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1 Introduction to E&M

1.1 Overview of Maxwell’s Equations

The governing equations of electrodynamics are summarized in four equations known as Maxwell’s Equations:

. . 9B -
v.E=L vxB+98 _j5
€0 t
. q OF -
V-B=0 VXB_GOMOEZMOJ

where p and J are required to satisfy

Liv.J=0.
ot T

The goal of this section is to provide context these equations to help us have a better understanding (or to
serve as a review) of what these equations are describing. In deriving these equations, we follow a similar

approach as that in |Gril3]

1.1.1 Coulomb’s Law and the electric field: Gauss’s Law

To begin, we start with a simple observation. If you take an aired up balloon and rub it through your
hair, you can easily get the balloon to stick to the wall before it falls to the ground. Since there is no force
from classical mechanics that would describe why the balloon would briefly stick to the wall, we are led to
conclude that we have found a new force. Doing some simple experiments, one can come up with qualitative
descriptions for this force which one typically does in a second undergraduate physics course. Doing a more
meticulous experiment similar to Coulomb, one can determine the force of a stationary point charge with
charge ¢q on a stationary charge point charge with charge @) is given by

1 Qq ( Ty =T ) 1 Qq

F= <L = | = ——
47’(60”7’2—7’1”2 ||’]"2—’f‘1|| 47’1’60”7“2—7“1”3

(72 —71)

where 7 and 75 are the positions of charge g and @, respectively, and ¢; is an experimental constant called
the permittivity of free space. This equation is called Coulomb’s Law.

If we view the charge @ in Coulomb’s Law as a test charge, a charge that we are free to move and change
the amount of charge, then we can write the force of ¢ on Q) as

FFQ) =QEM Bi)=— L _(7-r)

T dme [T

were 7 is the position in space of the charge ). The vector field E is called the electric field.



In the case we have multiple charges ¢1,...,q, applying a force on @), we utilize the Superposition

Principle which tells us that the total force on @ is given by the sum of the force from each ¢; on Q:

= 1 Qeu . .
F(7 E A N - gy
(7’7@) — d7e H'F—T_;HB (7‘ ’I"L)

1 i L
_QZZL'/TGO”F*FZH‘;(T rl)

i=1
- QY A = QB
i=1
As we can see, we also take sum the individual electric fields to obtain the electric field for all n charges.

In the case we have a continuous distribution of charge 7 over a region R, then the electric field becomes

an integral were the integral element is the charge:

. 1 1 o
Ei) =g | FAgE. @)

Typically, one does not work with such an integral, instead, one works with a charge density p which allows

for a change of variable to obtain

Ll
E(7) = -
(7) 4mo/Ruf—ﬂ||3(’" v

Since p is zero outside of R, then one can change the domain of integration to all R3.

In this form, we can compute the divergence to obtain

V@) = e [ oV (R v
T REIE
= o [ ot amstr - pay = 20
dmey Jps €0

Since V differentiates only with respect to the spatial coordinates of 7, then even if E is time dependent we

still obtain the same result. Thus, we arrive at the first of four in Maxwell’s equations called Gauss’s Law:

v.E="L
€0

1.1.2 Lorentz’s Force Law and the continuity equation

To obtain the other equations, we need to talk about magnetic fields. In a similar manner to the Coulomb
force, there are simple experiments one can do to obtain quantitative descriptions of the magnetic force.
Conducting more meticulous experiments, we know the force of a magnet with magnetic field Bona charge

@ moving with velocity ¢ is given by the Lorentz Force Law:
F =Q(7x B).
Therefore, in the case we also have an electric field E, the total force on Q is given by

F=Q(E+7xB)



The interesting behavior of magnetic fields come from working with current carrying wires. In this case, we

integrate along the wire to find the force is given as
ﬁ:/ax Edq:/)\(ﬁx E)dl:/(fx B)di

where X is the charge distribution along the wire and I = A\ is the current in the wire.

Since carrying current wires have flowing charges, then we want to make sure the local charge is conserved
which can be realized mathematically as relating the volume current density to the time change of the charge
density. If we have a current f, we can measure how the flux changes per perpendicular cross section A .
Thus we define the volume current density .

dI

J:E.

If we are given a charge density p which moves with velocity ¢, then our equation for the volume current
density is given by

=

J=pv

Using the derivative definition of the volume current density, know the total current crossing through a

I:/f.da:/(vj)dv
S v

where the second equality is from Stokes’s Theorem. For local charge to be conserved, the the flow of charge

surface S is given by

through the surface should decrease the remaining charge inside:

= d
/\7(V : J)dV - _%Qenc'

For a charge density p, the charge inside a volume V is given by

Qenc :/pdv
v

~ d d dp
A(VJ)dv——aQenc——a/vpdV——/vadv

Since we want this to hold for any volume, then we conclude that

op -
a-ﬁ-V-J—O.

so that

This gives us the additional equation to Maxwell’s equations called the continuity equation.

1.1.3 Biot-Savart Law and Ampere’s Law with Maxwell’s correction

Though the Lorentz force tells us the force of a magnetic field on a charge @, we still do not know a way to
compute for magnetic field generated by a source such as a current carrying wire. To find the field B , we
consider the case of steady currents which is characterized by

o _

8t70



so that we also have, by the continuity equation,
V-J=0

In this regime, we can experimentally determine the magnetic field given by a steady current carrying wire

of current I which is given by a line integral detailed in the Biot-Savart Law:
oo po [ Ix (F=7()
B(f) = &2 dl
=4

where v is the path of the current in the direction of the current’s flow, 7(l) is the position of the wire in
space, and pg is a experimental constant call the permeability of free space. Given a single straight wire, we

can compute the integral for any closed loop in the perpendicular cross section to find

74 B dl' = 40|l

where the 4 depends on the flow direction of the current. Thus, for a bundle of wires, each wire contributes

a signed magnitudes of its current so that

/(Vxé)-dd:]{§~df:uolenczuo/f-dd'
S S

where S is any surface bounded by the loop and the first equality is from Stokes’” Theorem. Since this holds
for any surface, then

VxB= Moj-
This result is known as Ampere’s Law, but does not represent the complete story. You can see in Maxwell’s
equation that there is an additional term in corresponding equation which does not appear in this equation.
To see where the issue pops up, we must leave the realm of steady state currents. Recall, steady currents

allowed us to say

Vv-J=0.

Without this assumption, we run into a problem as
0=V -(VxB)=pV-J

To fix the divergence, we utilize the continuity equation and Gauss’s Law to obtain

R T P

Using this, one can guess and argue on physical grounds (which is what Maxwell did) that the fixed Ampere’s
Law is given by

—

— > OF
V x B :,quJrquoa

Note, since Vx and V- differentiate with respect to the spatial coordinates and not the time coordinate,
then this result still holds when é, f, p, and E are time dependent. Therefore we have found our second

equation in Maxwell’s equations.

10



1.1.4 Divergence of magnetic fields

We can generalize the Biot-Savart law for volume currents as

B(7) = Z;;/VJ(T) X7 gy

Since

then we find

Again, since V- only differentiates with respect to the spatial coordinates, then this result is still true if we

introduce time dependence. Thus we obtain our third equation of Maxwell’s:

V-B=0o.

1.1.5 The electromotive force and Faraday’s Law

For the final equation, we need to introduce the electromotive force (EMF). There are two versions of EMF.
The first is electrical EMF one typically sees in circuits. For an electric field E, the EMF in a circuit due to
the electric field is given by

Eelectric = %E . df

where we integrate over the circuit. Typically, this EMF is written as
8electric = ff -dl

where f = f. + E and f, is the electric field generated by a source(s) (such as a battery in a circuit), but
we have no need for this term in this discussion. The other type of EMF' is motional EMF which comes up
when you move wires through magnetic fields (such as generators). For a circuit moving in a magnetic field

é, the EMF is given by a flux rule:

dd d .,
gmaneic:_iz_i B -dad = ———-da
gnet dt at Joo T )y e

where ® is the flux of B through the circuit and S is a surface bounded by the loop.
In studying these EMFs, Michael Faraday conducted simple experiments:

1. Take of loop of wire and move it through a magnetic field. One will find that a current is generated.
2. Take a magnet and move it across a loop of wire. One will find a current is generated.

3. Take a loop and place it in a magnetic field. With this setup, vary the strength of the magnetic field.

One will still find a current is still generated.

11



The results in the first experiment are explained by the flux rule for motional EMF. The second experiment’s
results tells us the EMF is from the electric field which is also equal to the time rate of change of the magnetic

flux:

S S o B
/VxE~dd':%E-dl:/—a—-d6.
where the first equality holds from Stokes’ Theorem. Since the equations above must be true for any surface

S, then we conclude

. 9B
E=-=—
V x T

which is called Faraday’s Law and is the final equation for Maxwell’s equations. Note the third experiment
tell us that whenever the magnetic flux through a circuit wire changes, there is an induced current in the

loop.

1.2 Scalar and Vector Potentials for Maxwell’s Equations

Now that we have familiarized ourselves with Maxwell’s equations, we introduce two fundamental quantities:
the scalar potential and the vector potential. Though, we first begin with a review of the de Rham complex

of R3,

1.2.1 Review of the de Rham complex for R3

Recall that for any smooth manifold M we have the de Rham complex Q*(M) which forms a cochain complex
where coboundary map is the exterior derivative. For M = R3, the cochain complex is only four terms long
given by

C®(R?) L QL(R?) L Q2(R?) 4 Q3(R?)

2

We also have a standard Riemannian metric on R? called the flat metric. Letting !, 22, 2® denote the global

coordinates on R?, the flat metric is given by

n ) ) 1 4 :,7
qg= Z 5ijd$1 ® dx? (Sij =
3,j=1 0 i#j

This metric induces a linear isomorphism from covector fields on R? and vector fields on R? given by

gy U (R = X(R?)  da' B

Furthermore, since R3 is orientable, then, with respect to this metric, we have canonical top form called the

Riemannian volume form which, in the coordinates, is given by

wy = \/det([6;;])dxt A da? A da® = dat A da? A da®.

12



Using this top form and the interior multiplication, we obtain an isomorphism
iwg : X(R?) — Q*(R?)  iwy(X) = ixw,

Additionally, Q3(R3) = C°(R3) as \3(T*R3®) — R3 is a trivial line bundle due to R3 being orientable.

Under all these identifications we obtain the following where the vertical maps are isomorphism:

C®(R3) — QI(R3) —1— O2(R3) —%— Q3(R3)

P

C>(R?) X(R?) X(R3) C>(R3)

Taking the inverse of iw, as well as the induced maps along the bottom which are given, from left to right,

by V, Vx, and V-, we obtain an isomorphism of cochain complexes:

C(R3) —4 QL(R3) —4 O2(R3) —%— O3(R?)

l | | |

C®(R3) —Y— X(R3) —2 X(R3) —Y s C°(R3)

Note, the same holds if we instead were working with an open subset of R?. Since R? is contractible, we

know the cochain complex
C> (R L oY(R?) L 0(R?) 4 Q3(R?)

is exact. Thus, under the isomorphisms, we know
C®(R?) L x(R?) L5 2(R3) L5 C(R?)
is an exact sequence. Again, the same holds true if we are working on an open subset of R? that is contractible.
1.2.2 Constructing scalar and vector potentials for Maxwell’s equations
Now lets go back to our electric and magnetic fields. From Maxwell’s equations, we know
V-B=0,

so we would like utilize the exact sequence we constructed to say there exists Ae X(R3) such that B =Vx /Y,
but there is a slight issue: B is defined on R* = R x R3 not R3. To get around this issue, we define for each

t €R, By : R? — R3 where B}(f) = é(t, Z). Since V- only differentiates the spatial coordinates, then
V-B=0 = VteR,V-B, =0

Thus, for each ¢ € R, we know there exists A, € X(R3) such that B; = V x A;. Define A : R* — R3 where

A(t,7) = Ay(Z). Since Vx does not differentiate with respect to time, we have

(V x A)(x,t) = (V x A)(&) = By(&) = B(t, &)

13



so that B = V x A4 as desired. Using

B=VxA VXE+8—B:0
ot
we obtain
o—vXE+£—vXE+Q(vXE)
- ot ot
. 0A
f— E —_—
V x +V><8t
L 0A
= E —_—
V x ( +8t)

Via a similar argument as the magnetic field, we know there exists ¢ € C*°(R*) such that

0A

V= F 1+ 2=

Vo + ot

which tells us R
= 0A

E=-V¢— —

ve ot

Note the same holds true even if B and E are defined on I x U where I is an open interval and U is a
contractible open subset of R?.

One should beware that ¢ and A are not unique. This should come as no surprise as exact forms cannot
be uniquely written. For example, we have for any x € C*°(R%)

ox

SO N
D + Vx

¢ =

are two functions which generate the same E and B fields. For contractible domains, this turns out to

completely characterize the degeneracy of ¢ and A (see Exercise 1)

Definition 1.2.1.

Let p: R* = R and J : R* = R3 be smooth functions satisfying the continuity equation.

e A pair ¢, A where ¢:R* - R and A R* 5 R3 is called a potential if

satisfies Maxwell’s equations with charge density p and volume current density J.

e Given a potential ¢, /T, the map ¢ is called a scalar potential and the vector field A is called a vector

potential.

e Two potentials ¢, A and ¢/, A’ are related by a gauge transformation y € C°°(R%) if

B L
o =o-5 A=A+ Vy
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Through a quick verification, we know that the relation of being related by a gauge transformation is an

equivalence relation on the set of potentials. Therefore we can make the following definition.

Definition 1.2.2.

An electromagnetic field on R* is an equivalence class of potentials on R*.

1.2.3 Importance of the potentials

Using the potentials, we know we only need to check that the equations

. . OF .
V-E=" and VxB-eposr = puoJ
€ ot

are satisfied as the other two equations are always satisfied due to how we defined B and E in terms of 1)
and A. However, the potentials also play an important role outside of finding B and E to satisfy Maxwell’s
equations. Later on, we will consider Maxwell’s equations in the realm of special relativity, and we will need
a means of computing E and B such that our fields are invariant under Lorentz transformations. Directly
computing Lorentz invariant electric and magnetic fields would be challenging as there are four equations
we need to consider. However, with the potentials, we only have two equations that need to be invariant
under Lorentz transformations. In addition to being our access point for doing special relativistic E&M, the
potentials will also provide a frame work for considering field theories. Finally, the potentials also contain
information about the magnetic and electric field that can describe non-trivial behavior even if the magnetic

or electric field is zero such as in the Aharono-Bohm effect.

1.3 Lagrangian for Maxwell’s equations

Having familiarized ourselves with Maxwell’s equations as well as the potentials, we complete our overview
by determining the lagrangian whose Euler-Lagrange equations are Maxwell’s equations. We first begin
with a brief overview of the lagrangian and the development of the Euler-Lagrange equations from classical
mechanics. We then look at the Euler-Lagrange equation with scalar fields and vector field. Afterwards, we
will take a look at the reverse problem to help determine if Maxwell’s equations are the equations of motion
for some lagrangian. We then conclude by taking the electrodynamics lagrangian and verify the equations

of motion for it are Maxwell’s equations.

1.3.1 Lagrangian in classical mechanics

In classical mechanics, we can determine the trajectory of a particle by applying Newton’s Second Law:

F=md=mZ



Alternatively, if we know the kinetic and potential energy, we can apply Hamilton’s Principle which states
that a particle will travel along the path & : [to, 1] — R™ from @ € R™ to b € R™ such that
t1 .
K(Z(t)) — V(Z(t),t)dt

to

is minimized. The difference

K (&(t) = V(#(1),t) =

X
ucﬂ-
=1l
=
8

(1)) = Ltz (1), &' (), ..., a"(t), 2" (t))

where ¥ = (z!,...,2") is called the Lagrangian. To solve this problem, we define

C;)Og([tOvtl]uRn) = {C] € Cm([toﬂtl]an) : q(to) = C_7:7(.7@1) = b}v

to define the action functional
ty
S:C5([to, 1], R?) = R S(q) =/ L(q (1), ¢ (), ... q"(t), 4" (t), t)dL.
, to

This action functional has ¢ as a critical point if and only if

0 _doz
o dt o'

called the Euler Lagrange equations.

1.3.2 Lagrangian for fields

In the classical mechanics, the position functions and velocities determines how the system evolves over time.
In field theory, the fields and the changing of the fields with respect to space time coordinates determine
how the field changes over space-time. Suppose we have smooth function ¢ : R* — R , then our Lagrangian
will be a function

dp O¢p 0o 0¢

Pt 2 b 2P 90 99 09
(x "r ’x7’¢)am178$27ax378t)
1,2 .3

where z', 2%, 2° are independent of ¢ and are the independent variables (along with ¢). Thus we obtain
an action functional which integrates the lagrangian over space time which we want to minimize. Since we
are varying the scalar field ¢, then, applying Calculus of Variations, yields that ¢ is a critical point of the

action functional if and only if

500 Y

o Ot9(22) ot a(fL)

In the case we have multiple scalars functions, then we obtain such an equation for each scalar. If we have
a vector field A : R* — R3 with A = (A, A%, A%), then we obtain such an equation for each A°.

16



1.3.3 Finding a lagrangian from the equations of motion

So far, we have consider a Lagrangian and determined the equations of motion using the Euler-Lagrange
equations. If we start with some differential equations, such as Maxwell’s equations, then we would like to

know two items:

1. Under what conditions does there exists a lagrangian whose Euler-Lagrange equations are the equations

we started with.
2. Under such conditions, how do we determine such a lagrangian.

For two degrees of freedom, the first question has an answer in the following theorem.

Theorem 1.3.1 (Douglas, 1941).

Suppose for 1 < 1,j < n, we have the second order differential equations
it = [, @)
for some times [0, T]. Define for each 1 <1i,j <n,

gi - 14O OF 1S 0ror
7 2dtow 0wl 4 4= 9uk i

and let ® = [@;] There exists a lagrangian L : [0,T] x R*® — R"™ such that the Euler-Lagrange equations

are

W= i, i=1,...,n
if and only if there exists a symmetric, invertible matric g where g;;(u, %) satisfying the Helmholtz conditions:
1. g® = (9@)T.

2. For1<1,j <n,
o dgij 1 n 8fk 8fk

at 2 2= 9a M T g

3. For1<1,j,k<n,
agij _ 0gik

ouk  oul

Using Douglas’s Theorem, the Helmholtz conditions allows one to construct a lagrangian as a integral

equation. More information for this construction can be found in |[GKO7].

