod, can never correspond to weakly equivalent
transition matrices (arising from the unimodal kneading sequences). As a result, the
inverse limit structures are not homeomorphic for eat period. Finally, in Section 6,
a Maple symbolic computation shows that through period 15, no pair of admissible
transition matrices is weakly equivalert.

Let us review somede nitions and results that are important for this paper. A prim-
itive matrix A is a square nonnegative matrix (that is, its entries are nonnegative) for
which somepower A" has only positive ertries. A primitiv e matrix A has a (positive)
eigervalue  which equalsits spectral radius. This eigervalue is called the Perron
eigenvalueof A. An eigervector belongingto the Perron eigervalue s called a Per-
ron eigenvetor of A. Sud an eigervector is simple and can be chosento have positive
ertries, which we will always assume.

There are similarities betweenweak equivalenceand shift equivalenceof integral ma-
trices. Shift equivalencehas beena useful invariant in the study of conjugate subshifts
of nite type. Shift equivalenceis a consequencef the conjugacy of the resulting inverse
limit structures and implies weak equivalence,as we show in Proposition 2.2. Because
shift equivalenceforcesA and B to have the samePerron eigervalue, weak equivalenceis
is usually strictly weaker. In Theorem 2.8 we shaw that weak equivalenceis equivalent to
a positive dimension group isomorphism. For shift equivalencethis isomorphism is also
a conjugacy of the induced actions of A and B (e.g. [LM, Cor. 7.5.9].) In Theorem 3.5,
we show that for unimodular matrices, when the characteristic polynomials are equal
and irreducible, weak equivalenceimplies shift equivalence.

2. Properties of Weak Equiv alence

In this sectionwe make the standing assumptionthat the matrices A : R kK1 RKkand
B:R ! R (acting from the left) are primitiv e and integral of arbitrary sizes.

The matrices A and B are weakly equivalent if, for all i 2 N, there exist nonnega-
tive integral matrices S;; Ti, and positive integers m;;n; suc that there is an in nite
comnuting diagram of the form:

AmM: AmM2 Ams
., @@T1 ., @@Tz s, @@Ts @@ rrrrr
@ @ @ @
B B2 B":

The™ kandk ° matricesS; and T; will be called connecting matrices While most
applications of weak equivalenceinvolve primitiv e matrices, the notion extendsnaturally
to nonnegative integral matrices. The following result, though straightforward, is an
immediate consequencef Theorem 2.8.
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Prop osition 2.1. Weak equivalene is an equivalene relation on the set of all nonnegg-
ative squae integral matrices.

Shift equivalence([Wi]), merntioned above, bearsa simple relation to weak equivalence.
Recall that A and B are shift equivalent (with lag *) if there exist a pair fU;Vg of
nonnegative integral matrices satisfying the relations AU = UB; VA = BV; A = UV;
and B = VU. We have the following proposition (which is true for nonnegative integral
matrices) and omit the easyproof.

Prop osition 2.2. If there are positive integersr and s for which A" and B® are shift
equivalent, then A and B are weakly equivalent.

Many results of this paper are basedon the following groundbreakingtheorem of Barge
and Diamond [BD, Cor. 3.5].

Theorem 2.3. Supmse the (primitive) matrices A and B are weakly equivalent with
connecting matrices S; and T;. Let and be the Perron eigenvaluesof A and B,
respectively. Let v and w be Perron eigenvetors of A and B, respectively. Then

(a) Sj mapsv to a positive multiple of w, and T; mapsw to a positive multiple of v for
all i.

(b) Q()=1Q():

In the rest of this section we use Theorem 2.3 to derive seweral additional necessary
conditions for weak equivalence basedon the notions of norms, ideals, Galois groups,
and discriminants. Finally we show that dimension groups provide a completeinvariant.

Theorem 2.4. Supmse A and B are weakly equivalent. Then the norm of  (taken
with respect to Q( ) = Q( ) : Q) hasthe same prime factors as the norm of

Proof. There exist connectingmatricesS; T and positiveintegersm; n suc that SA™T w =
B" w. By Theorem 2.3(a), there are real numberss;t with Sv = swand Tw = tv, which

yields (st) ™ = ". The number st is an eigervalue of the integral matrix ST and so
is an algebraicinteger. Hence,the prime factors of the norm of divide the norm of ,
and corversely by symmetry of weak equivalence. O

Theorem 2.5. Supmse A and B are weakly equivalent. Then there are Perron eigen-

are equal. A similar statementholdsin R = Z[1= ] if therolesof and are reverseal.

