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We introduce a coupled system of nonlinear partial di�erential equations

(PDEs) to model a particular MEMS deformablemirror consistingof a con-

tinuous facesheetcoupled with electrostatic plate-driven actuators. To make

the problem computationally tractable, we reduced the system to a single

linear PDE for the facesheetcoupled with nonlinear algebraic constraints

for each of the actuators. The resulting system is then solved numerically.
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1. In tro duction

This paper is motivated in part by the goal of achieving open-loop control of deformable

mirrors (DMs) in adaptive optics (AO) systems.Very high resolution open-loop control is a

requirement for advancedAO conceptsfor future giant telescopeslike multi-ob ject AO.1 One

of the prerequisitesfor open-loop DM control is a very accuratedescription of the response

of the DM to the voltage inputs. Previous attempts have been made to develop accurate

models for conventional piezostack actuated DMs.2,3

In this paper we address the modelling of certain DMs which utilize micro-electro-

mechanical systems(MEMS) technology. In particular, we focus on a MEMS devicedevel-

oped by Boston MicromachinesCorporation (BMC) 4,5,6,7 which consistsof electrostatically

driven actuators coupledto a continuous facesheetvia rigid posts.SeeFig. 1.

BMC's MEMS deviceo�ers a number of advantagesover other designs.Unlike segmented

MEMS DMs, the continuous facesheetdoesnot scatter light. This makesit suitable for ex-

tremely high resolutionAO (ExAO) applicationslikeexoplanetdetection.8 This deviceis also

nonhysteretic|an attribute that greatly simpli�es the modelling and should help facilitate

open-loop control. Finally, the components of the BMC MEMS deviceare well-understood

and are relatively easyto model. The deformationsof the facesheetunder known actuator
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loading can be obtained by solving a linear fourth order partial di�erential equation (PDE)

known asthe plate equation,or two-dimensionalbiharmonic equation.9 Each actuator, which

consistof a plate composedof semiconductingmaterial suspendedabove a silicon substrate,

can alsobe modelledusing the plate equation;seeBifano et al.4 However, due to the inverse

squarelaw for electrostatic potential, there is a loading term in the actuator PDE model of

Bifano et al that dependson the displacement in a nonlinear manner.

To carry out our modelling e�ort, we �rst extend the Bifano actuator model to account for

the loading due to the rigid post and then combine it with the plate equation model for the

facesheet.This results in a coupledsystemof na + 1 fourth order PDEs, wherena denotesthe

number of actuators. Only the facesheetPDE is linear; the na actuator PDEs are nonlinear.

To make this systemcomputationally tractable, we replaceeach of the na actuator PDEs by

nonlinear algebraicequations.This step is facilitated by the fact that actuator voltage and

actuator plate loading due to the rigid post uniquely determine the actuator displacement

at the location of the post. The end result is a single fourth order linear PDE coupled

with na algebraicequations.This systemcan then be solved in a relatively straightforward

mannerusinga �nite element discretization combined with a Newton iteration to handlethe

nonlinearity.

This paper is organizedasfollows. Section2 contains a detailed descriptionof the coupled

systemof fourth orderPDE boundaryvalueproblemswhich constitute the MEMS model. We

then apply changesof variablesto reducethe systemof PDEs to nondimensionalform. This

reducesthe number of parametersin the actuator model from seven to two. An additional

nondimensionalparameter arisesfrom the actuator-to-facesheetcoupling. In section 3a we

reducethe PDE for each actuator to a nonlinear algebraicequation. In section3b we outline

the numerical solution of the resulting system,which consistsof singlePDE with algebraic

constraints. Section4 contains simulation results. Finally, we present conclusionsin Section

5.