17



1.3.4 The lagrangian for Maxwell’s equations

An alternative to solving a pretty gnarly integral equation is to guess the lagrangian. Using the symmetry

of Maxwell’s equations, one can make an educated guess that the Lagrangian would be
1,2 .3 N 202 . L a2 7o
D‘Z(x y Ly T vt7¢7A) = 5(60||E|| + %HBH ) _p¢+']"4
Varying ¢, we obtain the Euler-Lagrange equation

0.8 0 0% .0 0¥

0o 8ta(%> — (w‘a(%)*

Recall E = —Vo— %, so the Euler-Lagrange equation becomes

3 .

0, 0¢p OA ~

fpfOfeog 783:1'(7895"7 at):prreOVJE':O
i=1

which implies Gauss’s Law:

v E=L

€0
Varying . with respect to each scalars A', A%, and A3 in the vector potential A" one can obtain Ampere’s

Law.

1.4 Exercises

Lecture 1 Problem Set

1. Use Maxwell’s equations to derive the continuity equation.

2. Let U be an open, contractible subset of R*. Let ¢, ¢’ € C(U) be time dependent scalar fields, and
let A, A’ : U — R3 be C* time dependent vector fields. Show that if ¢, A and ¢/, A’ generate the same

electric and magnetic field, then there exists a gauge transformation relating ¢, A to @', Al
3. The following questions provide you the opportunity to compute some Euler-Lagrange equations.

(a) Let ¢ € C°(RY), and let A : R* — R3 be a C™ vector field. Let

E:—V¢L§r B=VxA.

Show the Euler-Lagrange equations from the lagrangian
. 1 . . .
Z(t,7,7) = gm(T- %) - Q¢(t,Z) + QT - A(¢, 7)

where @ is a real constant and ¥ = (2!, 2%, 2®) implies the Lorentz Force Law: F= Q(E—i—f X é)

18



(b) (From [BF92])Consider the real lagrangian density

e
2m

L = 3=(V6) - (V6") + Voo™ — T(o" 5 — 6

)

where ¢ and ¢* are independent of one another and are functions of space-time, V' is a function of
space-time, and % is a constant. Show the Euler-Lagrange equations from this lagrangian density
implies Schrodinger’s Equation:

0™
ot

h 2 _8¢ h 2 1k * __ g
%V¢+V¢—zhat Qngb + Vo' = —ih

(¢) Show the Euler-Lagrange equations from the electrodynamics lagrangian density for the scalar

fields from the vector potential implies Ampere’s Law.

4. (From [BF92]) If one starts with equations of motion and determines an appropriate lagrangian density,
then it makes sense to ask if the lagrangian density is unique. The answer turns out to be no. Suppose

we have a lagrangian density

fzf(xk,qu,%) k=1,....,n j=1,...,m
8a:k
where x1,...,x, are the independent variables and ¢1,...,¢,, are the scalar fields dependent on

Z1y...,&p. Suppose [ = (f1,..., fn) is a R™ valued-function where fr = fr(db1,...,dm). Show the

lagrangian density

"~ O f
[ b
&z _$+kz::18xk

generates the same Euler-Lagrange equations as .Z.
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2 Electrostatics

2.0.1 Setup

For electrostatics, we make the following assumptions:

- —

J=0 A=0
op 0o
ot~ ar =0

Under these assumptions, the continuity equation is always satisfied:

(o))

P

V.J+ ==
o

=0+0=0.

Since A=0and B =V x /Y, then we know B = 0. Furthermore, we have

E:—qu—az—w.

Therefore we know Faraday’s Law is always satisfied, the divergence of Bis always zero, and Ampere’s Law

is always satisfied. Thus, the only equation that we need to actually check is Gauss’s Law:

P oV . E=-V.(Vg)=-V2

€o

Thus, for electrostatics, we need to our scalar field ¢ to satisfy Poisson’s equation.

2.0.2 Aside on the Divergence Theorem for oriented Riemannian manifolds

An important tool for working with Poisson’s equation is the Divergence Theorem. For orientable manifolds,
this result follows from Stokes’ theorem. For non-orientable manifold, the result still holds were we are
integrating densities.

To see the orientable case, suppose (M, g) is a C*° Riemannian manifold with boundary of dimension n.
Since OM is a C*° embedded submanifold of M, then the inclusion map inc : M — M is an immersion.
Therefore we can pullback the Riemannian metric, denote as g, to make M into a Riemannian manifold.
Now, suppose M is orientable, then we can take the orientating top form as the canonical Riemannian
volume form w,. To orientate the boundary OM, we equip M with the boundary orientation. Recall, the
boundary orientation is given by ixw where X is any outward pointing vector field along OM and w is any
top form in the equivalence class of the orientation on M. Since we have a Riemannian metric, we can take
X such that the vector field is normal along the boundary. In fact, there is a unique such vector field which

we denote as V. Taking w = w,, we obtain
wg = in(wg)

where wj is the canonical Riemannian volume form on OM with respect to the boundary orientation.
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Since M is a Riemannian manifold, we have, similar to R3, an isomorphism iw, : X(M) — Q"~1(M)

where X — ixw,. Such differential form pullback nicely under inc as
inc* (in) = <X, N>gUJg.

Furthermore, taking the exterior of such differential forms provides an generalization of the divergence
operator V- on R3:
div: X(M) — Q" (M) X = d(ixwy)

Applying Stokes’ Theorem with theses identifications yields the Divergence Theorem for oriented Riemannian

manifolds.

Theorem 2.0.1 (Divergence Theorem (orientable case)).

Let (M, g) be an oriented Riemannian C* manifold of dimension n with boundary. For any X € X(M) with

/M div(X) = /(9M(X,N>gw§

where g is the induced metric on OM, N is the unique outward pointing normal vector field along OM, and

compact support,

wg is the canonical Riemannian volume form on OM.

Proof.

By Stokes’ Theorem, we have

/M div(X) = /M d(ixwg) = /aM inc*(ixw,) = /8M<X’ N)yws-
O

For R™, one only needs to work on an open, bounded subset U whose boundary is a C'' manifold, and,
instead of vector fields, one works with f € C1(U) functions f so that the result reads

/Vfdml...dm”: frdA
U oU

where 77 is an outward pointing normal unit normal vector field along OU.

2.0.3 Uniqueness of solutions to Poisson’s equation

Using the Divergence Theorem for R?, we can prove uniqueness of solutions to Poisson’s equation when ¢

vanishes at infinity, ||Z]|¢ is bounded, and ||Z]|| * || V|| vanishes at infinity.
Theorem 2.0.2.
For any given charge density p : R> — R, there exists at most one solution to

s
€0

Vip=—

such that
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1. lim ¢=0
1|00

2. ||Z||¢ is bounded

3. lim ||Z||«|[Ve][ =0
[1Z]|—o00
Proof.
Suppose ¢ and ¢’ are two solutions satisfying the three conditions, then ¢ = ¢ — ¢’ is a solution to V¢ = 0

which satisfies the three conditions. Since
0=y(V3) =V (¥Vy) — |[Vy[]%,
then for any ball of radius R, we have
0= o V- (vV) — ||V [2dat da?da®

Let 7 be a unit normal vector field along the boundary of the ball of radius R, then the Divergence Theorem

tells us

V - (vVop)datdatda® = / i - VapdA.

r<R r=R

Therefore
[ wn- VoAl < 4Bl 90]1n

where ||¢||g is the maximum of ¢ on the surface similarly for ||V||r. Using condition (2), we know there

exists C' > 0 such that R||¢||r < C for all R > 0. Condition (3) tells us
lim R||V¥||gr =0.
R—o00

['hus
lim 47 R?||¢[|g * ||[V||r < lim 47CR[|VY|[r =0
R—o0 R—o00

which implies

lim V - (Vep)daz'dz?dz® = lim i - VipdA =0
R—oo Jo<p R—oo [, R
Therefore
0= tim | V-V — ||Vi|[2detde2da® = —/ V4] [2da’ dada®
R—oo ’I“SR R3

so that ||[V9||? = 0 for all R3. Hence Vi) = 0 so that 1) is a constant on R®. Condition (1) for 1 implies the
constant is zero. Hence 1) = ¢ — ¢ = 0 so that ¢ = ¢ as desired.
O
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2.0.4 Aside on Generalized Functions and Distributions

Many charge distributions can be written using the Dirac Delta function such as a point charge or a charge
along the surface of a sphere. Therefore we take this moment to discuss generalized functions and distribu-

tions which the Dirac Delta function is an example of.

Definition 2.0.3.
Let U C R™ be an open set. Denote the set of smooth real valued function on U with compact support as

C(U).
e We call elements of C°(U) test functions.

e The real vector space D(U) := C°(U) under pointwise addition and scalar multiplication is called the

space of all test functions on U.

e For each o € NiJ, let |a| = a1 + ... + .
a a1 8 a2 8 [e20)
pr=(-2) (5) ... (=2
(89:1) (8z2) (895")

1Ml DO) =R llm= > 1Dl

a€eND |al<m

e For each o € Njj, define

e For each m € Ny, define

where || - ||oo is the L™-norm with respect to the Lebesgue measure on U.

e A sequence (¢;);en in D(U) converges to ¢ in D(U) if there exits a compact subset K C U such that
supp(¢;) C K for each i € N and lim ||¢; — ¢||,n = 0 for each m € Ny.
71— 00

e A sequence (¢;);en in D(U) is Cauchy if there exists a compact subset K C U such that supp(¢;) C K
for each ¢ € N and for each € > 0 and each m € Ny, there exits N € N such that ||¢; — ¢;||m < €

whenever 7,5 > N.

With respect to this convergence, we can endow D(U) with the uniform convergence topology. Thus we

can make the following definition.

Definition 2.0.4.
Let U C R™ be an open subset.

e A distribution or generalized function on U is continuous R-linear map 7' : D(U) — R.

e We denote the vector space of all distribution on U as D'(U) .
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Checking continuity with respect to the topology on D(U) would not be a pleasant experience. Thankfully,

for linear functionals, we have the following equivalent notions of continuity for maps from D(U) to R.

Theorem 2.0.5.
Let U be an open subset of R™, and let T : D(U) — R be a linear map. Then the following are equivalent:

1. T is continuous.
2. T is sequentially continuous.
3. T is sequentially continuous at the zero function.

4. For every compact set K of U, there exists n € Nog and C > 0 such that |T(¢)| < C||¢||n for all
¢ € D(U) with supp(¢) C K.

The parts of the proof for this statement can be found in chapter 5 of [AB53].

Example 2.0.6.

1. Let U C R”, and fix p € U. Consider 6, : D(U) — R where §,(¢) = ¢(p). Using (4) in the prior
theorem shows §,, is indeed continuous. The details are left as an exercises. Hence 6, is distribution

called the Dirac Delta function.

2. Let U C R™. Let f: U — R be a locally integrable function; that is, f is measurable and for each
compact subset K C U, [, |f(x)|dx < co. Define Ay : D(U) — R where

As(d) = /U f(2)d(x)dz.

We claim Ay is a distribution. First, since the integral is linear, then Ay is a linear functional. Therefore

it remains to see that Ay is continuous which is left as an exercises.

It turns out the map from locally integrable functions on U to distribution on U where f — Ay is almost
everywhere one-to-one in the sense that Ay = A, if and only if f = g almost everywhere. Again, a proof of
this claim can be found in chapter 5 of [AB53].

One important tool for test functions is differentiation. Indeed, D : D(U) — D(U) is a linear map

which is sequentially continuous for each o € Nj. Thus, given T € D’'(U), we can define
(DY)Y'T=ToD*:DU) =R
which is a distribution on U. Note, in the case f € C°(U), then
DAy = Apoy
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which means that for each ¢ € D(U),

D° /U F(@)p(a)de = /U (D ) (2)(x)dx

Using integration by parts, we know

[ (0 p@ta)ds = (1) [ f@)(D*¢)(a)da
U U

Therefore we can generalize the notion to the derivative of a distribution as follows.

Definition 2.0.7.
Let U C R™ be open. Given T € D'(U) and « € Njj, we define

DT:D(U) =R (DT)(¢) = (=1)*|(T o D*)(9)

2.0.5 Green’s functions for differential operators

Now that we had our detour into generalized functions, we return to solving Poisson’s equation. To solve
such an equation, we utilize Green’s function. To motivate Green’s function, we follow a similar approach
in [BF92]. Suppose we have a differential operator L such as L = %; or L = V2. For a fixed function g, we

can ask for which function(s) f, if any exist, satisfy

Lf=g.

If L was a n-by-n matrix which was invertible, then we can easily solve this problem by computing L' and
have f = L™'g. Since L is an operator on an infinite dimensional function space, it is a challenge to find
a left hand inverse of L. To help in this process, let us suppose that L is an operator on a Hilbert space.
In particular, let’s consider the space of square integrable functions on R™. Suppose L has a complete,

orthonormal basis in terms of eigenfunctions of L; that is, there exists a {¢, : n € N} such that
Lp, = Aoy, neN

and the closure of the span of {¢, : n € N} is the entire Hilbert space. Since f and g are vectors in our

Hilbert space, then we can write
(oo} (oo}
F=Yaidi  g=> big,
i=1 j=1

where a; and b; are real numbers. Therefore

Lf=> aiLgi =Y Naidi =Y bidn
i=1 i=1 j=1
which implies
Z()\iai - bz)¢1 =0.
i=1
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By linearly independence of our ¢;’s, we know the coefficients must be zero. In the case A; # 0, then we can
solve for q;

a; = N
Otherwise, if A\; = 0, then b; = 0. Using the inner product on our Hilbert space (which is given by integration)

and the orthogonality of the ¢;’s , we know

Thus, we have

f@) = 3 1 (@nahon = > -ou(e) [ onlal)oe')da’
n=1"" i=1 "

- /Z%q&i(x)@(x’)g(x’)dm'

-/ (Z m(m)j;(m’)) o)

where the function G(z,2’) is called the Green’s function for L. We can view G(z,2’) as a distribution of a
locally integrable function. Thus, it makes sense to consider what is the distribution LG(x,2’)? The claim
is that

LG(x,2") = 6(z — ).

To see this, we show LG(z,z’) is the same linear functional. By the properties of L locally integrable

functions, we know

-y S 5
_fj Bi(@)be(a
so that _
[ 16@angta o= | f} @(as)@(z/)) g(a')da’
- iw) [ o rate)aa
- i 8:(2)10,9) = (2)
Hence 7



as claimed.

Therefore to solve Lf = g, our goal is to determine the Green’s function for L which is characterized by
LG(z,z') = 6(x — 2')
so that a solution f to Lf = g is given by

ﬂw=/ameWMf

If L admits a complete, orthonormal basis for the Hilbert space in terms of eigenfunctions, then we can write
down the Green’s function. If the operator L does not admit such a basis, then we have some work to do to

determine G(z,z’).

2.0.6 Green’s function and the Poisson equation

Let’s now specialize to the case of Poisson’s equation

s
€0

V2= —

To solve this, the goal remains the same: determine the Green’s function. We start by considering the case
that we want ¢ to vanish at infinity. To impose this boundary condition, we can simply impose it on our

Green’s function as, after all,
—1
o)== [ Gl )pla')is
€0
which will vanish at infinity if G(z,2’) vanishes at infinity in 2. Therefore we are looking for G(z,2’) such

that

V3G (z,2') =6(x —2') and G(z,2’) = 0asz — o0
It turns out that we can easily identify this Green’s function by ansatz as

-1

Gloa)=——
(@,27) inllz — 2|

so that

1 plx')
o) = 47reo/||x—x/\|dx

Example 2.0.8 (point charge).
Consider a point charge ¢ at the origin which has a charge distribution given by p(z) = ¢d(z). Then
1 ) ., 1 ¢
= dr' = —.

r—2a|| " dmeo ||z

Applying E= —Vo, we find

N 1 q
E = r
)= Trea 7P

which agrees with the electric field of a point charge that we defined from Coulomb’s Law.
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Now let’s consider the case we are working on a bounded domain U C R? and want to impose a boundary
condition along OU given by a function 1. The way we construct ¢ becomes a bit more complicated but
follows the same premise: determine the Green’s function. Recall, the Divergence Theorem tells us that for

a vector field X on U and a C! function f that

/ V- X+Vf-XdV=¢ fX- ndA.
U U
Taking X = GV¢ — ¢VG and f as the constant function at one, the integrals become
/ Gla, e )p(x)dV — (@) = ¢ Gla,2')Dad — (a')DaGdA
oUu
so that
/ G(z,2")p(z")dV + G(x,2")Dso — ¢(2') Dy GdA.
oUu
Now if we impose G(z,2") vanlshes on the boundary and we want ¢|sy = 1, then ¢ is determined by
-1
o(z) = —/ G(z,2")p(x")dV + (2" ) DaGdA
€ Ju ou

which is completely in terms of the Green’s function, the charge density, and our boundary condition . To
have G(z, ') vanish at the boundary and satisfy V2G(x, ') = §(x,2’) we can take
-1

A7 ||z — 2|

G(x,2") = + F(z,2")

where we pick F' to be the function that makes G vanish on OU as well as satisfies V2F(z,2') = 0 on U.

2.1 Exercises
1. Let pe R.

(a) Verify the Dirac Delta function at p, denoted as 6, is a distribution on R.
(b) Verify the heavy side function at p, denoted as Hp, is locally integrable on R.
(c) Verify LAy =4,

2. Verify that if G is the Green’s function for a continuous partial differential operator L, then a solution

to Lf = g is indeed f(z) = [ G(z,2")g(z")dz’.

3. Verify taking X = GV¢—¢VG and f as the constant function at one in the Divergence Theorem does
in fact yield the equation for ¢ in terms of the the Green’s function G, charge density p, and boundary

condition .

4. The following problem will have you prove the uniqueness for solutions to the Dirichlet Boundary Value
Problem. Let U C R™ be open such that U is compact. Fix a continuous functions f : OU — R and
g:U — R. Let ¢ : U — R be a function such that ¢ is C? on U and ¢ is continuous on OU. Show
that if ¢|py = f and V2¢ = g on U, then ¢ is unique. (Hint: consider an approach similar to showing

Poisson’s equation has unique solutions using the Divergence Theorem)
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3 Electrodynamics

3.1 The Equations of Electrodynamics
3.1.1 The local charge-current conservation

In an open set U C R x R? we consider a charge density p(t,x) and a current density J(¢,x) satisfying the

charge-current conservation

9]
SV I=0mn,
which, upon using the divergence theorem, is equivalent to

d
e pdV:f/ J.ds
dt Jy av

for all V C U. The above equation explains the local nature of the charge-current conservation. We then ask,
for the above charge density and current density, if we can find an electric field E(¢,x) and a magnetic field
B(t,x) satisfying Maxwell’s equations:

0B P 1 OE
-B = E+ — = E=L£ B_ — _ _
v 0, VXE+ 5 0,V EO,VX 2 od

Observe that the charge-current conservation is a necessary condition of the last two Maxwell’s equations

(1.4 Exercises, Problem 1). Also, if there are potentials ¢ and A in U such that

B:VXA,E:ngbfaa—?,

then the first two Maxwell’s equations hold: the converse is true in case that U is simply connected (the last

sentence in 1.2.1). Indeed, using the sign convention (-,+,+,+), we see that the 2-form on U
1
F=-E-drAdt+B- (dr xdr)
c
1
=—(Eyde+ Eydy+ E.dz) Ndt + By dy Ndz + By dz Ndx + B, dz A dy
¢

is closed in view of the first two Maxwell’s equations. Then, applying the Poincaré lemma to the simply
connected region U, we get a 1-form A with A = —% dt + Ay dx + Ay dy + A, dz such that F' = dA, which

yields the above expressions of B and E in terms of the potentials.