Proof. Let v denote a Perron eigervector of A sothat Av = v . We can choosev so

Z[1= ]. Now de ne w := Syv. By Theorem 2.3, weak equivalenceof A and B implies
that w is a Perron eigervector of B, that is, Bw = w. SinceS; is integral, the vector
w hascomponerts in Z[ ] and hwi  hvi in Z[1= ]. On the other hand, for the choice
t = m1 in the weak equivalencediagram,

v=( DAv=( OTiSv=( HTw

implies hvi hwi, sohvi = hwi. O
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We note that if is not a unit, thentheinclusionZ[ ] Z[1= ] will be proper. Also,

there are primitiv e matrices A and B such that = |, yet A and B are not weakly
equivalent, asin the following matrices:
_ 41 _ 32
A= 10 B = 2 1

The reader can verify that there are no Perron eigervectorsv of A and w of B that
generatethe sameidealsin Z[ ] = Z[1=]. This obsenation can also be expressed
by saying that the Perron eigervectors of A and B generatedierent ideal classesin
Z[ ]. Twoidealsl;J in Z[1= ] are in the sameideal classi there is a real number
t such that | = tJ. The ideal classis a complete invariant for weak equivalencewhen
the characteristic polynomials are irreducible and equal, as in the above matrix pair
(Theorem 3.5).

Let the matrices A and B be weakly equivalent and let p and g denote the minimal
polynomials of the Perron eigervalues of A and B, respectively. By Theorem 2.3, the
polynomials p and q have the samedegreeand their splitting elds are equal. Hence
the Galois groups of p and q agree. Howewer, Galois groups are notoriously di cult
to compute. We would like to have an invariant of weak equivalencethat is easierto
compute. Sudh an invariant can be basedon discriminants.

Let p denote a monic polynomial of degreek with integer coe cien ts. Supposethe
(distinct) rootsof pare 1; 2;:::; «. Th\e{z discriminant of p is de ned as

discp:= (i ()%
i<j
There are many other equivalert formulations of the discriminant, and we shall seethe
Vandermondematrix version [R, p. 134]in Section4.
The discriminant is an integer that we may factor into prime powers:

discp= *+ 2 &
Reduceeah number g to fi := ¢ mod 2. So,
rdiscp:= fth2 fs
Note that rdisc p= rdisc qi (rdisc p)(rdisc Q) is a perfect square.
Theorem 2.6. Letp;qdenote,respctively the minimal polynomials of the Perron eigen-
valuesof A and B. If A and B are weakly equivalent, then
rdisc p = rdisc g

Proof. As mentioned above, the Galois groHps Gp and Gq of p;q are equal. The xed
elcb of the alternating subgroupof G, is Q(" discp); see[R, p. 133]. ThusQ(" discp) =
Q( discq) which easily establishesthe claim. O

Remark 2.7. In [BD] the authors use MAPLE to showthe three period 5 orbits in the
tent family do not haveweakly equivalent transition matrices A; B and C. The minimal
polynomialsarep= x* x3 x2 x 1,q=x%* x3 x2 x+Zlandr=x* x3 x%+x 1
Computing splitting elds (with MAPLE) to distinguish pairs is not currently feasiblefor
large polynomials. Reduced discriminants can be readily calculated from the polynomial
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coe cients. In this case,rdiscp= 563 rdiscq= 3 andrdiscr = 331 In Section
6, this methd is extendel to much higher periods.

In general, matrices can be weakly equivalent yet have di erent assaiated discrimi-
nants. For instance, put
2 1 5 3
A= 11 B = 3 2
SinceB = A2, A and B are weakly equivalert. The discriminants of the characteristic
polynomials, p and g, of A and B respectively, are 56 45 but we have rdisc p = rdisc q.
Also, for this example,Z[ 16 Z[ 2].

Let A be a k by k integral matrix. The eventualrange R(A) of A consistsof all row
vectors x 2 QK which can be written asx = yA™, with y 2 Q¥ , for all m 2 N . The
eventual kernel K (A) of A consistsof all y 2 QX for which there exists m 2 N with
yA™ = 0. It is known that R(A) and K (A) are linear subspacesof Q¥ whosedirect
sum is QX. Both R(A) and K (A) are invariant subspacesof the map x 7! xA. This
map is bijective from R(A) onto R(A) and nilpotent from K (A) to K(A). Note that
R(A) = QXAK and xAX = 0for x 2 K (A). The dimension group Dim(A) of A consistsof
all x 2 R(A) for which thereis m 2 N with xA™ 2 Z K. This is a subgroup of Q¥. If A
is nonnegative, then the dimension semigoup Dim™ (A) of A consistsof all x 2 R(A) for
which there existsm 2 N with xA™ 2 (Z*)k (Z* denotesthe nonnegative integers.)
If A is primitiv e, then [LM, Lemma 7.3.8] shaws that Dim* (A) = fOg[ fx 2 Dim(A) :
X v > 0g, wherev is a Perron eigervector of A.

