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Integrals Over Piecewise Curves

Definition
If C consists of n smooth curves Cq,...,C,, we write

C=C+...+Cy,

/F-ds:/ F-ds+...+/ F - ds,
C Cl n

/fds: fds+...+ f ds.
C C1 Cn

and
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Piecewise Curve Integration Example |

Example

Calculate fcx dy — y dx where C is the boundary of the quarter-ellipse
x? 4 4y? =16, x,y > 0, in counterclockwise orientation.

Sketch of the vector field
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Piecewise Curve Integration Example [l

Example

Calculate fcx dy — y dx where C is the boundary of the quarter-ellipse
x2 +4y? =16, x,y > 0, in counterclockwise orientation.

Parametrize Cq, Cs, C3

] Ci ¢ cu(t)=(t,0), 0<t<4
| Cr : cp(t)=(4cost,2sint), 0<t<m/2
C3 : c3(t)=(0,2—1t), 0<t<2
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Piecewise Curve Integration Example IlI

Example
Calculate fcx dy — y dx where C is the boundary of the quarter-ellipse
x?> +4y?> =16, x,y > 0, in counterclockwise orientation.

Integrate over Cy
ci(t) =(t,0), 0<t<4

dx = X'(t)dt = dt, dy =y'(t)dt=0.

4
/xdy—ydx:/ t-0—0-1dt =0.
C1 0
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Piecewise Curve Integration Example IV
Example

Calculate fcx dy — y dx where C is the boundary of the quarter-ellipse
x2 +4y? =16, x,y > 0, in counterclockwise orientation.

Integrate over C,

co(t) = (4cost,2sint), 0<t<m/2

dx = X'(t)dt = —4sintdt, dy =y'(t)dt=2costdt.

/2
/ xdy —ydx = / (4cost)(2cost) — (2sint)(—4sint) dt
Co 0

/2 /2
= / 8coszt+8sin2tdt:/ 8 dt = 4.
0 0
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Piecewise Curve Integration Example V

Example
Calculate fcx dy — y dx where C is the boundary of the quarter-ellipse
x?> +4y?> =16, x,y > 0, in counterclockwise orientation.

Integrate over C3
c3(t)=(0,2—t), 0<t<2

dx = X'(t)dt =0, dy =y/'(t)dt= —dt.

2
/xdy—ydx=/ 0-(~1)— (2—t)-0dt = 0.
C3 0
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Piecewise Curve Integration Example V

Example

Calculate fcx dy — y dx where C is the boundary of the quarter-ellipse
x?> 4+ 4y?> =16, x,y > 0, in counterclockwise orientation.

Add up the results

/xdy—ydx = /xdy—ydx—l—/xdy—ydx+/xdy—ydx
C C1

Cz C3

= 0+47+ 0 =4~r.
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