3.1.2 Einstein summation convention and the Levi-Civita symbol

Here we are using indices ranging over 1, 2,3 and our vectors are from R3. In the following equations we will

use the summation convention: a pair of repeated indices means summation as in

3
alblz E a,»bi.
i=1

Also we introduce the Levi-Civita symbol:
€ijk = 0410520k3 + 01012053 + Ox10:2053 — 0;10k203 — 01052053 — 0510:20k3.
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Notice that €;;, = 0 unless ¢, j, k are distinct. Also, we find that (A x B); = €;;,4,;B) and (V x B); =
€;j50; Bi. A useful identity is

€ijk€kim = 0il0jm — Oim0ji.
We see that both sides are zero unless ¢ # j and [ # m. In the left hand side the summation over k
contributes for exactly one k when k # ¢,j and k # [, m, which implies {¢,j} = {I,m}. In that case both
sides are 1 or —1 depending on whether i = [,j = m or i = m,j = . We will use the following identities,

which are left as exercises:

V- (ExB)=B:-(VxE)-E-:(VxB)

1
Ex(VxE):§V|E|2—(E~V)-E.

3.1.3 Conservation of energy and momentum

In order to consider conservation of energy and momentum let’s define the energy density, the momentum

density and the stress tensor of our electromagnetic fields by

1 1 1
E=— (€0|E|2 + |B|2> N P= E()E X B, ®ij = GoEiEj + fBzBJ — (5”8
2 1o Ho
Also, we define the Poynting vector by 8 = ¢?P = E x B/pg since c?eouo = 1, and we check that it is the
energy flux. Using Maxwell’s equations and the vector identity V- (Ex B) =B (VX E)—E-(V x B), we

have

0e OE 1 oB 1
8t +V € 6t +[,L0 at —i_,Ll,()v ( X )

1 1
:eoE~[02(V><B—;LOJ)]+M—B~(—VXE)+H—V-(E><B)
0 0

:—E-J+%[E-(VXB)—B~(V><E)+V~(E><B)]

=-E-J.

Now, if we postulate that the total energy Eiot = € + Ematter 1S to be conserved, that is,

a8t0t
ot

+V-8=0,

then, we obtain 0& hatter/Ot = E - J: the electromagnetic field adds energy per volume to the matter at this
rate.

Similarly from the identity
oP;

ot

we see that the electromagnetic field exerts a force per unit volume on matter, that is, 9Py atter/0t = £ =

- Oj@ij = —[pE—‘rJ X B]i,
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pE + J x B, which is nothing but the Lorentz force law. Indeed,

0P; OE 0B 1
ot — ﬁjG)ij = € <8t x B+ E x 6t>1 — eoaj(EiEj) — %@(BlBJ) + 5”8]8
= 6002 ([(V X B) — /LQJ] X B)l — €0 [E X (V X E)]z — €0 (ElV -E+ (E . V)El)

1
Ho
= —[pE +J X B]“

1 1 1
(B B+ (B-V)B) + adi (5[BP) + -o: (51BP)
2 Ho 2

where we used Maxwell’s equations V- E = p/ey, V- B = 0 and a vector identity we mentioned in the above.

3.1.4 Maxwell’s equations in Lorenz gauge

In terms of potentials the last two Maxwell’s equations become

0 P
Vp—-—_V.A=2L
¢ at €0
10 1 02A
—V2A A+ =— —— = .
VIA+V(V-A)+ 55 Vo + 5o = 1ol
Define the d’Alembertian
n-_1% o
o c2ot2
and let x be a solution of the equation [y = —s, where
1 0¢
_ 199 A
=37 +V

Then, with the gauge transformation

0
o =0 S A=A+ Vx,

we find that ¢’ and A’ satisfy the Lorenz gauge condition, that is,

1 9¢/

——+V-A'"=0.

2 ot +

Dropping primes let’s assume that our potentials ¢ and A already satisfy the Lorenz gauge condition. Then,

the above Maxwell’s equations in potentials, along with the gauge condition, are written in the same form
as

P 1 9¢

Op=—-1, OA =—ppd, ——

¢ € Ho c2 Ot

With z# = (ct,x), A" = (¢/c,A), J* = (cp,T) and 9, = (0/02",0/0x) we can write the above as

+V-A=0.

DA = —pgJ", 9,A" = 0.
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3.2 Retarded Green’s Function

3.2.1 Fourier transform

Let’s review the Fourier transform briefly. Let g : R x R? — R be in the Schwartz space §(R x R?), that is,
g is smooth and any partial derivative D*g vanishes faster than |(¢,x)|”™ for any m € N as |(¢,x)| tends to

infinity. Define its Fourier transform § : R x R®> — R by

4
1 ) )

~ 7k _ t7 iwt—ik-x dt d3

g(w ) (\/271') /JRXR3 g( X)e !

Then it follows that § € 8(R x R3) and

1" o
tx)=|—= §(w, k)e WX do @k -
o) <v27r> /]Rx]Ri‘g(w )e N

this amounts to the Fourier inversion theorem.

In 2.0.4 we defined distributions. Now, we define a tempered distribution 7' as a linear functional
on 8(R x R?) such that (T, ¢,) — 0 whenever ¢, is a sequence in §(R x R?) satisfying that, for all n
and «, the sequence |D%@,||(t,x)|™ converges to 0 uniformly as n tends to infinity. Observe that any
tempered distribution is a distribution, in particular, delta functions are all tempered distributions. For
a tempered distribution 7" on R x R? one can define its derivatives D®T and Fourier transform T by
(DT, ¢) = (=1)1*I(T, D*¢) and (T, ¢) = (T, ¢). These turn out to be tempered distributions. Also, the

Fourier inversion formula holds for the tempered distributions and for the delta function:

_ 1 L o iwttilex 3
0(t)d(x) = G2 /RXR3 (27r)2€ dw d°k.

3.2.2 Green’s function method

We had the equation for the scalar potential ¢ = —p/eg, which is readily solved by

o(t,x) = / Gt x;t, x)V 2, x') d3a'dt,
€0
if G is a Green’s function, that is,

Ot Gt xt', x') = =6(t — ')6(x — x').

Because of the form of the delta function on the right hand side we try G(¢,x;t',x') = g(t — t/,x — X).

Since
Og(t,x) = L/ (“’2 — k2> G(w, k)e WtHikx do, @3k
(27)? Jrxrs \ ¢
0000 =~ (271r)2 /Rst (271r)2€_m+ik-x do &k,
we have 2 .



When we use the Fourier inversion to get g(t,x) we first inverse transform with respect to ¢ to get

(t. k) = \/%/Rﬁ(w,k)e—i“t dw = — (\/12?>5/R = C;f)_(:l r

Notice that the integrand has poles at w = 4+kc. Thus to get a physically relevant result we use the retarded

regularization to write

1 5 CQe—iwt
5(t, k) = lim — [ — dw,
a1 = i — () fon TR

where C/(e, R) is a contour going about tkc in clockwise half circle with radius e above the z-axis and closing

in a clockwise(counterclockwise) in a half circle with radius R for ¢ > 0(¢ < 0). This results in

- 1 esin(ket)

for ¢ > 0 and zero for t < 0. Hence, with x = |x| we have

1 51 )
gaa(1,%) = ¢ /]R 3 esin(kel) iwex goy,

2m)3 k
1 [eS) 27 T in(ket) ‘
:—/ dek/ d<p/ o EEE) ik coso 1 g
873 Jo 0 0 k
1 [ ek — e~ cgin(ket)
== | Kdk
— _46 /OO dk (eikm _ e—ikz)(eickt _ e—ickt)
82z J,
_ ¢ > ik(xz+ct ik(z—ct
= 8t /,oodk(e (rret) — ethlemet))
= —é(é(m +ct) — d(x — ct))

=UC)

for ¢ > 0 and gyet(t,x) = 0 for ¢t < 0. Therefore we have

0 ift <t
L 5(1&4’7@) it > 1.

4m|x—x']

Gret (tv X; t,v X/) =

And we get retarded solution corresponding to the charge density p and the current density J:

ot x) = 1 /]Rs [P(t’,x’)l]|ret P

47eg X — X

1!
A(t7X) _ Ho AS [J(t X )]ret d3m’,

 4rm |x — x/|

where [p(t',x")]et = p(t — @,Xl ). One easily checks that the above solution satisfies the Lorenz gauge

condition
1 9¢
it LA =0.
iy +V 0
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3.2.3 Radiation zone approximation

Suppose that p(¢,x) = 0if |x| > d. And assume that p describes periodically moving particles with frequency
w. Assume that the velocity of particles is much less than ¢. We want to find a good approximation of E(¢, x)
and B(t,x) for © = |x| > d, ¢/w. For |x'| < d we have approximations
, x - x' 1 1 x-x
x—x|~rz—— ——~x~—+—
x |x—x'| = a3

thus,
[T x))et = It — |x — x| /e, x)
( x x-x ,>
=~ t——+ , X
c xc

-
%J(t—f,x/)—l—J(t—E,x')X x
c c xc

Integrating 0;(Jjz;) = —%mi + J; and using p(J,x) = 0 for |x| > d, we get

d
/J(t —x/e,x)d*s = 7 /p(t —z/e,x)xd®x = p(t — x/c),
where p is the electric dipole moment. For the vector potential we get

e ! ’
Altx) =t [JEZ X=X/ XD s f—O/J (t— f,x/) B’
C

4r |x — x| T
= PO p(t—a/e).
dmx

Thus,

Ho .
B = A= —p(t—
V x V x 47mp(t z/c)

_ Mo . S _ Ho Lo
= 47mzxxp(t x/c) 747mcx><p(t x/c)
Ho ..
_4775ECX X p(t - Z‘/C),

where we used the assumption = > ¢/w. Also, from

E=cVxBr ﬁr—oxfc (xx p(t—=a/c)
we get
~ ﬁr—(;x X (% x P(t — z/c)).

From the above approximations we get the Larmor formula for the energy flux

1
S§=—
Mo

b3

2
ExB:£|B|2§<zL‘5cxf)(th>‘
140 16m2x2c c

and the radiated power

fcxﬁ(t—f)f ds.

C

Ho
P(t) = §-dS~ ———
( ) dS2 1671’2d2c /dS2
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3.3 Plane Waves
3.3.1 Initial value theorems

In order to study plane waves we need a couple theorems on the initial value problems. The proof of Theorem

A can be found in Wald.

Theorem A (Initial Value Theorem for the Wave Equations) Let f(t,x) be an arbitrary smooth function
on spacetime, and let x1(x) and x2(x) be arbitrary smooth functions on space. Then there exists a unique

smooth solution ¥(¢,x) of Oy = — f such that (0,x) = x1(x) and %—f(o,x) = x2(x).

Let p(t,x) and J(¢,x) satisfy 9p/0t + V -J = 0. We want to find ¢ and A satisfying the equations
O¢ = —p/eo, DA = —poJ and 592 + V. A = 0. With

2 ot
1 0¢
U=—— -A
628t+v
we find
19 _ 1 op _ 9p _
D\II_C?&DQS—FV OA = 2 ol oV - J = M0<8t+v J)—O.

Thus, by Theorem A the Lorenz gauge condition ¥ = 0 is satisfied if ¢ and J are chosen so that ¥ = 0 and
OV /ot =0 at t = 0. The first can be obtained by a gauge transformation. Since

ov  p
—_Fr_v.E
ot €0 v ’

we will have to assume C%% +V-A=0and V-E = p/ey at t = 0. Thus, we have the following theorem.

Theorem B (Initial Value Theorem for Maxwell’s Equations) Let p(¢,x) and J(¢,x) be arbitrary, smooth
specifications of the charge density and current density on spacetime, subject to a charge-current conservation
Op/0t+V -J =0. Let Eg(x) and Bo(x) be arbitrary smooth vector fields on space satisfying

1

V- Eo(x) = —p(0,x), V-Bpy(x)=0.

€
Then there exists a unique smooth solution E(¢,x) and B(¢,x) to Maxwell’s equations with the property
that E(0,x) = Eo(x) and B(0,x) = Bo(x).

Indeed, if Eg(x) and Bg(x) satisfy the above conditions, then ¢ and A at t = 0 are determined uniquely

up to gauge transformation so that they satisfy c%%—f +V-A=0and V-E = p/ey at t = 0. Thus Theorem
B follows from Theorem A.

3.3.2 Plane waves

In the Lorenz gauge with p = 0 and J = 0 Maxwell’s equations are

1 9¢
Op=0, JA=0, -2 +V-A=0
¢ =0, C a3 TV 0

We have the gauge freedom
60 =60 A A=AV,
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where Oy = 0. According to Theorem A two functions x and dx/dt can be specified arbitrarily at ¢ = 0.
We fix this so that the following holds:

Ix 2 o¢
E(Oax) = d)(ovx)v \4 X(Ov ) - 7287(0 X)
If %(Qx) — 0 as |x| = oo rapidly, then we can assume W( x) — 0 as |[x| — oo. This determines x

uniquely.
Using Theorem A again for ¢, we see that ¢’ = 0. Dropping primes, it suffices to solve JA = 0 with
V - A = 0. Using the Fourier transform

N 1 —ik-x 1 ik-x A
Atk) = W/e kXA (1 x) doz, At x) = 73/2/61‘ At k) dF,

(2m)
we obtain
1 1 62 ik-x A 3
27T)3/2 / ( o ) AL k) dk
1 k-x 3
V-A 27T)3/2/ez ik - A(t,k) d°F,

which implies

1 82 2 I A
~Zop k) Atk =0, k- A(tk) =0.

The general solution is

A(t, k) = c;(k)e ™ 4 co(k)e™™t,

where w = ke, ¢; - k = 0. Since A(t,x) is real we have A*(t,k) = A(t,—k), hence ci(k) = co(—k). Thus,
with C(k) = ¢, (k)/(27)%/? we have

1 tkex —tw * twt
A(t,x) “ g / *x[ey (k)e ™" + cj(—k)e™" d’k
= / C(k)e k>t Bk 4 cc.

where c.c. means the complex conjugate and k - C(k) = 0.

By a plane electromagnetic wave we mean the solution
¢ =0, A(t,x) = Ce~witikx , — ke k.-C=0,CeC?

for some wave vector k € R3.

3.3.3 Polarization

For a plane electromagnetic wave A (t,x) = Ce™ !X we have k - C = 0, hence we have two polarization
degree of freedom. The complex electric and magnetic fields are
E =— —— =iwC(k)e Wi
5 (k)
B =V x A = ik x C(k)e~witikx,
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Thus, vectors E, B, k are orthogonal and have the orientation of z,y, z-axes. Also, |E| = ¢|B|. Let’s assume
k = kz and write

2iwC = (aze'Pe, ozyeiﬁy ,0),

where «, 8 are real numbers. The the corresponding real solutions are

E = o, cos(kz — wt + By)X + oy cos(kz — wt + B,)y

B = —ay cos(kz — wt + By)X + g cos(kz — wt + B;)¥.

We consider three cases.

Linearly polarized This is the case where 8, = 3,. Here E oscillates along the direction o and B oscillates
along the direction §.

Circularly polarized This is the case where a, = oy, and 5, = 8, = /2. Here E and ¢B maintain the
same magnitude and they rotate. If 8, = 8, + m/2, then it is called a right circularly polarized. The other
case is left circularly polarized.

Elliptically polarized This is the case which is neither linearly polarized nor circularly polarized. But,
this is a linear combination of two linearly polarized plane waves one in z-direction, the other in y-direction.
Also, this case is a linear combination of two circularly polarized plane waves, one in right-handed, the other

in left-handed.
3.4 Exercises
1. Prove following identities:
V- (ExB)=B:-(VxE)—-E-(V xB)
1
E x (Vx E) :§V|E|2—(E~V)-E.

[Hint. Show that both sides have the same i-th components. Use the expressions of (A x B); and (V x A);
in Levi-Civita symbol. Also use the identity about €;;x€xim.]
2. Conservation of the total angular momentum of the electromagnetic fields [Wald, Problem 5.2] The

angular momentum density of the electromagnetic field is given by
l=xxP=¢xx (ExB).
Consider a source-free (p = 0,J = 0) solution to Maxwell’s equations with E and B vanishing rapidly as

L:/1d3x

is well defined. Show that L is conserved (i.e., independent of time). [Hint. In the source free case we have

0P;/0t = 9;0,;. Use the integration by parts and Stokes’ theorem. One may assume that |E;| < C/|x|*.

|x| — o0, so the total momentum

Finally, notice that €ijk = —€jik and eij = @ji-]
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3. Force on a charge from a circularly moving charge [Wald, Problem 5.3] A particle of charge ¢; moves with
velocity v in a circular orbit of radius R about the origin in the x-y plane, such that its ¢ coordinate varies
as ¢ = wt, with w = v/R. Assume that v < ¢. Another particle of charge ¢o is at rest at point x, where
|x| > R. To order 1/|x/[, find the force F on the particle of charge g2 at time ¢. [Hint. Use the approximation

for E in radiation zone with p(t) = Rqj (coswt, sinwt, 0).]

4. Radiation of electromagnetic energy from an oscillating charge [Wald, Problem 5.6] A point charge of
charge ¢ and mass m is placed lat the end of a spring with spring constant k. The charge is displaced in
the z-direction by an amount « away from its equilibrium position and is then released to oscillate. Assume
that the resulting motion is nonrelativistic, v < c.

(a) Assume that the charge oscillates harmonically with amplitude «. To order 1/r in distance from the
charge and to leading order in v/c, what are the resulting electromagnetic potential ¢, A?

(b) What is the radiated power?

(c) As a result of the radiation of electromagnetic energy, the maximum amplitude of oscillation, «, will,
in fact, slowly decay with time. Find «(¢). [Hint. Use Larmor formula and relate the radiated power to the

damping coefficent of the damped harmonic oscillator.

5. Schwartz space and tempered distributions

(a) Show that the Fourier transform is a bijection on the Schwartz space $(R?). Is it continuous?