Theorem 2.8. If A;B are primitive integral matrices, the following are equivalent:

1) The matrices A; B are weakly equivalent.

2) There is a group isomorphism : Dim(A) ! Dim(B) suchthat (Dim*(A)) =
DIim* (B).

3) There is an integral matrix T and eigenve&tors v; w belongingto the Perron eigen-
valuesof A; B, respctively, suchthat Tw = v and x 7! XT de nes a group isomor-
phism of Dim(A) onto Dim(B).

Proof. 1) implies 2): Let A and B beweakly equivalernt. Then there is a weakequivalence
diagram involving positive powers m;, n; and connecting nonnegative integral matrices
Si, Ti. Choosei solarge that n ;= n, + +n . Setm:=mq+ + m; 1. We
claim that x 2 R(A) implies xT; 2 R(B). To show this let x 2 R(A). Thereisy 2 QX
with x = yA™. Then xT; = yA™T; = yT;B". Sincen  this provesthat xT; 2 R(B).
Similarly, we show that x 2 R(B) implies xS; 2 R(A) if i is su cien tly large. We now
omit S; and T; for small i from the weak equivalencediagram to obtain a new diagram
with all S; and T; having the above shonvn property.

We now claim that (Dim(A))T; Dim(B) for all i. If x 2 Dim(A), we know that
xT; 2 R(B). Thereis an mg 2 N such that xA™ 2 ZX. Choosej > i so large that
m:=mj+ +m; 1 mp. Theny:= xA™ 2 zk. Setting n := njx; +  + nj, we have
XTiB" = xA™T; = yT; 2 ZX. This provesthat xT; 2 Dim(B). This proof also shows
X 2 Dim* (A) implies xT; 2 Dim™ (B).
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Similarly, x 2 Dim(B) implies that xS; 2 Dim(A) and x 2 Dim* (B) implies that
xSi 2 Dim* (A). Therefore, restricting all mapsx 7! XA, x 7! xB, x 7! xSj, x 7! xT; to
the dimension groups, we obtain a new commutativ e diagram of group homomorphisms.
Since A and B induce bijections, connecting homomorphismsinduced by S; (if i  2)
and T; must be aswell. Sofor every xed i, (Xx):= xT; de nes a group isomorphism
from Dim(A) onto Dim(B), such that (Dim* (A)) = Dim* (B).

2) implies 1): By [LM, Prop. 7.5.6], extendsuniquely to a vector spaceisomorphism
from R(A) onto R(B), alsocalled . Let g be the standard ith basis (row) vector in
Q . Let g = f; + g bethe unique decomposition with f; 2 R(B) and g 2 K (B). Since
eB = f;B wehavef; 2 Dim* (B). Hence (f;) 2 Dim* (A) for all i. Choosemg 2 N

such hat  1(f;)A™e 2 (Z*)X for all i. De ne an " by k nonnegative integral matrix Sz
by S; =  I(f;)A™Mo fori = 1;:::;". OnehasxS; =  (x)A™o for x 2 R(B), and
xSy = 0for x 2 K(B).

Now let g be the standard ith basis vector in Qk. Let g = f; + g be the unique
decomposition with f; 2 R(A) and g 2 K(A). Thus, f; 2 Dim* (A) for all i. Since
X 7! XA is bijective on Dim* (A), there are uniquely determined h; 2 Dim* (A) sudc
that f; = hjA™. Now (h;) 2 Dim*(B) for all i. Sothereisny 2 N with ny
and (hj)B™ 2 (Z*) for all i. Dene ak by * nonnegatie integral matrix T, by
eT: = (h))B" for all i. We seethat yT; = (h)B™ with h 2 R(A) determined by
hAMo = y for all y 2 R(A). This is usedto shawv that B"t = S;T;.

Continuing inductively in this way, we obtain positive powers mi;n,;::: and con-
necting nonnegative integral matrices Sy; To;::: for a comnmutativ e diagram of the form
neededto establishweak equivalenceof A and B.

1) implies 3): If i is suciently large, then the proof that 1) implies 2) shows that
X 7! XT; is a group isomorphism from Dim(A) onto Dim(B). By Theorem 2.3, T := T;
satis es 3).