2. The Mathematical Mo del

For simplicity of presentation, unlessotherwisespeci�ed, we assumethat model parameters

are constants. The deformation w of the facesheetat position x = (x; y) is modelled as the

solution to the plate, or biharmonic, equation with point loading,

D fsr 4w = �
naX

i =1

pi � (x � x i ); (1)

on an L � L squarewith freeboundary conditions.The x i denotethe actuator post locations,

pi denotesthe point load due to the actuator post, � denotesthe Dirac delta, D fs denotes

the 
exural rigidit y of the facesheet,na is the number of actuators, and the two-dimensional
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biharmonic operator is de�ned by

r 4w def=
@4w
@x4

+ 2
@4w

@x2@y2
+

@4w
@y4

: (2)

The displacement zi (x0) of the ith actuator plate satis�es

Dar 4zi = pi � (x0 � 0) +
� 0� r V 2

i

(g � zi (x0))2
: (3)

Herex0 giveslocation in a local coordinate systemfor a squareof dimensions` � `, centered

at the origin 0. Local coordinate position 0, the location of the actuator post, corresponds

to location x i in the facesheetcoordinate system.Two opposite edgesof the actuator plate

are clamped, while the other two edgesare free. pi is again the point load due to the post,

but with oppositesign from eqn(1), Da is the 
exural rigidit y of the actuator plate, � 0 is the

permittivit y of free space,� r is dielectric constant of the gap media, g is the gap sizeof the

actuator, and Vi is the applied voltage. In addition, the actuator displacements must match

the facesheetdisplacements at the posts,so

w(x i ) = zi (0); i = 1; : : : ; na: (4)

To convert eqn (3) to nondimensionalform, we apply the changeof variables

~zi = zi =g; ~x0 = x0=`: (5)

This yields

r 4~zi = � i � (~x0 � 0) +
� i

(1 � ~zi (~x0))2
; (6)

where

� i =
`4pi

gDa
; (7)

� i =
� 0� r `4V 2

i

g3Da
(8)

Similarly, the changeof variables

~w = w=g; ~x = x=L; (9)

when applied to eqn (1), yields

r 4 ~w + �
naX

i =1

� i � (~x � ~x i ) = 0; (10)

where

� =
�

L
`

� 4 Da

D fs
: (11)

The constraint (4) becomes

~w(~x i ) = ~zi (0); i = 1; : : : ; na: (12)

For notational simplicity, we now drop the over-tilde (~�) from the variablesin (5)-(12).
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3. Solution Techniques

3.A. Model Reduction

To make the system (6), (10), (12) computationally tractable, we �rst apply a nonlinear

�nite element solver to the nonlinear PDE (6) to obtain the actuator plate displacement.

For notational simplicity, we drop the subscript i from variables in the discussionin this

paragraph.Figure 2 showstwo solutionsz(x; �; � ) to eqn(6), correspondingto two of di�erent

parameter vectors (�; � ). Although the parameter � (proportional to squareof the applied

voltage) is the samein both cases,the parameter� (proportional to load due to the post) is

positive in onecaseand negative in the secondcase.This results in very di�erent qualitativ e

behaviors in the actuator plate displacements in the two cases.

We next evaluate z at the post location 0. Fig. 3 shows how z(0; �; � ) varieswith param-

eters � and � . Given a functional relationship z(0; �; � ) = f (�; � ), we apply the constraint

(12) and combine it with the facesheetmodel equation (10) to obtain the system

r 4w + �
naX

i =1

� i � (x � x i ) = 0; (13)

w(x i ) = f (� i ; � i ); i = 1; : : : ; na: (14)

Note that we are assumingactuator uniformit y in the algebraic constraints (14). If the

actuatorswerenonuniform, e.g.,if the gapsizeor electromechanicalpropertiesvariedbetween

actuators, then we would needto replacethe single function f with a di�erent function f i

for each actuator.

3.B. Solution to the Reduced System

Eqn (13)-(14) constitute a single fourth order linear PDE with na algebraic constraints.