(b) Show that any tempered distribution is a distribution. Is the delta function §(x) on R* a tempered
distribution?

(c) Show that the Fourier inverse transform of the Fourier transform of a tempered distribution T is T'

itself.
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4 Optics

4.1 Geometric Optics and the WKB Approximation

Recall that plane wave solutions to the source-free Maxwell’s equations have the form
A(t,x) = Cetkzemivt

where C,the amplitude, is constant over spacetime. In the context of optics we want to consider solutions for
waves propagating through inhomogeneous media, that is, media with a spatially variable index of refraction.
The index of refraction modulates the amplitude of the wave due to conservation of energy, in that a higher
index of refraction causes the speed of propagation to slow which forces the amplitude to increase in order
to conserve energy. Since this modulation occurs over space we want to consider solutions whose amplitudes

are variable over space but not time. Solutions of this nature will have the form
A(t,z) = a(z)e ™!

This will certainly complicate the analysis. But fear not, one way to simplify is the geometric optics or
WKB (Wentzel-Kramers-Brillouin) approximation. This approximation method is based on the assumption
that the spatial variability of the medium is much larger than the wavelength so that we can treat it as
propagating through a locally homogeneous medium. This will simplify the mathematics, allowing us to
split « into

a(x) = C(x)e™S®

while still adhering to the physicality of the system under consideration, that is .S is varying rapidly compared
to €. The goal of this method is to get approximate solutions to Maxwell’s equations which give us the
notion of light ray, from which we can recover the technique and of ray tracing we all know and love from
freshman physics.

4.1.1 WKB approximation for standard wave equation

Let’s consider the standard wave equation
-1 )

(The additional constraints of Maxwell’s equations merely forces the orthogonality of the amplitude to the
direction of propagation, the approximation method is the same.)

We seek approximate solutions of the form
Tﬁ(t’ :13) _ a(w)efiwt _ e(m)eiS(m)efiwt

which means that a(x) must satisfy
2

w—Qa—i—VQa:O
c
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the Helmholtz equation. This gives

w? iS 2 iS
0—26(:0)@1 @) 4 v2e(x)e™™® =0
which expands to

2
<—|V5|2C + V€ + %e +i((V?S)€ +2VSs - ve)) e =0

Now, as we are considering approximate solutions where .S is varying much more rapidly than € we can

drop the V2@ term. Since the real and imaginary parts both must be zero the approximate solution
a(x) = C(x)e™S®)

must satisfy
2

w
and
(V2S)@ +2VS-VE =0

The units of the first equation are (radians per distance)? or the angular wavenumber squared this motivates
the notation

VS =k

Recall that for plane waves, the surfaces of constant phase, S = k - x, are planes and k is orthogonal to the
planes. In these solutions k and € are constant while in the WKB approximation they are not so we can
get surfaces of constant S that are not necessarily planes but could be curved. Nevertheless, V.S = k tells
us k is still orthogonal to these surfaces. The criteria above can then be written

2

2_OJ
k| = 2

(V-k)C+2(k -V)C=0

4.1.2 Light rays form integral curves

Let’s consider the integral curves x(7) of the vector field k defined as

d(L‘i

dr "

The claim is that these are light rays, in the sense that they should be straight lines, i.e.,

dzaﬁi o
dr?
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Indeed, the change in k with respect to position is given (k - V)k, the i-th component of which is
1
k-V)k]; = k;0ik; = k;0;0;S = k;0;0;S = k;jOik; = =0;|k|* =
(- k) = 3 kstsks = 3 hits0iS = 3 k00§ = Stk = 500k =0

using the definition k = V.S gives the second and fourth equalities, the symmetry of mixed partials gives the
third equality, and the fifth comes from linearity of 9;. As |k|? is constant the change in the i-th component

is zero. Coming back to the integral curves we see that

dr ~— dr?

(k- V)kl; = (Zf: _ v) dv;  dx;

Hence, the integral curves are in fact straight.

4.1.3 Geometric optics in inhomogeneous media

In order to investigate propagation through a medium with spatially variable index of refraction we need to

look at the WKB approximation of the modified wave equation

nQ(fB) 0% 2

where n(x) is the index of refraction.

The approximation proceeds exactly as above, again writing k = V.5, to get
2

k| = n*(z)

w
2
(V-k)C+2(k-V)C=0

When we consider the integral curves corresponding to this type of solution we find

dx

ar =n(x)—

Cc

and ) ) )

1 9 W 9 w d°x
That is, the light rays will no longer be straight but will curve in accordance with n(x). This bending will be
in the direction of, and proportional to Vn. Hence, the rays will curve towards the greater index of refraction

with greater curvature in regions of larger Vn. This phenomenon is harnessed through gradient-index optics,

where light can be focused using a gradient of refractive index rather than the shape of a lens.

Note that the trajectories solving

d’x  w?

are exactly the solutions to the Euler-Lagrange equations obtained by extremizing the action given by

Sz/n(w) ’
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4.2 Interference

While the WKB (geometric optics) approximation provides a good description of the propagation of electro-
magnetic radiation in many scenarios it obviously cannot describe them all. Following Wald’s terminology,
interference refers to phenomena that require a sum of WKB solutions, while diffraction encompasses a
variety of phenomena, including scattering and propagation through an aperture, but is not a strict classifi-

cation, as many phenomena can be described in multiple ways.

4.2.1 Intensity of EM radiation

Our discussion of interference will be based on the intensity of incident radiation as this is the primary
observable when the frequency of light is too high for individual oscillations to be distinguished. The
intensity is
1 —
I(t) = —|E x B|
Ho
where
1 t+T

E x B|(t) = |=—=
BBl =5 [

E(t') x B(t')dt'

is the time averaged Poynting flux over T >> 1/w.
From the WKB approximate solution

A(t, ) = C(z)e> @ =it

the electric and magnetic fields are given by

A . .
E = —887 = W (x)e (@) it

B =V x A =ik x C(x)e¥®e it

from which we take the real parts Re[E] and Re[B]. The intensity of the resulting electromagnetic radiation
is then

1) = i|Re[E] <Re[B]|

Substituting the relations
1 1
Re[E] = i(E + E*), Re[B]= i(B + B¥)
we have
1
4po
From properties of the cross product we can pull out the time dependent scaling factors

I ’ExB+ExB*+E*xB+E*xB*

E x B = (7" ((iw€(@)e™S®) x (ik x €(x)e'5®))
E*x B* = (eiwt)Q ((iwe(ﬂ?)e—is(m)) x (ik x e(w)e—is(m))>
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E*x B — (efithriwt)((iwe(x)efiS(:c)) % (’Lk % e(w)eis(m))>
ExB*:QfWHWQOWC@kw@Ux@kxe@k4ﬂ@»

Since E x B and E* x B* both oscillate on the order of e*?* their time average for T >> 1/w can be
ignored. Where as E* x B and E x B™ are time independent. Hence,

1
g
Since (E* x B)* = E x B” the intensity is

I ’FXB+EXF

1
= —|E* x B+ E x B*|
4f10

L

2
L‘Q?
4po

* wlk|
2(E" x B)| = ——€* =
240 2p0c

Therefore, the intensity depends only on |€(z)|? not the phase S.

4.2.2 Interference of two sources

Consider two sources for which we have a WKB approximation, the total solution is then just the sum of
both
44(157 :B) _ <el(w)ei51(ac) + GZ(w)eiSQ(m))e—iwt

Computing the intensity of this solution we find

21

w
I:T ‘k1|€1|2+k2|€2\2+ Iy
Ho w

where the interference term I, is
1
Iint = 7[ET X BQ +E; X Bl +C.C.]
4po
_ v
240

the 1 <> 2 indicates the same expression as before with subscripts swapped.

[61 X (k:g X 62) COS[Sl(IE) — 52(17)] +1« 2]

Let’s consider the situation where both WKB solutions are plane waves propagating almost parallel with
the same frequency. In this case €1, Cs, and ki =~ ks are constant and S; =k - @ + ¢1,52 = ko - T + 2 so
we have

w
Iy = %(‘31 - Ca2kq cos((k1 — k2) -+ 1 — ¥2))

Note that the €; - €5 term is picking out the polarizations that are aligned and if they are orthogonal then
the interference term vanishes.
The final intensity is then
w? 2 2
I= 27(|61| +1C2]* 4 2€; - C3 cos ((kl —ka)-x+ (p1 — 902)))
HocC
which is variable in space.

Interference is the cause of many interesting phenomenon such as beating, in which the interfering waves have
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slightly different frequencies and the result has an oscillating envelope. Another phenomenon is iridescence,
which is due to the constructive interference of certain colors and destructive interference of others, making
certain colors appear more vibrant. As the angle of viewing changes the colors being interfered changes,

giving the effect of color change.

4.3 Diffraction

Diffraction encompasses the wide array of phenomena for which the geometric optics approximation is

insufficient.

4.4 Exercises

1. Verify that the trajectories solving
d’r  w?

are exactly the solutions to the Euler-Lagrange equations obtained by extremizing the action given by

S:/n(w) ’

2

dx QA

dx

(up to curve reparameterization).

2. An optical fiber is a cylindrical dielectric material that is used to transport light signals. the optical
fiber is referred to graded-index if the index of refraction decreases gradually away from the axis. If
the fiber has sufficiently large diameter compared to inverse wavenumber, the light propagation can
be analyzed by the geometric optics approximation, i.e. using light rays, these are called multi-mode.
Consider a graded-index multi-mode optical fiber of radius R with u = pp and dielectric constant €/,

(note: n = +/€/eo), varying for x2 + y? < R as
e(x)/e0 = a — bz +y?)

where a,b > 0 and a > 1 4 bR2. Write down and solve the ray propagation equation

d’r  Ww?
i C—Qn(w)Vn(w)
Show that rays that initially are sufficiently close to the central axis of the fiber and form a small

enough angle with the axis will remain close to the axis for all time.

3. The half-space z > 0 is filled by a medium with index of refraction n. Consider a point 1 = (x1,y1, 21)
in the vacuum region z; < 0 and a point & = (23, ¥, z2) in the medium, 2o > 0. Find the path between
x1 and x5 that minimizes the elapsed time in the sense of Fermat’s principle. Show that the result

agrees with Snell’s law.
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4. In preparation for the next section, obtain a spacetime version of the geometric optics approximation
for a scalar field 1 as follows. Instead of restricting the solutions 1 to oscillate with a definite frequency

w, we could write v in the form

blt,@) = o (@) )

a) Write the exact wave equation for ¢ in terms of &7, .. Then make the approximation that second
derivatives of &/ can be neglected comapred with squares of first derivatives of .¥ to obtain analogs

of
2

5y W
vs =
(V2S)€+2VS-VE =0
b) Define kg = 1 2% and k = V.7. Show that ki = |k|?. Define 2° = ct, and define
g =(2 9 2 9
#0207 9zt 0x2’ 023

Define k,, = (ko, k1, koks) and k* =3 n""k,, where

-1 0 0 O
o [0 100
0 0 1 0
0 0 01
Show that
> KOk =0

This shows that in the geometric optics approximation, light rays move on null straight lines

(geodesics) in spacetime.
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5 Special Relativity and Lorentzian Manifolds

5.1 Symmetric Bilinear Forms on Vector Spaces

5.1.1 Bilinear forms on a vector space

Definition 5.1.1.

Let V be a real vector space. A bilinear form on V is a bilinear map w: V x V — R.

Suppose V is a real finite dimensional vector space with basis v1, ..., v,, and suppose w is a bilinear form

on V. Due to the bilinearity of w, we know w is completely determined by its values on
{(vi,vj) eV xV:i,je{l,...,n}}.

Define the matrix

wlv,v) wvy,ve) ... w(v,vy)
A = [w(os05)] = wvg,v1) w(vg,va) ... w(v,vy)
W(n,v1) Wn,v2) ... wW(Vn,vn)
With respect to the basis vy,...,v, on V, we can represent each element v € V' as a column matrix where
our correspondence is given by
ai
n as
v = Z a;v; = V=
i=1
Qnp

Thus, given z,y € V where
n
x:Zaivi y:ijvj
i=1 j=1

we have

n n n
(,y) = <Z aivi,zijj> = Z aibj(vi,vj) = xT Ay
i=1 J=1 i,j=1
Similarly, given a matrix A, we can define a bilinear form on V' where

(z,y) =x" Ay

Thus, for a fixed basis on V, we have a one-to-one correspondence between bilinear forms on V' and R™*™

(the set of n-by-n matrices with real coefficients).
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5.1.2 Nondegenerate bilinear forms on a vector space

Suppose w is a bilinear form on a real vector space V', then we can define a linear map
WV vy wb(aj) -V —>wa(r’y) R

Definition 5.1.2.

Let V be a real vector space. A bilinear form w on V is non-degenerate if w’ is injective.

Remark 5.1.3.
For a real finite dimensional vector space V' and a fixed basis on V', we have, via the correspondence of bilinear
forms and matrices, that nondegenerate bilinear forms are in one-to-one correspondence with matrices A

that satisfy xT Ay = 0 for all y € R¥™(V) implies x = 0.

Proposition 5.1.4.

Let V' be a real vector space, and let w be a bilinear form on V. The following are equivalent:
1. w is non-degenerate.
2. For all non-zero v € V, there exists u € V' such that w(v,u) # 0.

Proof.
First suppose w is non-degenerate. Let v € V such that v # 0. Since w” is injective and v # 0, then

w’(v) # 0. Thus, there exists u € V such that
0 # w’(v)u = w(v, u)

Hence (1) implies (2). Now suppose (2). Let v € V such that v # 0, then, by assumption, there exists
u € V such that w(v,u) # 0. Thus w’(v) # 0. Therefore ker(w”) = {0} so that w” is injective. Hence w is
non-degenerate.

O

In the case V is a real finite dimensional vector space, then dim(V) = dim(V"). Thus w’ is an isomor-
phism. Denote the inverse of w” as wf. The pair w? and w! are called the musical isomorphisms induced by
w. Using a basis, we can easily write out w”. Suppose v1,...,v, is a basis for V, and let o', ..., a” be the

dual basis, then
n

() = glv,vy)e.

j=1

To identify w?, we will need a notion of an orthonormal basis.
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5.1.3 Symmetric bilinear forms on a vector space

Definition 5.1.5.

Let V be a real vector space. A bilinear form w on V is symmetric if for all z,y € V, w(x,y) = w(y, z).

Remark 5.1.6.
For a real finite dimensional vector space V' and a fixed basis on V, we have, via the correspondence of
bilinear forms and matrices, that symmetric bilinear forms are in one-to-one correspondence with symmetric

matrices.

Theorem 5.1.7 (Decomposition of Symmetric Bilinear Forms).

Let V' be a real finite dimensional vector space, and let w be a symmetric, bilinear form on' V. Let U = {u €
V Yo € Vw(u,v) = 0}. There exists largest vector subspaces (in terms of dimension) P and N of V such
that

1. v € P if and only if v =10 or w(v,v) > 0.
2. v € N if and only if v =0 or w(v,v) < 0.
3. V=Ua®PON.
Furthermore, there exists a bases uy,...,ux €U, e1,...,e. € P, and f1,..., fs € N such that
1. ForallveV and alli € {1,...,k}, w(u;,v) =0.
2. Foralli,j e {l,...,r}, w(e;,ej) = d;;.
3. Foralli,je{l,...,s}, w(fi, f;) = —0j.
4. Forallie{1,...,r} and all j € {1,...,s}, w(e;, f;) = 0.

Proof.
Suppose dim(V) =n < co. If w =10, then P = {0} = N and U = V. Additionally, any basis will do for the
additional claim. Therefore we assume w # 0. Since w is bilinear, then U is indeed a vector subspace of V.
Let W, be a vector subspace of V' such that V = U & Wj. Note, w € W if and only if w = 0 or there exists
v € V such that w(w,v) # 0. Since w is symmetric, then the v € V for which w(w,v) # 0 is actually in W.
Therefore w|w,xw, # 0.

We now show subspaces P and N in the first claim exists which we do by constructing P and N. Denote
dim(U) = k. We claim there exists wy € Wy such that w(wi,w;) # 0. Suppose this fails; that is, for
each w € Wy, w(w,w) = 0, then w is anti-symmetric on Wy. Since the only bilinear form which is both

anti-symmetric and symmetric is the the zero bilinear form, then w|w,xw, = 0 which is a contradiction.
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Thus there indeed exists such a wy € Wy. Dividing by w(w,w1) if needed, we can assume w(wy,wy) = £1.
Define W7 as
Wy ={v e Wy :w(w,v) =0}

This is clearly a vector subspace with W; N Span(w;) = {0}. Furthermore, given w € Wy, we can write
w = (w— w(w, w)w) + w(w, wi)w;

which shows W7 @ Span(wy) = Wy. If Wy = 0, then Wy = Span(w;). Suppose Wy # 0, then for each v € W7,
there exists u € W; such that w(v,u) # 0. Indeed, given v € Wy, there exists w € Wy such that w(v, w) # 0.

Since w = Aw; + u, then we have
0 # w(v,w) =w(v, \wy +u) = Aw(v,w) + w(v,u) = w(v,u).

Therefore w|w, xw, # 0. By the same argument given on Wy, we know there exists ws € Wi such that
w(wg,ws) # 0. Thus, we can define Wy in a similar manner as Wi and continue this process which must

eventually terminate for dim(Wy) = n — k. Therefore, we can find wy, ..., w,_j such that
Wy = Span(w;) @ ... ® Span(w,_k)

and w(w;,w;) # 0 for each i € {1,...,n — k}. Thus wy,...,w,_j is a basis for Wy. Furthermore, by
construction, we know w(w;, w;) = £d;;. Thus, let ey, ..., e, denote the vectors from wy, ..., w,_x for which

w(e;, e;) = 1. Denote the other vectors as fi,..., fs. We claim that

Span(ey, ..., e.) Span(f1,..., fs)

are the desired subspaces for P and N, respectively. Note,
V = U@ Span(es, ..., e,) & Span(fi, ..., f)

Therefore, if there exists a larger vector space P’, then dim(P’) > r which contradicts dim(V) = n as
P'NU = {0} and P’ NSpan(fi,...,fs) = {0}. Thus dim(P) = r so that we can take P = Span(ey,...,e,).
For the same reasons, we can take N = Span(fi,..., fs). Thus, in the first claim (1) — (3) holds. For the

second claim, let uq,...,u; be any basis for U, then the basis

ULy eveyWUhyClyennyCry f1yenny fs

satisfy the properties for the second claim.

With respect to the basis uq,...,ug,e1,...,€r, f1,..., fs, we know corresponding matrix of w is a block

diagonal matrix of the form
Orxr O 0

0 Lrxr 0
0 0 —Toxs

49



Since the dimension of U, P, and N are invariant of a basis, we know the values of k,r, s are independent of

the basis.