3) implies 2): By replacing T by T, if necessarywe can assumethat v = Tw with
Perron vectorsv;w. Dene by (x):= xT. Then, for 06 x 2 Dim(A), X 2 Dim* (A)
i xv>0i xTw>0i (x)=XxT 2Dim"(B). O

Note that the equivalence of 1) and 2) holds for nonnegative matrices. Also, the
matrix T in statemert 3) can be chosennonnegative. We will revisit this result in the
next section.

3. Weak equivalence of matrices of the same size

For arbitrary nonnegative matrices A and B the shift equivalenceclassesof A and B
contain matrices of the samesizes. The samemust obtain for weak equivalence,and, in
this section, we investigate weak equivalenceof matrices A and B which are of the same
size.

Lemma 3.1. Let A and B be weakly equivalent k by k nonneyative integral matrices.
Then A and B are either both singular or det A and detB havethe sameprime factors.
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Proof. Clearly, A is singular if and only if B is. So,let A and B be invertible. Let p be
a prime factor of detA. Since(det A)™: = detT; detS,, we seethat p is a prime factor
of detT; or detS,. Hence(detB)"* = detS;detT; and (detB)"2 = detS, detT, show
that p is also a prime factor of detB. Similarly, we obtain that every prime factor of
detB is alsoa prime factor of detA. O

If k= 1, weak equivalenceimplies the ertries have the sameprime factors, which can
be usedto obtain a result of Watkins [Wal].

The following theorem is simply a restatemeri of Theorem 2.8 in the invertible case,
that is easierto apply sometimes.

Theorem 3.2. Let A and B be k by k invertible primitive integral matrices. Then A
and B are weakly equivalent if and only if there existsa k by k invertible integral matrix
S which satis es the following three properties:

1) S maps eigenvetors belonging to the Perron eigenvalueof A to eigenvetors be-
longing to the Perron eigenvalueof B.

2) For eachn 2 N, thereis m 2 N suchthat B "SA™ is an integral matrix.

3) For eachm 2 N, thereis n 2 N suchthat A ™S 1B" is an integral matrix.

We now investigate weak equivalence of unimodular matrices, where the dimension
group is ZX. Note that if A is a unimodular matrix which is weakly equivalert to B,
then B is alsounimodular by Lemma 3.1. If A and B are unimodular, then property 2)
of Theorem 3.2 is automatic whereasproperty 3) is equivalent to the statemert that S is
unimodular. SinceS canbereplacedby SA" with large n, S can be chosennonnegative.
Sowe obtain the following theorem.

Theorem 3.3. Let A and B be unimodular and primitive. Then A, B are weakly equiv-
alent if and only if there is a (nonnegative) unimodular matrix S which satis es property
1) of Theorem 3.2.

Theorem 3.4. Let A and B be k by k unimodular primitive matrices with irr educible
characteristic polynomials. Then the following are equivalent:

(a) A and B are weakly equivalent.

(b) There is a nonnegative unimodular matrix S suchthat S 'BS commuteswith A.

(c) There is a nonnegative unimodular matrix S and a polynomial r 2 Q[x] of degree
lessthan k suchthat S 'BS = r(A).

Proof. (a) implies (b): Supposethat A; B are weakly equivalert. By Theorem 3.3, there
is a nonnegative unimodular matrix S suc that w = Sv for Perron eigervectors v; w of
A; B, respectively. Let the componerts of v;w bein Q( ) = Q( ), where ; denote
the Perron eigervaluesof A; B, respectively.

The eld extensionQ( ) hasdegreek overQ. Let 1=id; »5;:::; k bethe conjugate
embeddingsof Q( ) = Q( ), with ;= ( ). Apply the embeddingsto the componerts

AV = Vdiag( 1;:::; x); BW = Wdiag( 1;:::; «);
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V AV andW 1BW are diagonal matrices, sothey commute. SinceSV = W, we infer
that S B S commutes with A.

(b) implies (c): By assumption, the characteristic polynomial of A equalsthe minimal
polynomial (A is\nonderogatory") andS 'BS commuteswith A. A well known theorem
(e.g. [HJ, Thm. 3.2.4.2])implies that there is a polynomial r 2 Q[x] of degreelessthan
k such that S 1BS = r(A).

(c) implies (a): AssumeS BS = r(A) asin c). If v is a Perron eigervector of A, then
BSv = r( )Sv. Since Sv is a positive vector, this impliesthat = r( ) and Svis a
Perron eigervector of B. Statemert (a) now follows from Theorem 3.3. O

Theorem 3.5. Suppose the primitive unimodular matrices A and B have the sameir-
reducible characteristic polynomial. Then the following are equivalent:

(1) A, B are weakly equivalent.

(2) The ideal classesof the Perron eigenvetors of A;B in Z[ ] = Z[ ] are the same.

