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Fundamental Theorems of Vector Analysis

@ Green's Theorem j{ F-ds= // curl FdA
oD D
» D plane domain, F = (P, Q)

» curl(P, Q) = ?98 (35

@ Stokes' Theorem j[ F.-ds= // curl F-dS
oS S

» S surface in space, F = (P, Q, R)

- anp.q.;) - (2698 00 00 _0P)

dy 0z Ox’
@ Divergence Theorem / -dS = /// divF dV
ow

» W region in space, F = (P, Q,R)

oP aQ OR
> diviP, Q. R) = x oy Ay Yoz dz
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Stokes' Theorem

Theorem

j{ F-ds://curIF-dS
oS S

@ S is an oriented surface in space.

Remarks

@ OS has the boundary orientation: If a unit normal vector is walking
along 08, the surface S is to its left.

o F = (F1, Fp, F3) is a smooth vector field.

o 0 0
>X<F17F27F3>

° cur|F=VxF=<8—X,@,$

_JOFs OF, OFy OFs OF, OF
~\Ody 0z 0z Ox' Ox Oy

v
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Example |

Example

Verify Stokes' Theorem for the surface z = x2 + y2, 0<z<4, with
upward pointing normal vector and F = (—2y, 3x, z).

Computing the line integral

The boundary 9S is the circle x> + y? = 4 in the z = 4 plane. Standard
parametrization is

c(0) = (2cosf,2sinf,4), c'(0) = (—2sind,2cosh,0).

The orientation is correct, too: An upward-pointing normal vector moving
around OS counterclockwise sees S to its left.
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Example Il

Example

Verify Stokes' Theorem for the surface z = x2 4 y2, 0<z<4, with
upward pointing normal vector and F = (—2y, 3x, z).

Computing the line integral

c(0) = (2cos6,2sin6,4), /()= (—2sinf,2cosf,0).

2w
7{ F.-ds = / (—4sinf,6cos0,4) - (—2sinf,2cosh,0)dl
oS 0

27
= / 8sin’ 0 + 12 cos®  d = 8m + 127 = 20r.
0
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Example Il

Example

Verify Stokes’ Theorem for the surface z = x? + y2, 0 < z < 4, with
upward pointing normal vector and F = (—2y, 3x, z).

Computing the surface integral

We can use x and y as parameters over the disk x> + y? < 4. Then

G(x,y) = (x,y,x* + y?),

T,=(1,0,2x), T,=(0,1,2y) n=T,xT, =(-2x,-2y,1).

Orientation is correct because the third component of n is positive, so n is
pointing up.

v
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Example IV

Example

Verify Stokes' Theorem for the surface z = x2 + y2, 0<z<4, with
upward pointing normal vector and F = (—2y, 3x, z).

Computing the surface integral

G(x,y) = (x,y,x*+y%), X*+y?*<4, n=(-2x,-2y,1).

curlF =

OF3 _ 0F> OF; _ 0F3 OF; _ OF1
dy 0z 0z Ox’ Ox Oy
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Example V

Example

Verify Stokes' Theorem for the surface z = x2 + y2, 0<z<4, with
upward pointing normal vector and F = (—2y, 3x, z).

Computing the surface integral

G(x,y) = (x,y,x*+y?), X*+y?*<4, n=(-2x,-2y,1).

curl F =(0,0,5)

/curl F-dS = // (0,0,5) - (—2x,—2y,1)dA
S D

= // 5dA =5area(D) =5 - 4w = 207.
D
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