To solve this systemwe �rst apply a standard Galerkin �nite element discretization to the

PDE.10 This meanswe assumean expansion

w(x) =
NX

k=1

wkbk(x); (15)

we substitute this expansioninto the PDE (13), we multiply both sidesof (13) by bj (x),

we integrate over the unit square.Applying integration by parts to the left hand side and

suppressingboundary terms, we obtain
NX

k=1

� Z
r 2bj r 2bk dx

�
wk + �

naX

i =1

� i bj (x i ) = 0; j = 1; : : : ; N: (16)

Substituting the expansion(15) into (14) gives
NX

k=1

wkbk(x i ) = f (� i ; � i ); i = 1; : : : ; na: (17)
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The discretizedsystem(16)-(17) can be expressedas

G(w; � ) =

"
G1(w; � )

G2(w; � )

#
def=

"
Aw + � B �

B T w � f (� ; � )

#

=

"
0

0

#

: (18)

Here the \sti�ness matrix" A has jk-th element given by the coe�cien t of wk in the �rst

term in eqn (16). The matrix B hasentries

B j i = bj (x i ); j = 1; : : : ; N; i = 1; : : : ; na: (19)

We use tensor products of cubic Hermite splinesas the expansionfunctions bk(x) in eqn

(15). Henceboth A and B are sparsematrices. In addition, A is positive semi-de�nite, with

a 3-dimensionalnull spaceconsistingof discretizedpiston (constant function), and tip-tilt

(linear functions in x and y).

The discretesystem(18) is nonlinear due to the nonlinear function f . To solve this system

we apply the Newton iteration

(wk+1 ; � k+1 ) = (wk ; � k) � G0(wk ; � k)� 1G(wk ; � k); k = 0; 1; : : : : (20)

Herek is the iteration index, (w0; � 0) is an initial guess,and the derivative of G is given by

G0(w; � ) =

"
A � B

B T � D

#

: (21)

From the right hand sideof (17), D is an na � na diagonalmatrix with diagonalentries

[D]ii =
@f
@� i

; i = 1; : : : ; na: (22)

The computation of the Newton step in (20), (� w k ; � � k) def= � G0(wk ; � k)� 1G(wk ; � k),

requiressolution of the linear system
"

A � B

B T � D

# "
� w

� �

#

=

"
� G1

� G2

#

; (23)

whereG1 and G2 are given in (18). Using the equation de�ned by the secondblock row in

(23), we can solve for � � in terms of � w,

� � = D � 1(B T � w + G2) (24)

and substitute into the equation for the �rst block row to obtain

(A + � BD � 1B T )� w = � G1 � � BD � 1G2: (25)
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By solving this linear systemwe obtain � w k . We then compute � � k using (24).

Note that G1, G2, and D may all vary with iteration, while A and B remain �xed.

In addition, A + � BD � 1B T is symmetric positive de�nite (SPD) and with �nite element

discretization it is sparse.Hencespecializedtechniques for sparseSPD matrices11 like the

preconditionedconjugategradient method may be applied to e�cien tly solve (25) when the

number of actuators is large. Finally, since D is diagonal, computation of � � via (24) is

trivial.

4. Simulation Results

We now apply the results of the previoussectionsto investigatethe behavior of a simulated

MEMS DM with 64 actuators distributed on an equispaced8 � 8 grid. In what follows,

facesheetdisplacement is measuredrelative to actuator gap size; seeeqn (9). Recall that

the parameter � i is proportional to the squareof the voltage applied to the ith actuator;

seeeqn (8). As in the previous sections,we shall assumethat actuators respond uniformly

to a given applied voltage and post loading. Hence,when the samevoltage is applied to

all the actuators, the facesheetdisplacement will be a constant, known as piston, which is

independent of location x but varieswith squaredvoltage.Fig. 4 shows that for small values

of � = � i , piston dependslinearly on � . Oncethe piston exceedsabout 10percent of gapsize,

this dependencebecomesnonlinear. The Newton iteration (20) fails to converge as piston

approaches 30 percent of gap size. This corresponds to a MEMS device failure known as

snap-down, in which the electrostatic force on an actuator plate becomesso large that the

plate is pulled down to the base.