(3) There existsa unimodular matrix S suchthat S BS = A, i.e., A is unimodularly
similar to B.

(4) A, B are shift equivalent.

Proof. (1) implies (2) by Theorem 2.5. The equality of (2) and (3) is the content of
Taussky ([T]). It is shavn in [LM, Prop. 7.3.10]that 3) implies 4). Finally, shift
equivalenceimplies weak equivalenceby Proposition 2.2 above. O

For example, considerthe notorious \Kollmer example”, e.g.,[LM, p. 249]

19 5 19 4
A= 4 17 B := 5 1
Since A and B are not unimodularly similar, neither are they weakly equivalen, by
Theorem 3.5.

We remark that (2) shows there are only nitely many weak equivalence classesin
this situation. Property (4) implies somepower of A is strong shift equivalentto a like
power of B and the induced subshift powers are actually conjugate (LM ]). This shows
that, mysteriously, someinverselimit homeomorphismsforce conjugaciesof underlying
subshifts.

4. Transition matrices for cyclic unimodal permut ations

In this and the following section, we study weak equivalence of the special class of
matrices (as in [BD]) arising from periodic kneading sequences.
Let K := f0;1;:::;k 1gwith k2 N. A permutation :K ! K is called cyclic

(of order k) if thereisi 2 K such that K = fi; (i); 2(i);:::; ¥ 1(i)g. A permutation
:K'! K iscalledunimodalif 0 i<j cimplies (i)< (j)andc i<j k 1
implies (i) > (j) wherec:= 1(k 1). Note that if is cyclic and unimodal, then

(k 1)=0.1fk 3,then0O<c<k 1,and X H0)=k 1, X 200)=c
We assaiate a cortinuous function f : [0;k 1]! [0;k 1] to a given permutation
K ! K asfollows. Let f (i) := (i) andde ne f to belinear onead interval [i  1;i].
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Let A bethe k 1by k 1 transition matrix for f. Every entry of A is0 or 1. In the
mth row and nth column the entry is 1

minf (n 1); (nNJg<m maxf (n 1); (n)g:

As an example considerk = 5 and

This permutation is cyclic and unimodal with ¢= 1. The graph of f is showvn below:

o)
@)

N W b

@
@
0 1 2 3 4

The corresponding transition matrix A is given by
0 1
0 001
_Bo o 1 8§
A= %1 01
1100

Fori= 0;:::;k 1wedene the vectorv; := (0:::;0;1;:::;1)" with k 1 componerts
whose rst i componerts are 0 and the remaining componerts are equalto 1. Note that
Vk 1 IS the zerovector.

For the rest of this sectionlet : K ! K be a cyclic unimodal permutation with
corresponding transition matrix A. The readershould be forewarned that this transition
matrix is the transmse of what is often called the transition matrix. The theory is
unchanged,and there are someadvantagesto the presert formulation. We omit the easy
proof of the following lemma.

Lemma 4.1. We have (

Av; = Vo+ V ) If 0 | (of
Vo v ife ik 1

We de ne

.1 if 1 Yo)<c

b 1 if JY0)>c
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Lemma 4.2. The vectors fj := kK jV ok | 1(0),j = 1::::k 1, form a basisof Rk 1,
The matrix representation of A with respect to this basisis the companion matrix
0 1 0 o 0
g=B 00 1o o
k 1 k 2 k 3 1

In particular, the polynomial

K1
p(x) = j X
j=0

is the minimal and characteristic polynomial of A.

Proof. It is clear that the indicated vectors form a basisof R¥ 1. By Lemma 4.1 we
have

Afj = kj(vo+ k jViq)
= kjYo Kk j+1V ki
= ok jfka+fj oo

wherefg := 0. This establishesthe claim. O
Let e;:::; 1 denote the standard basisof RK 1. We de ne matrices P and T by
Peg = k i€k 1 i) Teg = v 1:

It is easyto seethat except for the sign factors | ; the matrix P is a permutation
matrix. Hence,P is a unimodular matrix. The matrix T has erntries 0 above the main
diagonal and entries 1 on and below the main diagonal. SoT is alsounimodular. Clearly,

Theorem 4.3. The matrices A and A are connected by
A= (TP) 'ATP:
In particular, A and A are unimodularly similar.

It is well known that every squarerational matrix M is similar to its Frobeniusnormal
form N by arational invertible transformation T: N = T M T. But if M isintegral then
all possibletransformation matrices T may be nonintegral as in the Kollmer example
after Theorem 3.5. A special feature of our transition matrices A is that they are
unimodularly similar to their Frobenius normal form.