Definition 5.1.8.
Let V be a real finite dimensional vector space. We define the signature of a symmetric, bilinear form w as

(r,s) € N2 where r and s are the values such that there exists a basis

ula"'7uk7617"'76r7f17~~'afs
of V for which the matrix of w with respect to this basis is given by

Okxr O 0
Nr,s = 0 I’!‘XT‘ 0
0 0 —Igus

Suppose V is a real finite dimensional vector space, and let w be a nondegenerate, symmetric, bilinear
formon V. Let ey, ..., €., f1,..., fs be vectors satisfying the decomposition theorem. Denote the dual basis

asal,...,a" and B',..., 3. Then, as one can check,

la)=e W) =1

so that if ¢ = Y a0’ + > b;87 € VY, then
i=1 j=1

W) = aiei— Y bify.
i—1 j=1
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5.1.4 Positive/Negative definite and symmetric bilinear forms on a vector space: inner prod-

ucts

Definition 5.1.9. Let V be a real vector space, and let w be a bilinear form on V.
e The bilinear form w is positive definite if for all non-zero v € V, w(v,v) > 0.
e The bilinear form w is negative definite if for all non-zero v € V, w(v,v) < 0.

Remark 5.1.10.

1. For a real finite dimensional vector space V' and a fixed basis on V', we have, via the correspondence
of bilinear forms and matrices, that symmetric, positive definite bilinear forms are in one-to-one corre-
spondence with symmetric, positive definite matrices. Similarly, symmetric, negative definite bilinear

forms are in correspondence with symmetric, negative definite matrices.
2. If w is positive definite, then the signature of w is (dim(V),0).
3. If w is negative definite, then the signature of w is (0, dim(V)).

4. We will refer to symmetric, positive definite bilinear forms as inner products.

5.1.5 Generalized orthogonal group

Definition 5.1.11.
Let V be a real vector space, and let w be a bilinear form. A linear automorphism 7T of V' is an isometry of
w provided for all z,y € V,

w(Tz, Ty) = w(z,y)

In our case, we are interested in w which are symmetric and nondegenerate. Recall, for bilinear forms w on
a finite dimensional vector space, we can represent the bilinear form via a matrix. Using the decomposition
for symmetric, bilinear forms as well as that that linear automorphisms of a vector space correspond to

invertible matrices, we can identify the isometries of w as a subset of GL,,(R) satisfying a simple property.
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Proposition 5.1.12.
Let V' be a real finite dimensional vector space of dimension n, and let w be a symmetric, nondegenerate

bilinear form with signature (r,s). Then A € GL,(R) is an isometry of w if and only if ATn, ;A =n, ;.

Proof.
Pick a basis for V such that the matrix of w is given by 7, s. Suppose A € GL,,(R) is an isometry of w, then
for all z,y € V,

w(Ax, Ay) = (AX)TnT)S(Ay)
= XTATnT,SAy
= Xan,sy = w(m, y)

Thus, for all z,y € V,
XT(ATUT,SA - nr,S)y = 0.

This only happens provided AT7,. ;A —n, s = 0. Hence AT, ;A =, 5. Now suppose the converse, then for
all z,y € V,
w(Az, Ay) = x" AT, Ay = x"n, .y = w(z,y)

Thus A is an isometry of w.

Definition 5.1.13.

Define the generalized orthogonal group of signature (r, s) as

O(r,s) = {A € GL,;4(R) : ATy, ;A =n,.}

Remark 5.1.14.
1. If A € O(r, s), then det(A) = £1.
2. Since nr)sAan)sA =17, then A~ = nnsATnnS.
3. Applying A on the left of (2) shows AT € O(r, s) whenever A € O(r, 5).
4. When s = 0, we obtain the usual orthogonal group: O(n,0) = O(n).
5. The case O(3,1) and O(1, 3) are both called the Lorentz group.

6. Consider the map ¢, s : GL,4s(R) = GL,;s(R) where ¢, s(A) = ATn, sA. Since matrix multiplication
and the transpose are continuous maps, then ¢, s is a continuous map. Thus O(n,s) = ¢, Ynrs) is

a closed subset of GL,4(R). Thus, by the Closed Subgroup Theorem for Lie groups, O(r, s) is a Lie
group.
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5.2 Scalar Product Spaces
5.2.1 Scalar product spaces and the scalar product

Definition 5.2.1.
A real scalar product space is a pair (V, g) where V is a real vector space and g is a symmetric, nondegenerate,

bilinear form. The scalar product is finite dimensional if V' is finite dimensional.

Remark 5.2.2.
Though ¢ is not necessarily an inner product, we adopt the terminology from inner products such as or-
thonormal, orthogonal, etc where we define the "norm” as ||v|| = /|g(v, v)|. Therefore a list of orthonormal

vectors may have vectors such that g(v,v) = —1.

Proposition 5.2.3.
Let (V,g) be a real finite dimensional scalar product space where g has signature (r,s). Then A € O(r,s) if

and only if A sends an orthonormal basis to an orthonormal basis.

Consider a real finite dimensional scalar product space (V,g). Since g is non-degenerate and V' is finite

dimensional, then we have the musical isomorphisms:
R S AP T v
Using ¢*, we can define a map
() : VY X VY SR () = g(af, 5)

Note, that (-,-) is a nondegenerate, symmetric, bilinear map on VV. Furthermore, note that if ey, ..., e,
is an orthonormal basis on V, then the dual is orthonormal with respect to (-,-). We wish to extend this

notion to the exterior power on V. Note the musical isomorphisms induce isomorphisms
k k k k
AV AV F AV S AV
which, on simple tensors, are given by

P Ao Avp) =g () A A g (vr) Flar A Aag) =g*a) A A g o).

Thus, we can define a map
k

k
) AV AVY =R
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which, on simple tensors, is given by

(@' Ao Ak BEA LA BR) = det ([g(g* (), 6 (89))])

g
g9(g*(ah), g*(8"))  g(g*(at), g*(5%))
)

9(g*(a*),g%(B"))  9(g*(a*), 4 (8%))

g(g*(at), g*(B%))
9(g*(e?), g* (B%))

g(g*(a®), g*(8%))

The map (-, -) is called the scalar product on (V, g). Since g is symmetric, then (-, -) is symmetric. By fixing

each component and using the Universal Property for the Exterior Product due to the alternating multi-

linearity of the determinant, one is able to see (-,-) is bilinear. Furthermore if ey, ..., e, is an orthonormal

basis with dual basis a!,...,a™ on V, then

{a" A na* 1 <ip < ... <ip <n}

is an orthonormal basis of A* V'V with respect to (-, -). This also shows that (-, ) is nondegenerate on A" V'V.

Note from this basis, we can see that the signature of (-,-) is the same as that of g. Therefore the isometry

group of (-,-) is precisely the isometry group of g. In the case k = 0, we have /\0 VY = R. Thus we can

extend (-,-) to k = 0 where (a,b) = ab.

54



5.2.2 Volume form for scalar product spaces

Let V be a real finite dimensional vector space of dimension n. Recall an orientation for V' can be described

via an equivalence class of basis elements [(v1,...,v,)] where
(01, n) ~ (o) = FAEGLER), [0 oo v =Afwr .. w

Equivalently, we can specify an orientation for V' by an equivalence class of non-zero top covectors [u]
(elements of A" V'V ) where

pe~T = IA>0, p= A1

Note, these two notions of orientation agree (as one should check). Thus, suppose [u] is an orientation on a
real finite dimensional scalar product space (V, g). Using g and the existence of an orthonormal basis on V
via the Decomposition Theorem for Symmetric Bilinear Forms, we can identify a form w, € [u]. Note, given

an orientation [u] on V', a basis vy,..., v, of V is orientated provided u(vy,...,v,) > 0.

Proposition 5.2.4.
Let (V,g) be a real finite dimensional scalar product space. Orientate V by an equivalence class of non-
zero top covectors [u]. Then there exists a unique wy € [u] such that for any orientated orthonormal basis

Viyeo., U Of V,

wg(v,...,vn) =1
Proof.
Let eq,...,e, be any orthonormal basis for V. Swapping e; and e; if needed, we assume p(eg,...,e,) > 0.
Let o!,...,a™ denote the dual basis. We claim
wy=a'A...AQ"
Note, pt ~ wq as g = p(eq,. .., en)wg. Thus wy € [u]. Suppose v1,. .., v, is any other orientated orthonormal

basis for V. Let A € GL,(R) such that
[vl vn} =A {61 en}
Then

0 <wg(vyy...,v,) =we(Aes,..., Aey)
= det(A)wg(er, ... en)
= det(A4)

Therefore det(A) > 0. Furthermore, since A sends an orthonormal basis to an orthonormal basis, then

A € O(r,s) where (r,s) is the signature of g; Therefore det(A) = 1 so that

wg(v1,...,vp) = 1.
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Therefore wy has the desired property. For uniqueness, note that any top form is uniquely determined on a

basis for V.
O

Using properties for change of basis on top covectors, we can describe w, in terms of any oriented basis.

Corollary 5.2.5.
Let (V,g) be a real finite dimensional scalar product space. Orientate V' by an equivalence class of non-zero

top covectors [u]. For any orientated basis vy, ..., Vn,

wy = /| det([gi;])]ar AL A Q"

where o, ..., a" is the dual basis of vq,...,v, and

n

9= Z gijo ©ad.

ij=1

Proof.
Let (r,s) denote the signature of g. Let ej,...,e, be an orientated orthonormal basis with dual basis

BY,...,B". We know wy, = Aal A... A a™ where A > 0. Write

n
v; = Za?ei A= [aé}
i=1
then

A =wy(vi,...,05) = wy (Z aie, ..., Zaiei> = det(A)
i=1 i=1

Since we also have g = Z gi.;ja' ® ol where
,j=1

n n
Gi,j = g(vivvj) - Q(Z afek, Zagel)
k=
n
= Z afaé‘g(ek,el Za ajg(er,ex) (ATTIT‘7SA)i,j

k=1

then det([g; ;]) = det(A4)? det(n,s) = (—1)% det(A)?. Since A > 0, then we conclude

| det([gi;])]

so that
wy = /| det([gi;])]a* A ... A Q™

as claimed.



5.2.3 Hodge star on scalar product spaces

Using the scalar product and the canonical top covector, we can define a pairing of covectors for an oriented

vector space.

Theorem 5.2.6 (Existence of the Hodge Star).
Let (V,g) be a real finite dimensional scalar product space with dim(V) = n. Equip V with an orientation.

Then for each k € {1,...,n}, there exists a unique linear isomorphism
k n—k
* /\VV — /\ VY
satisfying the property that for all o, B € /\k VY,

aAx*f = (a, Bw,

Proof.
For each 7 € A" *(VV), define

k
or /\VV —R  ¢;(o) € Rsuch that ¢, (0)wg =a AT

Clearly ¢, is a linear map. Furthermore, a A7 = 0 for all a € /\k VV if and only if 7 = 0. Therefore we

have an injective linear map
n—k k v
/\VV—></\VV> T or
Due to dimensions, we know this in fact an isomorphism. Therefore, for each § € /\k V'V, there exists a

unique 3 € A" "V such that dup(a) = (o, B) for all a € A" VY. Hence we have an isomorphism
k n—k
* /\ VY — /\ VY
satisfying the property that for all «, 5 € /\lC VY,

aAxf = (a, Bw,

Clearly * is unique.

Remark 5.2.7.

For k = 0, we have (a,b) = ab. Thus we can extend * for k zero where

a A xb = abwg
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Definition 5.2.8.
Let (V, g) be a finite dimensional scalar product space with dim(V) = n. Equip V with an orientation, and

let k € {0,...,n}. The Hodge star operation on /\k V'V is the unique linear isomorphism

k n—k
*:/\VV% /\VV

satisfying the property that for all o, 8 € /\k VY anxp = (a,B)w,

By using the uniqueness of the Hodge Star, one can explicitly write x«. The proof of the following

theorem can be found in |Lee09].

Theorem 5.2.9 (Computing the Hodge Star).
Let (V,g) be a finite dimensional scalar product space with dim(V') = n. Equip V with an orientation. Let

v1,...,U, be an orientated basis, and let o, ..., a™ be the dual basis. Then for any 1 <i; < ... <ip <n,
*(Ckil VAN O[ik) =4/ | det([gi,j])|€i1...ikik+1...inaik+l VAR Oéi"
In particular, if vi,...,v, is an orientated orthonormal basis, then for any 1 <i; < ... < i <n,

7 k) ik 2
*(a AL A ) = Giriy + -+ GiginCir.ipingr . in ™ LA A Aa™m

Corollary 5.2.10.
Let (V,g) be a finite dimensional scalar product space, and denote the signature of g as (r,s). Equip V with

an orientation.
1. *¥1 = wgy.Thus, for each a € R, xa = awy.
2. xwg = (—1)°
3. Forallwe N°VY, xxw=(—=1)5(=1)kn=k)y,

Proof.
We begin by proving (1). Since b A %1 = (b, 1)wg = bwy, then, by uniqueness of 1, we know %1 = wy. Thus,
by linearity of * we have *a = a * 1 = aw,. For (2) and (3) follow from writing the forms in terms of an

orthonormal basis.

O

Using isometries map orthonormal basis to orthonormal basis as well as the computation of the Hodge

Star in terms of the orthonormal basis, we know the Hodge Star commutes with isometries of g.
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Corollary 5.2.11 (Hodge Star commutes with isometries).

Let (V, g) be a finite dimensional scalar product space, and denote the signature of g as (r,s). Let ', ... a"

be an orthonormal basis of V'V with respect to (-,-). For each A € O(r,s) and each 1 < i1 < ... <ir <n,
A(*ail /\.../\ozik) = >x<(A(of1 /\.../\0/""))

Proof.
Let A € O(r, s) be with respect to the orthonormal basis, then, defining 8 = Aa’, we have an orthonormal
basis A%, ..., B8™. Since
A(xa' AL a™) = Algii, ---gikikeil...ikik+1...inaik“ A Aa')

= Giviy - - Ginin€ir.inips1oin AT A LA Q™)

= Giviy - - - Ginin €inoininsr.in AATA LA A

= Giviy - - - Ginin €iroininsr.in BN A B

=*(B" A ... AB™)

=x(A(a" A ... A Q™))

then we conclude, by linearity of A, Ax = xA.
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5.3 Riemannian and Pseudo-Riemannian Metrics
5.3.1 Riemannian and Pseudo-Riemannian metrics

Since the tangent bundle of a C'* manifold has real vector space structures for each fiber, then it makes
sense to define a fiber-wise symmetric, nondegenerate bilinear forms. To ensure the bilinear forms do not
vary too wildly from fiber to fiber, we will want to require them to vary smoothly across the fibers. To codify

these two items, we utilizes that a bilinear map w : V XV — R is equivalent to a linear map @ : V®rV — R.

Definition 5.3.1.
Let M be a C'°° manifold.

¢ A Riemannian metric is a C*® section g : M — T*M ®g T M such that for each p € M, g, is an inner

product.

e A pseudo-Riemannian metric is a €' section g : M — T*M ®g T*M such that for each p € M, g, is
symmetric and nondegenerate. Furthermore, the signature of g, is the same as the signature of g, for

all p,q € M. Define the signature of g as the signature of g, where p € M.

Suppose g is a section of T*M ®@g T*M — M. Let (U,x',...,2™) be a coordinate chart on M. Since
dz',...,dz™ is alocal frame on U of the cotangent bundle, then there exists unique a; ; € C*°(U) such that
on U,

n
g= Z a; jdz’ @ dx’
i,j=1

Using that dz? is dual to %, we can identify a; ;:

09 3 i j o 0
g(axkaxz> = > @i (de' @ da’) (Ww)

Q=1
n Y !
= Z (Li,jdxl (W) dxz? <8le)
i=1
n
= Z i, j0; k05,1 = Gk 1
i5=1
Consider the matrix
(5om: 501) 9 (5015 552 (zor: 55
9(g22:501) 9 (5025 52) 9 (g7 59)
A=la; ] = .
9(%7%) 9(%’%) g(agmagn)

Since each a; j € C°°(U), then the map

bg: U — GLy(R)  dy(p) = A(p)
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is a C'*° map. Using this matrix and our correspondence of bilinear forms and matrices, we have the following

for each p € U:

e g, is symmetric if and only if A, is symmetric.

e g, is positive definite if and only if A, is positive definite.
Thus

e A Riemannian metric g defines a C* map ¢, : U — GL,(R) which takes values in matrices which are

symmetric and positive definite.

e A pseudo-Riemannian metric g defines a C*> map ¢4 : U = GL,(R) which takes values in matrices

which are symmetric and nondegenerate.

Now suppose we have a C'°° map

011 P12 ...k Pin

6 U — GL(R) o= ¢2',1 ¢2.,2 ~~ik¢2,n

¢n,1 ¢n,2 cee X ¢n,n

where ¢, ; € C>°(U), then we can define

gp U —>T"MerT*M 9o = Z ¢; jdr’ @ da?
ij=1

Since each ¢, ; € C°(U), then g4 is a C*° section on U. Therefore, we have the following:
® g, is a Riemannian metric if and only if ¢ takes value in symmetric and positive definite matrices.
® g, is a pseudo-Riemannian metric if and only if ¢ takes value in symmetric matrices.
1

Therefore, on any coordinates chart (U, z*,. .., 2™) for M we have

e Riemannian metrics on U are in one-to-one correspondence with C*° maps U — GL,,(R) which take

value in symmetric and positive definite matrices.

e Pseudo-Riemannian metrics on U are in one-to-one correspondence with C* maps U — G L, (R) which

take value in symmetric matrices.

Using these characterizations, we can easily come up with examples of local (pseudo) Riemannian metrics.

Example 5.3.2.

n . .
1. Consider R", then g = 3 dz* ® dz* is a Riemannian metric called the standard metric on R™.
i=1
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2. Consider the upper half plane H?. We can define g = y—lz(dm ® dx + dy ® dy) which gives a hyperbolic

metric on H?2.

Definition 5.3.3.
An n + 1 dimensional C*° manifold M with pseudo Riemannian metric g is a Lorentzian manifold provided

the signature of g is either (1,n) or (n,1).

Though every C'*° manifold admits a Riemannian metric, it is not the case that every C'*° manifold

admits a Lorentzian metric. In particular
1. Every non-compact, connected C'*° manifold admits a Lorentzian metric.

2. A compact, connected C'*° manifold admits a Lorentzian metric if and only if the Euler characteristic

is zero.

Thus, for example, S” does not admit a Lorentzian metric for any n € Ny as x(S™) = 2.