We next investigatethe behavior of the model aswe \p oke", or apply voltage to, adjacent

actuators. We selecta \bias", or voltage applied uniformly to all the actuators, so that the

constant facesheetdisplacement, or piston bias,wbias is about 13 percent of the gap size.We

then apply a positive poke to a central actuator. By this we mean the di�erence between

applied voltage and the bias is positive. Let � bias = 40 and � 1 = 68, respectively, denotethe

valuesof the parameter � (seeeqn (8)) corresponding to the bias voltage and the positive

poke voltage.Fig. 5a providesa meshplot of the resulting facesheetdisplacement, which we

denoteby w1(x; y), and Fig 5b shows a cross-section.

We next apply the same voltage pattern to a second,adjacent, actuator (� bias = 40,

� 2 = 68), and we denotethe resulting displacement by w2(x; y). Note that w2 has the same

appearanceasw1, but is shifted to the right by oneactuator. By the di�er ential displacements

we meanthe di�erence betweenthe displacements and the bias,

� wi (x; y) def= wi (x; y) � wbias; i = 1; 2: (26)

A cross-sectionof the sumof the di�erential displacements, � w1(x; y)+ � w2(x; y), appearsas

the dotted curve in Fig. 5c. We alsosimultaneouslypoked both the actuators with the same
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voltages,taking � 1 = � 2 = 68 and applying the samebias � bias = 40 as before.We denote

the resulting facesheetdisplacement by w12(x; y). The cross-sectionof the corresponding

di�erential displacement, � w12(x; y) def= w12(x; y) � wbias, is plotted as the solid curve in

Fig. 5c. Note that the peak value of � w12 (solid curve) is more than 15 percent larger

than the peak value of � w1 + � w2 (dashedcurve). This clearly shows that the di�erential

displacements do not depend on actuator voltage in an additive manner. It should be noted

that then the di�erential displacements do becomemuch morenearly additive asthe applied

voltagesbecomemuch smaller.

5. Conclusions

In this paper we introduced a mathematical model, basedon a systemof PDEs which are

derived from basicphysical principles, for a MEMS DM consistingof a continuousfacesheet

coupled with electrostatic plate-driven actuators. We nondimensionalizedthe model equa-

tions, thereby reducing the number of model parametersfrom seven to three. To facilitate

e�cien t numerical solution, we reducedthe systemto a single linear PDE for the facesheet

with nonlinear algebraic constraints for each actuator. We then combine Finite Element

discretization with Newton's method to handle the nonlinearities and with sparsesolution

techniquesto solve the resulting large linear systems.

Using the numerical tools we developed, we simulated a MEMS DM. We found that when

large voltageswere applied to adjacent actuators, the responseof the simulated devicewas

clearly non-additive.
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List of Figure Captions

Fig. 1. Schematic diagram of Boston MicromachinesMEMS deformablemirror.

Fig. 2. Solutions to the actuator equation (6) for (a) the parameter pair (� i = 20; � = 50);

and (b) the pair (� i = � 10; � = 50).

Fig. 3. Actuator post displacement plotted against parameters� and � .

Fig. 4. Constant facesheetdisplacement, or piston, plotted against parameter � .

Fig. 5. Facesheetresponse to poked actuators. (a) shows mesh plot of displacement

due to a singlepoked actuator; (b) shows crosssectionof meshplot in (a); (c) shows cross

sectionsof the di�erential displacement from 2 poked actuators and the sum di�erential

displacements from the individual poked actuators.
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Fig. 1. Schematicdiagramof BostonMicromachinesMEMS deformablemirror.
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Fig. 2. Solutions to the actuator equation (6) for (a) the parameterpair (� =

20; � = 50); and (b) the pair (� = � 10; � = 50).
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Fig. 3. Actuator post displacement z(0) plotted against parameters� and � .
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