For the example at the start of this section, the characteristic polynomial of A is

p(x) = x* x3 x%+x 01 The matricels P and Toare )
0O 0 01 1 0 0O
_B1 0 o 8§ _ _ %1 100
P = 0 1 1= 1 1 1
0 1 0O 1111
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The following theorem improves Theorem 2.6 in the special casethat A and B are
transition matrices of cyclic unimodal permutations.

Theorem 4.4. Let and betwo cyclic unimodal permutations of f0;1;:::;k 1g with
weakly equivalent transition matrices A and B, respectively. Assumethat the character-
istic polynomials p of A and g of B are irr educible over Q. Then discp = discq.

Proof. We remark that A and B are irreducible nonnegative matrices becausetheir
characteristic polynomials are irreducible. Moreover, since the traces of A and B are
nonzero (seeLemma 4.2) we also know that A and B are primitiv e matrices (see[HJ,
Thm. 8.5.10]).

Let A and B be the companion matrices for A and B asintroduced in Lemma 4.2.
According to Theorem 4.3 we can write

(4.1) A= (TP) 'ATP; B=(TQ) BTQ:

The matrix Q is dened for asP wasdened for . Since A and B are companion
matrices, there are eigervectors v belonging to the Perron eigervalue of A and w
belongingto the Perron eigervalue of B sud that

v=TPz( ); w=TQz( );

where z( ) = (1; ; 200000 K 2)t. By Theorem 3.3, there is a unimodular matrix S
and a nonzeroreal number sudc that Sv= w. Thus we obtain

STPz( )= TQz( ):
The matrix U := (TQ) ISTP is unimodular and satis es
(4.2) Uz( )= z():

It follows that 2 Z[ J]and 2 Q( ). Similarly, 1= 2 Z[ Jand 2 Q( ) (so
Q( ) = Q( ) what we already know.) The numbers and are algebraic integers.
Hencealso and 1= are algebraicintegers. Hence is a unit in the ring of algebraic
integersin Q( ). Sincewe assumedthat p is irreducible, Q( ) hasdimensionk 1 over
Q. Letid = 1; 2;:::; k 1 bethe conjugate embeddingsof Q( ). Let ;= (),
i= i()and j:= (). Let V( ) bethe Vandermondematrix whoseith column
isz( ). If we apply the embeddingsto eatc componert of ead side of equation (4.2),
then we obtain

(4.3) UV( )= V()diag( 1;:::5 k 1)

We take determinants and square. Recall that U is unimodular andthat 1 2::: g 1=
1 because is a unit. Then we obtain

(detV( )%= (detV( )%
Sincediscp = (detV( ))? and discq= (detV( ))?, the proof is complete. O

Corollary 4.5. Under the assumptionsof the previoustheorem, the Perron eigenvalues
of Aand of B satisfyZ[ |]=2Z][ ].
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Proof. We combine equation (4.3) with

AV ()= V()diag( 1;::15 « 1) BV()=V()diag( 1;:::5 k 1)
This yields
5 BUV( )= UV( )diag( 1;:::; «k 1)
let = K¢ with ¢ 2 Q. Then we nd
X 2 _ .
UBU=V() qdag( };::: | Dv() L
i=0
Since
A= V( )diag( yii:z; ok V() *
we can simplify to
K2
(4.9) U 'Bu= A"
i=0
The rst row of the matrix onthe right hand sideis (co;:::;c 2). SinceU isunimodular,

(4.4) shows that the numbersc; areintegers.So 2 Z[ ], andsimilarly, 2 zZ[ ]. O

5. Special classes of unimodal cyclic permut ations

In this section we investigate weak equivalence of transition matrices of the form
consideredin the previous section.

First considerthe unimodal permutation of the setf0;1;:::;k 1g, kK 4, given by
the cycle

(5.1) 0;1;2:::;k 1)
of order k. Its transition matrix Ay hasthe distinctiv e characteristic polynomial
p(x) = xK 1 xk 2 x 1

This polynomial is irreducible over Q for all k; see[B, Theorem 2]. Moreover, Komatsu

has shavn in [K] that the Galois group of pi is the symmetric group Sk 1 for all k.
Now considerthe unimodal cyclic permutation given by

(5.2) 0;,2:::;k 5k 4k 2k 3k 1)

>Hom Lemma 4.2, the characteristic polynomial of the assaiated transition matrix By

is

1

k 2 2

ok (x) = X X+ 1= pe(x) + 2
We notice that g is self-reciprocal; that is, ge(x) = x* 1g(1=x).