5.3.2 Hodge star and Maxwell’s Equations

The theory for scalar product spaces extends nicely to C° manifolds with (pseudo) Riemannian metrics.
In fact, the local picture of these scalar product spaces and the Hodge star appears essentially the same as
the vector space counter part beside the fact our bases are now local frames and the coefficients are smooth
functions.

Using the Hodge star and the exterior derivative on R*, we can encode Maxwell’s equations in a coordinate

free way. To see this, we first write Maxwell’s equations using natural units so that Maxwell’s equations

become
V.-B=0 vxB-2E_j
ot
. . OB
E: E—iz
v P V x o 0

Let us consider the time independent case of these equations so that we have
VxE=0 V-B=0.

In this regime, we can encode the electric field as a differential one form
& = E,dr+ Eydy + E.dz

and the magnetic field as a differential two form

B = Bydy AN dz — Bydx ANdz + B,dx A dy
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As one can check, we have
VXxE=0+= dé=0 V-B=0+= dB=0
If we return to the time dependence, then we could write € and B as one differential two form
F=B+EANdtL.

To make some of the computation simple, we will write the exterior derivative on R* as d = dg + dt A O;
where dg is the exterior derivative for the spatial coordinates x,y, and z. Using this, we can easily compute
dF :

dF = dsB + ds& A dt + dt A OB
=dgB + (ds€ — 0,B) A dt

Recall, from Maxwell’s equation, we have
= - 0B

Thus we can encode Faraday’s Law and the divergence of magnetic fields in the single equation dF = 0. The
important thing to note about writing these two equations in this way is that we automatically know these
are preserved under any self diffeomorphism of R%since the pullback commutes with the exterior derivative.
In particular, these are invariant under any change of coordinates.

To encode Gauss’s Law and Ampere’s Law, we utilize the Hodge star. Endow R* with the Lorentz metric
given by

¢:R' = GLy(R)  o(z) =3

where the coordinates are in the order of ¢, x,y, z. We are going to define the four current as the differential
form

J = pdt — Jpdx — Jydy — J.dz
where J = (Ju, Jy, J>) and p is the charge density. We claim Gauss Law and Ampere’s Law is equivalent to

xdxF =]

This verification is left as an exercise. Note, since the Hodge star commutes with isometries, then we know
Ampere’s Law and Gauss’s Law are invariant under any isometry of the Lorentz metric. In particular, we

know these two laws are invariant under the Lorentz group O(1,3).

5.4 Special Relativity
5.4.1 Galilean transformations

To construct the Galilean group for classical mechanics, we follow the same approach as [Wil22|. Suppose

we have two observers O and O’. Denote the coordinate of O as 1, x2, 3, t, and denote the coordinates of
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O as @}, b, x4, t. We will denote any time derivatives with respect to ¢ using dots (e.g. Z(t)). Furthermore,

suppose the observers measure the same lengths; that is,
ty—ty=to—t1  [|2{) - Z ()] = [|22(t) — T1()]]-

Then we know the coordinates vary as

-

t'=t+s  F{t')=R@E)Z(t) +b(t)

where R(t) is orthogonal matrices for each ¢. Now, suppose the observers are both inertial which is to say

that the trajectory of a free particle in O and O is given by
Tt)y==7y+at F{H)=2,+dt
Then we know R(t) is constant and b(t) = #t 4+ @. Indeed, since ¢’ = t 4+ s and & (t') = R(t)Z(t) + b(t), then

2 (t+s) =Ty + @ (t+s)
= R(H)Z(t) + b(t)

—

= R(t)(& + iit) + b(¢)

Differentiating with respect to ¢ yields

@ = R(t)(Zo + ut) + R(t)u + b(t) (1)

so that differentiating again yields

0 = R(t)(Zo + @t) + 2R(t)T + b(t)
This last equation must be true for all trajectories. In particular, taking @ = 0 = &y shows b = 0 so that
b(t) = Ot + @. Taking @ = 0 shows R(t) = 0. Therefore R(t) = 0 implying R(t) is constant. Hence we have
the transformation

t'=t+s I'({t')=REt)+vt+a

as claimed. We can express this transformation as

R v a
0 1 s
0 0 1
so that
Z(t) R v a] [x(¢) Rx(t)+tv+a
t | =10 1 s t | = t+s
1 0 0 1 1 1
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The set of all such matrices is called the Galilean group on R3 which is denoted by Gal(3). Note, under such

transformations, we obtain an addition law for velocities:
(') = RE(t) + ¥

Furthermore, under such transformations, Newton’s Second Law is preserved. It it due to these two items,
that it was assumed that all inertial frames where related via a Galilean transformation. However, an issue
arises with Maxwell’s equations. Recall that we obtained the speed of light is constant from Maxwell’s
equations. Thus, under a Galilean transformation for which ¢ # 0, we would have ¢ = ¢ — ¢ where ¢’ is
the speed of light measured by observer O’ and c is the speed of light measured by observer O. To account
for this issue, an ether model was put forth, but the model soon became moot with the Michelson-Morley

experiment as well as with Einstein’s postulates for special relativity.

5.4.2 Postulates for special relativity and Lorentz transformations

To over come the issues of preserving Maxwell’s Equation under transformations, Einstein put forth two

postulates:
1. The laws of physics are the same in all inertial reference frames.
2. The speed of light is constant and the same for all inertial reference frames.

To see what transformations preserve these postulates, suppose we have two inertial observers O and O'.

Consider a wave front which travels a distance AZ over a time of At, then
[|AZ|| = cAt

so that
0= 2At? — ||AZ|]? = AL — Azt — Az — Aa?

Since O’ would agree the wave front travelled at speed ¢, then we have
[|AZ'|| = cAt

so that
0= A2 — ||AZ||> = AAY? — Ax? — AxlP — Axf?

Therefore, any two inertial observers would agree that
AA? — Ax? — Axd — Axd = AAY? — Ax? — AxlP — Azl

which is called the space-time interval. Thus, using coordinates ct,z1,z2,z3 and ct’,x},zh, x5, we are

interested in linear transformations A such that
ATz A= 3

which is precisely the Lorentz group O(1, 3).
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5.4.3 Finding the Lorentz transformation between two observers

Suppose we have two observers O and O’ with observer O’ moving with some constant velocity ¥ with respect
to 0. What is the change of coordinates from O to O’? Denote the coordinates of O as ct,x,y, 2z and the
coordinates of O’ as ct’,x’,1’, z/. Furthermore, let’s first consider the easy case that z is in the direction of

travel with y = 3’ and 2z’ = z. Then our change of coordinates is a matrix of the form

a b 0 0

d 0 0
A:c

00 1 0

0 0 0 1

Since AT771,3A = 11,3, then we obtain
a?—2=1 ab=cd &P-p>=1

Note, a # 0 and d # 0. Thus we can define

c b
P=u=a
Using this in the first and third equation, we obtain
2 1 2 1

= —_— d _
“CTIop 1- 2
which implies
2

B _ B
‘T Ji- 2

Let v = \/117?, then ¢ = v8 = b. Therefore our matrix A becomes
¥y 8 00
0 0
Ao |7
0O 0 10
0 0 01

We now use the velocity to determine 5. Suppose we have some mass in O that is stationary over some time

At. Using A, we know O sees

v 48 0 0f |dt ~yAt
8 vy 0 0 |0 [vBAL
o 0o 1 0/]lol | o
o 0 0 1|0 0

Therefore, observer O see the particle travelled Az’ = vS8At over the time cAt’ = yAt. Thus

o Az’
AY

=B
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so that
1
’U2

l-=

For the general case, we can always rotate z,y, z so that z is in the direction of travel with y = ¢y’ and z = 2/,

apply A with v = ||7]|, and then rotate back to our original coordinates.
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5.5 Exercises

Exercises (1) — (3) provided another way to show there exists an orthonormal basis for a finite dimensional

vector space equipped with a nondegenerate, symmetric bilinear form.

1. Let V be a finite dimensional vector space with symmetric, nondegenerate bilinear form w on V. For
a vector subspace S C V, define S+ = {u eV : Vv € S,w(u,v) = 0}.
(a) Show dim(S*) + dim(S) = dim(V).
(b) Show (S+)* =8S.
2. Let V be a finite dimensional vector space with symmetric, nondegenerate bilinear form w on V. A
vector subspace S C V' is nondegenerate if w|gxs is nondegenerate. Show the following are equivalent:
e S is nondegenerate.
e St is nondegenerate.
e StNS= {0}.
e V=SS5

3. Let V be a finite dimensional vector space with symmetric, nondegenerate bilinear form w on V.

(a) Show that if S is nondegenerate and S # 0, then there exists a v € S for which w(v,v) # 0.

(b) A linearly independent list of vectors v1,...,v, € V are nondegenerate provided w(v;,v;) # 0 for
each j € {1,...,k}. Suppose dim(V) = n and k < n. Show there exists vjt1,...,v, € V such

that v1,...,v, is a nondegenerate basis for V.
(¢) Show that V has a nondegenerate basis.

(d) Show that V has a basis ey, ..., e, for such that w(e;,e;) = d;; or w(e;, e;) = —;5.
4. The following exercise investigates some of the topological features of O(r, s).

(a) Assume 7,s > 0. Show that O(r, s) has at least four connected components. Hint: Write any
matric A € O(r,s) in terms of four blocks B,C, D, E where the sizes depend on r and s. Use
ATy, sA =1, to come up with a continuous function f : O(r,s) — R?\{(z,0), (0,z) : z € R}.

(b) Assume r,s > 0. Show that O(r, s) is not compact.
(¢) Show for all r,s € Ny, O(r, s) and O(s,r) are isomorphic as Lie groups (recall that bijective Lie
group homomorphisms are automatically Lie group isomorphisms)

5. Verify xd « F = .

6. Though every C'* manifold M admits a Riemannian metric, it is not the case that all C'* manifolds
admit a Lorentzian metric. The goal of this exercise is to construct the obstruction of the existence

for a Lorentzian metric. Suppose M is a connected manifold.
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(a) Prove that if there exists a rank one subbundle S C TM over M, then M admits a Lorentzian
metric.

(b) Prove that if M admits a Lorentzian metric, then there exists a rank one subbundle S C TM
over M.

(¢) Prove a compact, connected C°° manifold admits a Lorentzian metric if and only if the Euler

characteristic is zero (see section 11 in [BT13]).

6 E&M as a Gauge Theory

In this section, we uncover the limitations of our current description of electromagnetic fields as vector
potentials, and reinterpret electromagnetic fields as connections. We will follow [Wal22, Chapter 9] closely,

while also drawing some ideas from Naber. TODO: insert citation for Naber

6.1 Klein-Gordon Fields
6.1.1 The Uncoupled Case

Definition 6.1.1. A Klein-Gordon charged scalar field is a function ® : R* — C whose Lagrangian
density is given by
1 mce\ 2
Lka =5 {nwa,@*an@ + (?) |<1>|2} .

where ®* denotes the complex conjugate of ® and where m is some constant. We call m the mass of the

field, and we call % the Compton wavelength of the field. Then ¢ is called the inverse Compton

wavelength of the field.

The equation of motion which arises as from the Euler-Lagrange equations and a Klein-Gordon field ®

is given as
2
0% — (@) o = 0. (2)
h
where we recall that the [J operator is the d’Lambertian operator
1 9?
O=-=—+5 + V2
c2 ot? +

If the space derivatives of ® are much smaller than the inverse Compton wavelength (i.e. if we are in the

non-relativistic case), then we make the approximation V2® ~ 0 and Equation [2| gives rise to the equation

1 %@ me 2

T2 (MY gy,
2 ot? ( h )

This in turn gives that & ~ efme*t/h I we write

D(t,z) = e—imc2t/h Y (¢, )
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then Equation [2] yields

1 02 - o, m2e2
- _ -z —imc“t/h 2 —imc“t/h .
0= 55 (e T(t,:z:)) v (e T(t,x)) o
10 ime? . e, ime2t/h 0T 2 m2c?
—_ - _ imc /hT ¢ —imc“t/hY ~ —imc“t/h v2fr o )
c2at( noc (t,2) +e 8t>+e 72
1 —2im02 imc2t aT L2 82T L2
— imc“t/hY imc“t/h imc“t/h VQT
2 < ho T 82t> Te

If we assume that %2 + ~ 0, then we recover the equation

m oY 9
0=2¢ o + VT,

which is the Schrédinger equation for a free particle.

6.1.2 Gauge Transformations in the Coupled Case

We now consider the case where our Klein-Gordon field is coupled to a electromagnetic field. In (non-

relativistic) quantum mechanics, we have the Schrodinger equation

0 1 .q q
s (v-ita). (v-ita)w 3
<8t+ ¢) Qm( ‘h n ®)
When we couple our Klein-Gordon field to an electromagnetic field, we would like the coupling to be com-
patible with the spacetime structure of special relativity while also satisfying the Schrodinger equation in

the non-relativistic approximation /limit. To do so, we replace 9,® with 9, ® —i{ A, ® such that the coupled

Klein-Gordon Lagrangian density is

CEM f%nw (aﬂcb +qu o+ ) (81,@71714 <I>) ; (”;LC) 2. (4)

The equation of motion implied by this Lagrangian density is
v .q .q me\ 2
7]” (8ﬂ - ZﬁAH) (ay - ZﬁAlj) o — (?) ¢ =0. (5)

However, notice that Equation [5|is not invariant under our current notion of “gauge transformation” (this

is Exercise 1 of this week). This is to say that if make the transformation
A= Ay 4 0ux,
then this does not preserve Equation [5| However, if we make the simultaneous transformations

=—a
O — 'n XD

Ay — A, +0ux

then it will be shown shortly that Equation [f]is preserved. We will view these simultaneous transformations
as being the gauge transformations for the coupled Klein-Gordon field, and say that (®, A,) and (®', A)
are physically equivalent if there is some x(t,z) where ® = e*#X & and Al = A+ Oux.
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6.1.3 The Derivative Operator

The quantity 0®—if A, ® which we placed into the Lagrangian density given in Equation {4|can be interpreted

as giving a notion of differentiation of ®. Define an operator
.q
Dy =0, — ZﬁAw
We notice that for any Klein-Gordon field ®, under a gauge transformation corresponding to ,

Du(¥) = (@ — i (A, = D)) X@

= 9,('FXP) — i%Auei%’“I) - i%auxei%"q)
= (0, — i%Aué)

q

= e'mXD u(P),
i.e. the operator itself is invariant under gauge transformations. If we rewrite Equation [ as

1 1 /meN\2
EM _ _ 1 * _ - 2
Lxe 277 (gu@) D,® 9 ( 7 ) |(I)| )

then it becomes clear that L2 is invariant under gauge transformations since under a gauge transformation

(@, A,) — (@', A},) corresponding to x, we have

1 1 /mec\2 1 ‘g ‘g 1 /rme\2 .q.
22 1\ % r_ = N2 — MV (X * 15X _ - iEX P2
57" (D, @) D, 2(771) 13| S (€D, @) e #xD, 0 2(771) leiF x|
1 ., _a . il 1 rme\2
=~ e (D, @) e nXDl,tI>f§(?> |2
1 1 rme\2
— Sy (D,®)" (D, ® —f(—) |2,
S0 (0,8)" (D,2) — 2 (M) o)

Definition 6.1.2. Given a Klein-Gordon field (®, A,), we define a the curvature of the electromagnetic
field to be C,,,, where
¢w®=2,9,)=D,D,%—-D,D,®.

Simplifying the expression, we have

.q .4 .q g
Cuw = (8u - ZﬁAu)(au - ZﬁAv) — (0, — ZﬁAv)(a/l, - Z%Au)

2 2
= 0,0, — z%aﬂAy - %AHAV . (aya“ - i%&,A“ - ;ADAH)

= fi%(aﬂAy —0,A,)

= Z%FN

This simplification gives an interpretation of the electric and magnetic fields E and B as expressing the

curvature of the electromagnetic field with respect to the operator D,,.
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6.2 The Electromagnetic Field as a Connection

Up to this point we have treated a electromagnetic field as an equivalence class of vector potentials where
two vector potentials are equivalent if they only differ by a gauge transformation. We will now transition to

the perspective that an electromagnetic field is a connection on a U(1)-bundle.

Definition 6.2.1. Suppose that X is a smooth manifold and that G is a Lie group. A G-bundle over X

is a smooth manifold P, a smooth map P : P — X and a smooth right action o : P x G — P which satisfy:
e P(o(p,g)) = P(p) for any p € P and g € G. In other words, o preserves the fibers of P.

e For every xg € X there exists an open set V' C X where x¢ € V and where there exists a diffeomorphism
U P~H(V) = V x G where we write ¥(p) = (P(p), ¥ (p)) and ¥ (c(p,g)) = o(¢(p), g). The pair (V, V)
is called a local trivialization of P at x(. In this language, this condition can be stated as “for every

ro € X, P admits a local trivialization at xq”.

We shall sometimes refer to P or even just P as a G-bundle over X if the remaining structure is clear from

context.

Definition 6.2.2. A connection on a G-bundle P over X with action ¢ is a dual vector field on P which is
valued in the Lie algebra of G, along with some additional technical conditions (which we will only specify

in special cases for the purposes of this section).

For the purposes of this section, we will only consider the case where P = M x U(1). The Lie algebra of
U(1) is R, so a connection is a dual vector field on P in the ordinary sense. Say we have a connection (dual
vector field on P) Ax (A =0,1,2,3,4). Then the technical conditions not specified in the above definition
yields that Ax(z#,s) is independent of s and A4 = 1. Given that A, (z#,s) is independent of s, we can
automatically recover a dual vector field A, (z*) on M. Furthermore, when we perform the transformation
s+ s — x(z#) for some arbitrary function y(z*), the action of U(1) on P is preserved and the structure of P
is preserved also. Under this coordinate transformation, for a dual vector field Ay on P, Ay — A =1= Ay

and Ay — Ay + drx for A=0,1,2,3.

6.3 Dirac Magnetic Monopoles

To give an example of working with a nontrivial G-bundle, we will conclude this section by investing whether

a magnetic monopole could exist, i.e. whether it could be the case that V - B # 0 in some circumstance.

Definition 6.3.1. We say that a magnetic charge is present in an electromagnetic field if said field has the

property that on some 2-sphere S, we have

1
0#£g=— | B-ndS.
Ho Js
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If the field potential A is non-singular, then using the relation B =V x A

1 1
g=— [ (VxXA) ndS=— A.dl=0,
bo Js Ho Jas

where the final equality is given by 85 = 0.

However, we can relax the condition that A is non-singular to the condition that A is defined locally
in such a way that it is smooth on each patch it is defined on and where if two patches overlap, then the
local expressions of A are physically equivalent (i.e. they are related by a gauge transformation). In this

situation, we can for example consider vector potentials on S? of the forms

tog 1 .
A 0) = — 1 —cosf
(o 0) = B9 L1 cost)

_Hog 1
47 rsinf

Al(r,p,0) = (1 + cos 6)¢p.

