Math 225-01 Quiz 9 Solutions Spring 2008

S

AL=-—1, 1712[_11

You are to (a) use linear algebra techniques to compute the second eigenvalue and a corre-
sponding eigenvector for A; (b) give the general solution to the ODE i’ = AZ¥; and (c) solve
the ODE, given the initial condition Z(0) = [3 -4]%.

1. Let

One eigenpair for A is

Recall that (\;,7;) is an eigenpair if and only if AT, = \;, ¥; # 0 if and only if
(A—=N1)v; = 0, ¥; # 0if and only if A— X\;I is not invertible if and only if det(A — X\, 1) = 0.
So ...

Part al. To get the eigenvalues, solve the characteristic equation, det(A — \I) = 0.

0—A 1

Ozdet(A—)\]):det[ 9 _3_

] = (=N)(=3=X) = (=2)1 =X+ 31+ 2.

We can factor A + 3\ +2 = (A + 1)(\ + 2) Setting this equal to zero gives the eigenvalues
)\1 — —1, )\1 — —2

Part a2. To get an eigenvector v corresponding to the eigenvalue A\; = —2, find a
nonzero solution to 0 = (A — (=2)1)v = (A + 21)v. The associated augmented matrix is

0+2 1 ol (2 1 |0 2110
-2 =342 | 0| | -2 -11]0 0010
The symbol “~” means “is equivalent to under row reduction”, and the elementary row

operation is Row 2 «+— Row 2 + Row 1. The right-most augmented matrix is equivalent to
the single linear equation 2&; 4+ & = 0, or { = —2&;. Setting & = 1 gives a corresponding

eigenvector,
w-[e]-[=]
Part b. The general solution is the superposition
Ft) = 1€, + 2T, = [ act 4 ac ] _ [ e ] [ 3 ] |

—cie7t + —2ce7 —e

Part c Evaluating the right-most solution form in part b at ¢ = 0 and setting this equal
to the initial vector gives the linear system

N

1



Applying the elementary row operations Row 2 «— Row 2 4+ Row 1, followed by Row 1 «
Row 1 + Row 2, followed by Row 2 « -Row 2 to the augmented system gives

1 1] 3 1 1] 3 1 0] 2 10 | 2
~1 -2 | -4 0 -1 | -1 0 -1 | -1 01 | 1|

so the coefficients in the superposition in part b are ¢; = 2, ¢o = 1.