For a given period, thesetwo kneadingsequencesgre the last to emergein the kneading
sequenceordering. Every tent map periodic orbit corresponds to a nonrenormalizable
kneading sequencedn the horseshe. If one builds train track models basedon thesetwo
kneading sequencesthen (5.1) correspondsto a nite order di eomorphism of the disc;
while (5.2) is the last pseudo-Anose horsesh@ orbit to emerge(seeT. Hall, [H]).

X X
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Theorem 5.1. The transition matrices Ay and By are not weakly equivalent for every
k 4.

Proof. Let ¢, k bethe Perroneigernvaluesof Ag, By, respectively. Sincep is irreducible
overQ forall k, [Q( k) :Q]= k 1.If gkisreducibleoverQ,then[Q( ) : Q]l< k 1,s0
Q( k)isdierent from Q( ). Hence,by Theorem2.3, Ay, By are not weakly equivalern.
Now assumethat the polynomial g is irreducible over Q. This implies that k is odd
becauseg( 1) = Oif k is even. The distinct zerosof gx canbe arrangedin pairs i, 1=

alsokeepl=; xed. Hencethe Galois group of gx doesnot cortain acycleof orderk 2.
Sincethe Galois group of pg is the symmetric group Sk 1, we obtain again that Q( )
and Q( ) aredierent. Now an application of Theorem 2.3 completesthe proof. O

Using [BD, Thm. 3.4], we obtain

Corollary 5.2. Let fi, g« be Markov maps induced by the permutations (5.1), (5.2),
respectively, as de ned in the previous section. Let Py, Qk be the inverse limit spaces
induced by f¢x and g¢ as the only bonding map, respectively. Then Py and Qy are not
homeomorphic.

We remark that the proof of Theorem 5.1 shows that the statemerts of Theorem 5.1
and Corollary 5.2 remain true for every self-recipracal characteristic polynomial induced
by unimodal cyclic permutations of order k in place of g.

The cited result of [K] is basedon a computation of the discriminant of py,

Zk(k 1)k 1 gk .

(k  2)? ’
wherethe + signholdsif andonly if k l1ork 2 mod 4. Unfortunately, there appear
to be no general formulas for the discriminants of all the characteristic polynomials
induced by transition matrices of cyclic unimodal permutations.

Howewer, the following result on the discriminants of self-recipracal polynomials will
be helpful. We omit the straightforward proof to save space.

discpk =

Theorem 5.3. Letr be a monic polynomial of degree n = 2m, m a positive integer, with
integer coe cients. Let r be self-reciprocal. Let u be the monic polynomial of degree m
with integer coe cients whichis uniquely determined by r (x) = xMu(y) with y = x+ 1=x.
Then

discr = ( 1)™r(1)r( 1)(discu)?:

We now use Theorem 5.3 to identify in nitely many nonweakly equivalent pairs of
matrices arising from unimodal cyclic permutations.
Let k 5beanodd integer. Then k(1) = 4 k, o( 1) = 3. Hence

(5.3) disco = (k  4)3K;

where by is an integer.

Now let k 7 be an odd integer. We considerthe unimodal permutation of the set
f0;1;2:::;k 1gwhichmapsk 5tok 1,k 4tok 2,k 3tok 5k 2tol
andk 1to 0. This is a cyclic permutation of order k. For example,if k = 7, it is given



14 RICHARD SWANSON AND HANS VOLKMER

by (0;3;5;1;4;2;6). Let r¢ bethe characteristic polynomial of the transition matrix Cy
induced by this permutation.
By Lemma 4.2,

k 1 k 2

re(x) = x X x (k) =2 4 (ko D=2y (k 3)=2 X+ 1

All coe cien ts of this polynomial areequalto 1 exceptthe coe cien ts of xk 1, x(k 1)=2
and x°. Sincethis polynomial is self-recipracal, from Theorem 5.3 we obtain

(5.4) discry = (k  6)3c?
with anintegercy if (k 1)=2isewven. If (k 1)=2is odd, then
(5.5) discrg = (k  6)c:

Supposek 7,and (k 1)=2isewen. Since(k 4)(k 6) cannotbe a perfect square,
(5.3) and (5.4) show that rdiscgg and rdiscry are di erent if they are nonzero.

If, in addition, we know that gx and ry areirreducible over Q, then Theorem 2.6implies
the transition matrices By and Cy assaiated with g« and ri are not weakly equivalert.
Reducing mod 2 shows that there are in nitely many valuesof k for which qx and ry are
irreducible; see[LN, Thm. 2.47]. Theseinclude k = 5;11; 13, for example. Similarly,
we can treat characteristic polynomials that are self-reciprocal under the substitution
X! 1=x.