¢ is the unit vector in the ¢ direction, where ¢ is the (multi-valued) spherical coordinate function. The
potential A is singular at # = 7w and the potential A’ is singular at € = 0. On the region where 6 # 0 and
0 # 7 (i.e. S? with the north and south poles removed), in some sense the potentials A and A’ are related

by a gauge transformation which corresponds to the function

Hog
o 7

However, this is not actually a gauge transformation since ¢ is a multi-valued function and if we make

X:

some particular choices for each value, then ¢ is necessarily discontinuous. Nevertheless, we could relax our

definition of a gauge transformation to allow for such things provided that the additional transformation
D s e AXP

is well-defined mathematically. In general, this will not be the case for a gauge transformation which
corresponds to a multivalued function. In the particular case of the gauge transformation relating A and
A’ we have

i H09d

D 1 e'2mn X,

This is not generally well-defined, but in the particular case where we have
27h
g=n—r (6)
Ho9q

for some integer n, then the transformation becomes
® s YO,

which is well-defined even though ¢ is multivalued since e™? = ¢?(#*+27)  The condition given in Equation
[0 is called the Dirac quantization condition. Assuming that a magnetic charge g satisfies the Dirac
quantization condition, then we can discuss A and A’ as giving a coherent electromagnetic field on S? which

has the property that
Hog ¢

B = A= .
VX 47r?
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6.4 Exercises
1. Show that if we make the transformation A, — A, +09,,x, then Equation|§| is not necessarily preserved.

2. Show that if we assume that the inverse Compton wavelength is much larger than the space derivatives

of @, then we can recover Equation [3] from Equation

3. Given G-bundles Py : P, — X and Py : P, — X, a morphism of G-bundles is a map P, — P» which
is equivariant. Show that a G-bundle over X is isomorphic to the trivial bundle X x G if and only
if it admits a global section. If a G-bundle is isomorphic to the trivial bundle, then we say that it is

trivializable.

Remark 6.4.1. The property that trivializability is equivalent to admitting a global section is fairly unique
to G-bundles; this is not true about other fiber bundles (vector bundles, sphere bundles, etc.).
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7 Spin-1/2 Electrodynamics as Gauge theory

7.1 Intro

The goal of this section is to formulate a spin% particle’s wavefunction v in a way that accounts for all
symmetries of the system. These symmetries are internal symmetries of the system i.e. local gauge symmetry
P+ @Yz and external symmetries, such as invariance under Lorentz transformations. This can be

accomplished by pasting together locally defined wavefunctions into a globally defined matter field ¢.

7.1.1 Ingredients for a gauge theory

e A smooth, oriented, (pseudo-)Riemannian manifold, M in which the particle reside. In the physics
context, generally this will be space R?, spacetime R'® or some open subset of either, i.e. contractible.
But this does not have to be the case, in fact things are in a sense more interesting when we consider

manifolds with non trivial topology.

e A finite dimensional inner product space V. This is considered the inner space of the particle. Think
C,C?,C*. This is the space we want the wavefunction to take values in. The inner product allows for

computation of squared norms (probability densities).
e A matrix Lie group G with a representation
p:G—=GL(V) g~ plg)
which preserves the inner product of V'
(v, w) = (p(g)v, p(g)w)

This is the group of symmetries of our system, e.g. rotational symmetry of R? is SO(3) and the group
of rotational symmetries of R"3 is the restricted Lorentz group SO(1,3); = £} . Having a symmetry
of our systems means that G acts both on the frames of the system and on the state. For example,
rotational invariance of R® means that if we rotate our reference frame of R? using R € SO(3) and

rotate the corresponding state vector in V' we should expect no change, that is
¥(z,y,2) = p(g) RY(R(z,y, 2))
e A smooth principal G-bundle P over M
G—P5L M

Recall, that P admits a global section iff it is trivializable. But P does have local sections s : U — P
for U C M, regardless of its trivializability. These local sections correspond to the local gauge (frame
of V') with respect to which the wavefunction ¢ can be described. A change of gauge corresponds to an

action of G on the fibers of P, that is, s(m) — s(m)g, and changes the wavefunction by v ~ p(g)~ 4.
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e A connection w on P with curvature 2. Given a local section s : U — P we can pullback each to give

the local gauge potential s*w = A on M, and the local field strength s*Q = F.

e In order to account for the gauge symmetries in a way that gives a globally defined wavefunction

(matter field) we will consider global sections of the associated bundle
Vs Px, VS M
which are in one-to-one correspondence with maps ¢ : P — V which are G-equivariant, that is

¢(pg) = g~ ¢(p)
This ¢ is the globally defined matter field over M.

e A potential function

U:V—-R

which is smooth, non-negative, real-valued and is G-invariant, U(gv) = U(v). The self interaction

energy of a matter field ¢ is then given by U o ¢.

e Finally, we need an action functional S(w, ¢), from which we can determine the stationary points, i.e.,

the field configurations satisfying the Euler-Lagrange equations.

1

All of these building blocks combine to create our gauge theory. We formulate a gauge theory for a spin-3

particle without interactions, and then with interactions.

7.2 Spin
7.2.1 Some historical background

The first experimental evidence of spin is due to Stern and Gerlach, which in 1922, showed that the spin
of silver atoms is quantized, there are only two possible states. Initially thought to be a magnetic moment
created by the orbit of the electron around the nucleus, it was later proposed by Pauli that spin is a
fundamentally quantum mechanical internal degree of freedom, which can only take on one of two possible
values. Puzzling over this opaque description led Uhlenbeck and Goudsmit to describe this degree of freedom
as a form of angular momentum, as if the electron were spinning about an axis. It is not, but the notion of
intrinsic angular momentum provided a nice explanation of the two valuedness: the electron can either spin
clockwise or counterclockwise. While the physicality of spin is still undetermined, a complete description of
the sate of the particle nonetheless needs to incorporate this degree of freedom.

The first attempt to account for this was by Pauli, who eventually developed of a linear algebraic approach
in which the spin state of a particle is represented by a unit vector in C2. This theory, while quite successful,
is unfortunately non-relativistic and was later superseded by Dirac’s relativistic formulation in which the

state of the particle lives in C*.
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7.2.2 Details of QM spin treatment

Spin observables and Pauli matrices....

7.2.3 Non-relativistic treatment

Consider a particle described by a wave function ¥ (x,y, z,t). As discussed above, a compelte description of
this particle will depend on the spin state. That is, if we fix a preferred axis to measure along e.g. z-axis,

then ¢ will also depend on the value of the operator o,. As o, = +1 we really have a two wavefunction

) ) 7t7 1

w(x7yaz7t7_1> w*

Our basic quantum mechanics tells us that for fixed time ¢ and a region of space R C R3, the probabilities

of finding the particle in R with spin up or spin down are given by

2 d _ 2
/R [ an /R lo_I

respectively. While the probability of finding it in R at all is
[l + -2
R

7.2.4 Rotational invariance and representations

Let’s consider the spatial part of a stationary state, i.e. the object

er(‘Tv Y, Z)
Y- (,y,2)

eC?

where z,y,z = v are a certain oriented, orthonormal frame of R3. This object should transform accordingly

when a rotation of the frame is applied. That is, for Ry € SO(3)

p(R1)(v) = (Ri )

where p(R1) € GL(C?). Moreover, each p(R) should have an inverse p(R™!) = p(R)™!, and given another
Ry € SO(3) these operations should compose

p(RoR1) = p(R2)p(11)
In other words we are looking for a representation
SO(3) & GL(C?) R p(R)

These representations are well known. There is one for each positive integer [, the dimension of which is
20 + 1. This puts a kink in our plan as the dimension of the representation we want it 2. This indicates that

perhaps SO(3) is not able to resolve all the information we need.
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In order to proceed we need to pass to the universal cover of SO(3) given by the double covering map
SU(2) £ SO(3) g+ +g
and investigate representations of the form
SU(2) & GL(cn)

A fact of note is that all representations of SO(3) can be turned into representations of SU(2) by precom-
posing with ¢
SU2) % S0(3) & GL(C™)
but representation of SU(2) will only induce a representation of SO(3) if p(—g) = p(g) for all g € SU(2).
This is because p must factor through SO(3) via the double covering map ¢.
The irreducible representations of SU(2) are easily described. Consider the vector space of polynomials
Clz, y], then for each k = 0,1, ... we have a corresponding subspace V}, spanned by polynomials of the form

zk=my™ for n = 0,1, ..., k. The action of a g € SU(2) is given by ¢ "y™ — ()5~ (/)™ where
Yy y 1y , g g Y Yy Yy

As Vj, = CF+1 we have representations
D% : SU(2) — GL(CH)

These are refered to as spin-j representations where j = 0,1/2,1,3/2,.... When k = 0 we have only the
trivial representation
D°:SU((2) - GL(C) g1
When k£ =1 we have
D7 : SU(2) = GL(C?) g~ g
giving us an irreducible 2-dimensional representation.

We could also build a 2-dimensional representation from the 1-dimensional D° by
D@ D: SU(2) = GL(C?) g+

The issue here is that this trivial action does not transform our state in the way we expect e.g. if we rotate

the frame in a way that interchanges the z-axis then the components of our vector should be interchanged

vil e

_>

( (o

which D° @ D° certainly does not do. This means the representation that we are in need of is in fact Dz,
Explain more why the half integer reps are different

Here is where we leave the non relativistic treatment.
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7.3 Relativistic theory
7.3.1 Dirac Equation and Bispinors

Since Pauli’s theory was non-relativistic we move now to Dirac’s treatment which is relativistic, i.e. invariant
under Lorentz transformations.

The Dirac equation, which will be described in detail later I think...is
(7" 0ud + im)¢ = 0

here m is the mass, v* are 4 x 4 matrix representations of elements of a Clifford algebra, to be explained

later, and ¢ is an element of C*, this be the crucial detail for our current purposes. This element ¢ can be

written
#1
6= ¢2 _ v,
¢3 YR
G4

where ¢; € C and 11,9 € C? are called left and right-handed spinors, respectively. This object ¢ is known

as a bispinor (or four-component spinor), and is what led to the prediction of antimatter.

In order for Dirac’s theory to be Lorentz invariant a change to the coordinates z°, z', 22, 23 of R3 of

the form
Yt = AR "

with A* € LL = S0(1,3); should leave the Dirac equation in the same form.

7.3.2 Representations of SL(2,C)
As was done for the non-relativistic theory we require a representation
Jamel A(on

Note: we now are looking for a four dimensional representation not a two dimensional representation.

The group SO(3) is contained in LL as a closed subgroup and the group SU(2) is a closed subgroup of
SL(2,C). One would hope that representations of LL will be analogous to the situation with SO(3) and
maybe even restrict to those representations on the closed subgroups. This is indeed the case.

There is a double covering map
SL(2,C) 2 ¢l
constructed in detail in Naber. We then have

SL(2,C)

SN

Ll —-mzems GL(CY)
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where any representation of Ll can be pulled back to a representation on SL(2,C) but not every representa-
tion of SL(2,C) can be pushed forward to one on Ll. This is the case iff p(g) = p(—g) for all g € SL(2,C).
Like the situation with SU(2) and SO(3) the representations of SL(2,C) are the fundamental objects of

interest.

The n-dimensional irreducible representations of SL(2,C) are well described in the literature so we
will only look at the ones relevant to this discussion. For the n = 2 case we have the left-handed spinor
representation

DGO SL(2,C) = GL(C?) g g

and the right-handed spinor representation
D3 : SL(2,C) — GL(C?) g (g*)"

where ¢g* is the conjugate transpose of g. As we are looking for a four-dimensional representation we can
combine these two to get

DGO ¢ DO3): §L(2,C) — GL(CY)

g —
(g")~"
Transformations of the bispinor under this representation should leave the Dirac equation invariant. That

is, for given coordinates x = (2°, 21, 2%, 23) RY® and a Lorentz transformation A = A € L1 we have new

coordinates y = (y°,y', 9%, y?) related by

Vo AV
Y _Aua:

and 9, = % related by
the transformed bispinor is

Invariance of the Dirac equation means that if

(YOup +im)p =0

then
('Yyaqu + Zm)‘% =0

This is indeed the case.
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7.3.3 Bundle Formalism for Free Dirac Electron

Let’s build our gauge theory of a free electron, i.e. no electromagnetic interactions.

e Base manifold is R!3
e The internal space is C* with the inner product
1
<’U, ’LU> = 5 (h(’U, ’LU) + h’(wa U))
where h is the twisted Hermitian form

h(v, w) = VW3 + VW4 + V3W1 + V4Wo

e Lie group SL(2,C) with representation
DGO @ D03 SL(2,C) — GL(CY)

which encapsulates the external symmetry of Lorentz invariance. This representation is unitary with

respect to (-, -), as can be verified.

e Naively Lorentz invariance should be encapsulated using the oriented, time-oriented, orthonormal frame
bundle

£l L DR

on which 131 acts. But as was seen earlier the representation on C* actually arises from SL(2,C). So

in fact we need to have each fiber 131 of L double covered by SL(2,C), that is the bundle
SL(2,C) — § L r13
with a map S i L, which is the double cover map on each fiber
0 (z) = SL(2,C) 2 £ = 7 ()

such that the diagram
S x SL(2,C) —— § —L R13

- |

Lxch — 5 L RL:3

s

commutes. This is the spin structure on R3.

In general a spin structure on a manifold M need not exist. This will be explored more later.
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The free Dirac electron is then an SL(2, C)-equivariant map ¢ : S — C*. Explicitly ¢ satisfies

gt 0

o(pg) = g " o(p) =
0 g

Equivalently the free Dirac electron is a section of the associated bundle
C*— S x,C*—R"

where the representation p = D(2:9) ¢ D(©:2). That is, a 4-component spinor field on R,
We know that if

(Y0 + im)¢p = 0
then
(Y4 8u¢ + im)e’¢ = 0

that is, ¢ has internal U(1) symmetry in addition to the external Lorentz invariance. If we want this U(1)
symmetry to be local not just global we need the presence of an electromagnetic potential which is the
data of a connection on a U(1)-principal bundle over R':3. In order to do this we will need to couple the

SL(2,C)-bundle to a U(1)-bundle into a SL(2,C) x U(1)-bundle over R3.

7.4 Coupling matter field to EM
7.4.1 Spliced bundles

Consider two principal bundles over M

G— P M
H—Q % M

Define
PoQ={(p,q) € PxQ|7np(p)=mq(q)}

as the total space which is a submanifold of P x (). The map
II: PoQ I(p,q) = mp(p) = mq(q)
is then the bundle projection and we have a smooth right action defined by

PoQx(GxH):PoQ ((p,q),(g,h)) — (pg,qh)

This makes P o (Q into a G x H-principal bundle over M.
By identifying G =2 G x {ey} and H = {eg} x H we also have the principal bundles

H<PoQ X p
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pr,
G Po@Q—-%50Q
where prp, prg are projection on to P and @, respectively. hence we have the commutative diagram

PoQ@

Prp

Now suppose we have connections wp,wg on P, Q, respectively. Note
g=ga{0}Caah

h={0}ehCgah
so that prpwp is a connection on P o @ Pro, ® and prjwg is a connection on P o Q) PP, P. Then their
direct sum
prpwp @ prowq

. . 1
is a connection on Po ) — M.

The last piece of data we need is a representation of G X H on a vector space V. If we have representations
pp:G— GL(V)
pg: H— GL(V)
that are commutative,i.e. pp(g9)pg(h) = po(h)pp(g) then we can form the product representation
pp X pg:Gx H— GL(V)

pp % pQ(g,h) = pr(9)pq(h) = po(h)pr(g)

giving the associated action on V.

Now the matter field coupled to an electromagnetic potential is given by a map ¢ : PoQ — V satisfying
¢((p:a)(g,h) = pr(9) " po(h) " é(p.q)

7.4.2 Electron coupled to EM potential

Let’s look at the example of an electron coupled to an electromagnetic potential.

For the electron we have the bundle

SL(2,C) — S — RY®
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with the spinor connection wg on S (details alluded to but not found in Naber), and the representation
ps = D0 g DO3): §1(2,C) — GL(CY)
For the electromagnetic potential we need some U (1)-principal bundle
U(l) — P —RY
with connection wg. Define the representation
pE :U(1) = GL(CY) 2+ 2l

where here I4x4 is the 4 x 4 identity matrix.

The Dirac electron coupled to this EM potential is then a smooth map
$: S0P —C*

that is SL(2,C) x U(1) equivariant under the representation pg x pg.

7.5 Gauge transformations and connections
Let P 55 M be a smooth principal G-bundle. A global choice of gauge is given by a global section
M P
A global gauge transformation is a bundle diffeomorphism
f:P—P

that is G-equivariant, i.e.

A local gauge transformation is a diffeomorphism of the bundle
N U)L U

Given a local gauge s : U — 7~ }(U) and a connection w we can pullback the connection to get the
local gauge potential s*w = A which is a Ig-valued one form on M. There is also a corresponding curvature

two-form € on P which we can pullback to get s*€2, the local field strength.

In the case of electromagnetism on spacetime, the bundle
U(l) — P — R

will have a global gauge s : R1'3 — P. The connection w can be pulled back to s*w on all of R3. Then we
define the gauge potential as
A, =s5"w(d,) eu(l) =R
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and the field strength as

F

w =50y, 0,) = 0,4, —0,A,

from which we can get the FE and B fields.
Since F' = dA, we know that A is unique only up to a closed 0-form, i.e. for any two potentials A, A’ for F’

they are related by
A=A+ df

for f a continuous real-valued function on R3. This f is what constitutes a gauge transformation of the
potential.
In order to recover this notion from that of a bundle automorphism consider a new section s’ : Rl® — P

related to the first choice by s’ = sg where g : R — U(1). Then the local gauge potential transforms as
Al =g Aug+9 " 0ug

Since U(1) is abelian
A;L =Au+ gilaug

Writing g = e~*f then the transform potential becomes
A=A+ 97" 09 = Ay + el e (—i0,f)
recovering
A; =A,+0.f
7.6 Exercises

1. Let H be a normal subgroup of G and K a field. Prove that every K-representation of G/H gives rise
to a representation of G. Prove that a K-representation p of G gives rise to a representation of G/H

iff H C kerp.
2. Show that SL(2,C) has an action on R'3, identified as the pace of 2 x 2 complex Hermitian matrices

20+ a3zl —ia?

= (2% 2", 22, 2%) < .

ol +ix? 20—z

via conjugation. Also show that SL(2,C) is the double cover of the restricted Lorentz group Ll.