6. A Maple program

In this section, we describe a MAPLE program which calculates and comparesdis-
criminants. Usingthe program, we concludethat pairs of transition matrices of unimodal
cyclic permutations of f0;1;:::;k 1gare not weakly equivalert for all k 15. We con-
sider only those unimodal cyclic permutations whosetransition matrices are primitiv e.
ThesecorresBJDd to periodic kneading sequenceshat arisein the tent family with slope
greaterthan = 2. Two suc transition matrices can only be weakly equivalert if they are
of the samesize([BD, p. 172]).

For a given k the MAPLE program rst computesall unimodal cyclic permutations
whose transition matrices are primitiv e. In the next step the program computes the
minimal polynomials of the Perron eigervalues and the prime factorization of their dis-
criminants. Then the program usesTheorems2.6 and 4.4 to verify that the corresponding
transition matrices are not weakly equivalert. In Table 1 we display the resultsfor k = 6,
k = 7 and k = 8. Each row represens one unimodal cyclic permutation. The rst col-
umn gives an approximation of the Perron eigervalue . The secondcolumn givesthe
kneading sequence g;:::; k 2 from Section4, with R = 1;L = +1. The third column
gives the minimal polynomial p of , and the fourth is the prime factorization of the
discriminant of p.

Call a pair of unimodal cyclic permutations (with a primitiv e transition matrix) critic al
if the corresponding characteristic polynomials of the samedegreeare irreducible with
the samediscriminant or if the minimal polynomials have the samedegreeand the same
reduceddiscriminant (sothat Theorems2.3, 2.6 and 4.4 cannot be applied.) For periods
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6 and 7, the discriminant shows none of the corresponding transition matrix pairs is
weakly equivalert.

Howewer, for k = 8, the fourth and ninth ertries comprisea critical pair. Let and
be the corresponding Perron eigervalues. Using MAPLE, the only zero of the minimal
polynomial pof in Q( )is 1= . This provesQ( ) 6 Q( ). Thus, no period 8 pair
is weakly equivalent.

Using MAPLE to examine higher period cases,we have con rmed that there are no
weakly equivalert transition matrices arising from cyclic unimodal permutations for all
k 15.

k=6

1:792402 RLLR R x> x4 x® x%?+x 1 (2)6(11)(23)
1:883204 RLLLR x4 23+ x2 x+1 (2)8(7)
1:965948 RLLLL x> x* x2 x2 x 1 (2)*(599)
k=7

1:465571 RLRRRR x3 x2 1 (31)
1:556030 RLRRLR x6 x5 x*+x%® x2 x+1 (257)
1:685926 RLLR LR x6 x5 x* x¥+x%+x 1 (125201)
1:754878 RLLR RR x3 2x3+x 1 (23)
1:823945 RLLR RL x6 x5 x* x¥+x2 x 1 (5)4(7)2(17)
1:855886 RLLLR L x6 x5 x4 x® x?+x+1 (82793)
1:907342 RLLLR R x6 x5 x4 x® x?+x 1 (5)(136373)
1:946856 RLLLLR x6 x5 x4 x® x? x+1 (3)4(107Y
1:983583 RLLLLL x6 x5 x4 x® x? x 1 (205937)
k=8

1:597209 RLRRLRR x7 x® x®°+x% x® x%?+x 1 (2)%(13399)
1:648304 RLLR LRR x> x4 2%+ x 1 (2)4(677)
1:715651 RLLRLRL x7 x®% x®> x*+x3+x? x 1 (2)6(42239)
1:729119 RLLR RRL x6 x* 2% x2 2x 1 (2)8(7)(229)
1:776889 RLLRRRR x7 x% x®> x%*+x3® x?2+x 1 (2)5@B)3(53)(97)
1:807092 RLLRRLR x7 x% x®> x*+x3® x? x+1 (2)6(286009)
1:870943 RLLLR LR x7 x8% x5 x* x3+x%+x 1 (2)6(97)(2311)
1:894945 RLLLR RR x7 x8% x®> x* x3+x? x+1 (2)6(23)(8887)
1:918928 RLLLR RL x 25+ x* 23+ x%2 1 (2)8(7)(229)
1:936323 RLLLLR L x7 x® x®> x% x® x%?+x+1 (2)%(13)?(937)
1:956813 RLLLLR R x> x4 2%+ x 1 (2)4(997)
1:974819 RLLLLLR x6 25+ x* 23+ x2 x+1 (2)6(5)(37)?
1:991964 RLLLLLL  x7 x® x®> x* x® x? x 1 (2)%(84223)

Table 1. Unimodal cyclic permutations and their discriminants
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