8 Spin-Structures

8.1 Clifford Algebra

The construction of Spin group arises naturally from Clifford algebra.
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Definition. Let V be a finite-dimensional vector space over k = R, and
q:VxV —k

a symmetric bilinear form. We often call the pair (V,q) a quadratic vector space. The Clifford algebra

Cl(V, q) is the associative k-algebra with unit, generated by V', and subject to the relations
{u,v} = wv +vu =-2¢q(u,v) -1 Yu,v eV

In other words, if we denote by I, the two-sided ideal in T'(V) generated by the set {v ® v + ¢(v,v)1,v €
V} C T(V), the Clifford algebra Cl(V, g) is the quotient

Cl(V,9) :=T(V)/1,

Proposition. The Clifford algebra Cl(V, q) exists, and is uniquely defined by its universality property:
for every linear map 7 : V' — A such that A is an associative unital k-algebra, and {j(u), j(v)} = —2¢(u,v)-1,

there exists a unique morphism of algebras ® : CI(V, ¢) — A such that the diagram below is commutative.

V —— Cl(V,q)
\‘l

1 denotes the natural inclusion V' — CI(V, q).

The algebra C1(V, q) depends only on the isomorphism class of the pair (V, ¢) = vector space + quadratic
form. It is known from linear algebra that some simple invariants classify the isomorphism classes of such
pairs: (dim V,rank ¢, sign ¢g). We will be interested in the special case when dimV = rankq = signq = n,
i.e., when ¢ is an Euclidean metric on the n-dimensional space V. In this case, the Clifford algebra Cl(V, q)
is usually denoted by Cl(V'), or Cl,. If (e;) is an orthonormal basis of V', then we can alternatively describe

Cl,, as the associative R-algebra with 1 generated by (e;), and subject to the relations
eie; +eje; = —20;5
Using the universality property of Cl,,, we deduce that the map
V—=ClV), v——veClV)
extends to an automorphism of algebras a : C1(V)) — CI(V). Note that « is involutive, i.e., a® = 1. Set
Cl°(V) :=ker(a — 1), CI"(V) =ker(a+1)
Note that CI(V) = C1°(V) @ CI'(V), and moreover

CIE(V) - CI"(V) c C1ls+m mod 2y
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i.e., the automorphism « naturally defines a Za-grading of C1(V'). In other words, the Clifford algebra C1(V)
is naturally a super-algebra.

Note: Let A be superalgebra (Zs-graded). Then the supercommutator is the bilinear map [-,]s : Ax A —
A defined on homogeneous elements by [a, b]s := ab— (—1)1*/l!lba. A superalgebra A is supercommutative if

the supercommutator vanishes identically, equivalently, for all homogeneous a,b € A we have

ab = (—1)11blpg

8.2 The Spin Group
Definition. The Clifford group is defined to be
F(V)={zeCl"(V); ax)-V-2~'cV}

where C1(V)* denotes the group of invertible elements.

Definition. Define

Pin(V) :={z e T'(V);|N(x)| = 1}

where N is the spinorial norm, a map N : CI(V) — CI(V), N(x) = xbx. ® is the anti-automorphism map
of CI(V).

Define

Spin(V) := {x € T(V); N(z) =1} =Pin(V)NT%V)

Note that N['Y(V) represents the even part that is fixed by a. Alternatively, Spin(V) can be described by
the following equality,

Spin(V) = {v1 - vop; k > 0,v; € V, |vy| = 1,Vi =1...2k}

In particular, this shows that Spin(V') is a compact topological group. Observe that Spin(V') is a closed
subgroup of the Lie group GL(C1(V)). This implies that Spin(V) is in fact a Lie group, and the map
Spin(V) — C1(V) is a smooth embedding.

The orthogonal group of a vector space V, denoted O(V), is the group of all linear transformations

T :V — V that preserve the quadratic form ¢, i.e.,
oV)={T:V =V | q(T(v)) =q) for all v € V},

where ¢(v) is the quadratic form associated with the vector space V.

Proposition. There exist short exact sequences

1—=2Zy - Pin(V) - 0V)—1
1—Zy— Spin(V) - SO(V) — 1

Proposition. The morphism p : Spin(V) — SO(V) is a covering map. Moreover, the group Spin(V) is

connected if dim V' > 2, and simply connected if dim V' > 3. In particular, Spin(V') is the universal cover of

SO(V), when dimV > 3.
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8.2.1 Low-dimensional examples

(The case n = 1 ). The Clifford algebra Cl; is isomorphic with the field of complex numbers C. The Zo-
grading is ReC @ ImC. The group Spin(1) is isomorphic with Zs.

(The case n = 2 ). The Clifford algebra Cly is isomorphic with the algebra of quaternions H. This can

be seen by choosing an orthonormal basis {e1,es} in R?. The isomorphism is given by

1—=1, e1—1 ey '—>j, er1es — k,

where 2, 7, and k are the imaginary units in H. Note that

Spin(2) = {a +bk;a,b € R,a®> +b* =1} = §'

The natural map Spin(1) — SO(2) = S! takes the form e s 2.

(The case n = 3 ). The Clifford algebra Cls is isomorphic, as an ungraded algebra, to the direct sum
H ¢ H. More relevant is the isomorphism CI§™" 22 Cly = H given by

1— 1, €169 > ’l:, ege3 j, eze] — k

where {e1, e2, e3} is an orthonormal basis in R3. Under this identification the operation = — x? coincides

with the conjugation in H

r=a+bitcj+dk—z=a—bi—cj—dk

In particular, the spinorial norm coincides with the usual norm on H

N(a+bi+cj+dk)=a®>+ 0%+ +d?

Thus, any = € Cl37" \{0} is invertible, and

1
-1 _ b
* _N(x)x

Moreover, a simple computation shows that Rz~ C R3,Vx € CI3" \ {0}, so that

I’ (R?) = H\{0}

Hence

Spin(3) 2 {x e H; |z| =1} = SU(2)
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8.3 Whitehead Towers

Definition. If we take X to be an arbitrary CW complex with the subspace A a point, then the resulting

tower of n-connected CW models amounts to a sequence of maps
> Loy >y — Zyg— X

with Z,, n-connected and the map Z,, — X inducing an isomorphism on all homotopy groups m; with ¢ > n.
The space Z; is path-connected and homotopy equivalent to the component of X containing A, so one may
as well assume Zj equals this component. The next space Z; is simply-connected, and the map Z; — X has
the homotopy properties of the universal cover of the component Zy of X. For larger values of n one can by
analogy view the map Z,, — X as an ' n-connected cover’ of X.

8.3.1 Whitehead Towers of Spin(n), n > 3

This section discusses the Whitehead towers related to Spin groups for n > 3.

The orthogonal group O(n) is defined as the set of all n x n orthogonal matrices:
O(n)={A € GL(n,R) | ATA=1T}

The determinant of an orthogonal matrix is either +1, representing rotations, or —1, representing reflections.

The zeroth homotopy group of the orthogonal group O(n) is given by:

Wo(O(n)) = ZQ

The orthogonal group can be divided into two disconnected components, with the component of determinant
+1 being the special orthogonal group, SO(n).
Moving to SO(n) in the Whitehead tower, we have

m(SO(n)) =0
since SO(n) is connected. However, SO(n) is not simply connected, and has its fundamental group

m1(SO(n)) = Zsy

Spin(n) being the double cover and the universal cover of SO(n) is simply connected and therefore ”kills”
the fundamental group and has

m1(Spin(n)) =0

The next non-trivial homotopy group is 73, and the space that kills it is String(n), an infinite dimensional

group.
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8.4 Tangential Structure

Consider a closed, connected, smooth manifold M of dimension n. The tangent bundle TM is a vector
bundle over M, where the fiber at each point p € M is the tangent space T, M, consisting of the tangent
vectors to M at p. Locally, in a coordinate chart U C M, the tangent space at each point can be represented

as an n-dimensional vector space.

The tangent space T), M at a point p is spanned by the partial derivatives %, ey % in local coordinates
(', ..., 2") near p.
Take two overlapping coordinate charts U and V with coordinates (x!,...,2") on U and (y!,...,4") on

V', there is a smooth change of coordinates function ¢ : U NV — R™ that relates the coordinates = and y.
When you move from one coordinate chart U to another overlapping chart V', the basis of the tangent
space changes according to the change of coordinates. Specifically, if the coordinates in U are (x!,... z")

and in V are (y',...,y"), then the relationship between the tangent vectors in the two charts is given by

the Jacobian matriz of the coordinate transformation: 2. This matrix describes how the components of

oz
a tangent vector in chart U transform when you switch to chart V. The Jacobian matrix g—g; of a smooth

change of coordinates is an element of GL(n,R).

8.4.1 Deformation Retraction

A deformation retraction from GL(n) to O(n) is a continuous map H : GL(n,R) x [0,1] — GL(n,R) such
that:

e H(A,0)= A for all Ae GL(n,R),
e H(A,1) € O(n) for all A € GL(n,R),
e H(Q,t)=Q for all Q € O(n) and all ¢t € [0,1].

We use the Gram-Schmidt process to construct the deformation retraction.

For each invertible matrix A € GL(n,R), decompose A as:
A=QR

where @ € O(n) is the orthogonal matrix obtained from the Gram-Schmidt process and R is an upper
triangular matrix with positive diagonal entries (from the @ R-decomposition).

Define the deformation retraction by interpolating between A and @ as:
H(At)=Q((1 —t)I +tR)
where [ is the identity matrix and R is the upper triangular matrix from the Q R-decomposition of A.
o At t =0, we have H(A,0) = A.

e At t =1, we have H(A,1) = Q € O(n).
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A vector bundle V' — M is associated with a principal GL,(R)-bundle B(V) — M of bases, often called
the frame bundle of V' — M. If we endow V — M with a metric, then we can take orthonormal frames and
so construct a principal O(n)-bundle of frames Bo(V) — M by doing the Gram-Schmidt process in each

trivialization.

8.5 Orientation

Let V be a real vector space of dimension n > 0. A basis of V' is a linear isomorphism b : R™ — V. Let B(V)
denote the set of all bases of V. The group GL, (R) of linear isomorphisms of R™ acts simply transitively
on the right of B(V) by composition: if b : R” — V and g : R™ — R™ are isomorphisms, then so too is
bog:R” — V. We say that B(V) is a right GL,,(R)-torsor. For any b € B(V) the map g — bogisa
bijection from GL,(R) to B(V'), and we use it to topologize B(V'). Since GL,(R) has two components, so
does B(V). An orientation of V' is a choice of component of B(V).

Recall that the components of GL, (R) are distinguished by the determinant homomorphism
det : GL,(R) — R7?

the identity component consists of g € GL,(R) with det(g) > 0, and the other component consists of g with
det(g) < 0. On the other hand, an isomorphism b : R” — V does not have a numerical determinant. Rather,

its determinant lives in the determinant line Det V' of V. Namely, define
DetV = {e: B(V) = R:e(bog) =det(g) "e(b) for all b€ B(V),g € GL,(R)}

o(V) = {e:B(V) = {£1} : e(bo g) = signdet(g) ~'e(b) for all b€ B(V),g € GL,(R)}. An orientation of V
is a point of o(V).
The 2:1 map o(V) — X is called the orientation double cover associated to V' — X, and equivalently a

principle Zy bundle. In case V' = TX is the tangent bundle, it is called the orientation double cover of X.

(i) An orientation of a real vector bundle V' — X is a section of o(V) — X. (ii) If o : X — o(V) is an
orientation, then the opposite orientation is the section —o : X — o(V). (iii) An orientation of a manifold
X is an orientation of its tangent bundle TX — X.

The orientation may or may not exist. The obstruction to existence is the isomorphism class of the
orientation double cover: orientations exists if and only if o(V') — M is trivializable. This isomorphism class
is an element of H'(M;Z/27Z) which is isomorphic to Hom(my (M), Z/2Z).

The isomorphism class of o(V) — M is the first Stiefel-Whitney class wy(V) € HY(M;Z/2Z). The
Stiefel-Whitney classes are characteristic classes of real vector bundles. They live in the cohomology algebra

H*(BO;Z/27.).
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8.5.1 An example

Any n-dimensional manifold M has a double cover
p:Mo— M

where My is an oriented manifold.

Consider RP" for n even. The orientation double cover is S™; the deck transformation reverses orientation.
For RP" for n odd, the orientation double cover is a disjoint union of two copies of RP™, oriented with opposite
orientations.

If M is a connected manifold, define the orientation character or the first Stiefel-Whitney class
w:m (M) — {£1}

by w[y] = 1 if v lifts to a loop in the orientation double cover and w[y] = —1 if ~ lifts to a path which is
not a loop. Intuitively, w[y] = —1 if going around the loop 7y reverses the orientation. M is orientable if and

only if w is trivial.

8.6 Classifying Space

Theorem. Let M be a paracompact Hausdorff manifold and G a Lie group. Then there is a bijection
between the set of homotopy classes of continuous maps M — BG and the set of isomorphism classes of
principle G-bundles over M. We call BG the classifying space of G.

We now work with an arbitrary homomorphism p : H — G, where H and G are compact. Let EH — BH

be the universal H-bundle. The associated G-bundle has a classifying map

EH x,G —— EG

| |

BH —2” , Bg

which we denote Bp. The top horizontal arrow in induces an isomorphism 6"V : EH x, G = (Bp)*(EG).
The pair (EG x, G,0"™") is the universal reduction of a G-bundle to an H-bundle.
Proposition. Let P — M be a principal G-bundle and f : M — BG a classifying map. Then a lift f

7l

M —— BG

in the diagram

induces a reduction to H, and conversely, a reduction to H induces a lift f . Isomorphism classes of reductions
are in 1:1 correspondence with homotopy classes of lifts.

Example. BU(1) = S*°/U(1) = CP*
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8.7 Reducing Structure Group

Let H,G be Lie groups and p : H — G a homomorphism. (For the discussion of orientations this is the
inclusion GL,,(R) < GL,(R).)

Definitions.

(i) Let @ — M be a principal H-bundle. The associated principal G-bundle @, — M is the quotient
QP = (Q X G)/Ha
where H acts freely on the right of @ x G by

(¢,9) h=(q-h,p(h)"'g), ¢q€Q, geG, heH.

(ii) Let P — M be a principal G-bundle. Then a reduction to H is a pair (Q,6) consisting of a principal

H-bundle ) — M and an isomorphism

Q, = r

N

M

of principal G-bundles.

8.8 Spin Structure

Let V. — M be a real vector bundle of rank n with a metric. A spin structure on V is a reduction of the
structure group of the orthonormal frame bundle Bo (V) — M along p : Spin(n) — O(n).
Here p is the projection Spin(n) — SO(n) followed by the inclusion SO(n) — O(n). So the reduction can
be thought of in two steps: an orientation followed by a lift to the double cover.

Let p : H — G be a double cover of the Lie group G. We have in mind G = SO(n) and H = Spin(n).
Let P — M be a principal G-bundle and (@, #) a reduction along p to a principal H-bundle.

Given a tangent bundle TM over M, there is an associated principle GL(n, R)-bundle, which is the frame
bundle.

GL(nR) «—— Fr(M)

|

M

Again we can get a O(n)-bundle from the frame bundle using the deformation retraction.

O(n) —— Fr,(M)

|

M
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Hence by
[M, BO(n)] LN {isomorphism classes of O(n)-bundles on M}

the orthogonal frame bundle Fr,(M) determines a map M — BO(n) up to homotopy.
The inclusion map

SO(n) —— O(n)
induces a map between the classifying spaces
BSO(n) — BO(n)

and an orientation is a lift
BSO(n)

|

ML BO(n)

\
o\ Tm
N
\

so the diagram commutes.
The existence of such a lift is obstructed by w; (M).
The covering map

P : Spin(n) — SO(n)

induces a map

BSpin(n) — BSO(n)

and a spin structure is a lift

\J

making all diagrams commute. The existence such a lift is obstructed by ws (M), and the following

session will explain why.

8.8.1 Cech Cocycle

Let (M™,g) be an n-dimensional, oriented Riemannian manifold. In other words, the tangent bundle M

admits an SO(n) structure so that it can be defined by an open cover (U, ), and transition maps
Jop : Uag — SO(TL)

satisfying the cocycle condition.

Note: by the cocycle condition we mean:
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(a) Jaa = 1F

(b) 9ap9sygya =1 over U,NUgNU,.
The manifold is said to be spinnable if there exist smooth maps
Gap : Uap — Spin(n)
satisfying the cocycle condition, and such that

p(gaﬁ) = GJap VO(,67

where p : Spin(n) — SO(n) denotes the canonical double cover. The collection G as above is called a spin
structure. A pair (manifold, spin structure) is called a spin manifold.

Not all manifolds are spinnable. To understand what can go wrong, let us start with a trivializing
cover U = (U,) for TM, with transition maps g, and such that all the multiple intersections Uqyg..., are
contractible.

Since each of the overlaps U, is contractible, each map gqs : Usg — SO(n) admits at least one lift
Jap : Uap — Spin(n).
From the equality p(GasdsyGva) = Japsgsvgva = 1, we deduce
€afy = JaBGByJva € ker p = Zs.

Thus, any lift of the gluing data g.s to Spin(n) produces a degree 2 Cech cochain of the trivial sheaf Zs,

namely the 2-cochain
(€0) : Unpy > €apy-

Note that for any a, 3,7,d such that Uagys # 0, we have
€By5 — €ans T €aBs — €aBy = 0 € Zs.

In other words, e, defines a Cech 2-cocycle, and thus defines an element in the Cech cohomology group
H?(M,Zsy).

It is not difficult to see that this element is independent of the various choices: the cover U, the gluing
data gng, and the lifts g,5. This element is intrinsic to the tangent bundle T'M. It is called the second
Stiefel-Whitney class of M, and it is denoted by wy(M). An oriented Riemannian manifold M admits a spin
structure if and only if we(M) = 0.

95



8.9 Exercises
1. Show Spin(n) is the double cover of SO(n) by writing out the covering map.
2. Verify Spin(4) = SU(2) x SU(2).

3. Find the representative for wi(M) = [Morientation] in H*(M,Z/2) directly using Cech cocycles built

from transition functions.
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9 Dirac Operators and Indices

n preceding talks we have seen spin—% systems and their non-relativistic formulation due to Pauli. Moreover,
we have seen the symmetry group, Spin(n), relevant to these systems. In the last lecture, we began a
discussion of how to pass from a local (coordinate) description of spinors to a more global description on a
spacetime with (potentially) non-trivial topology.

In this lecture, we complete our description of spinors on smooth spacetimes. Moreover, we sketch some
mathematical consequences/constructions based on spinors and the Dirac equation. Of note, index theory is
useful in the analysis of moduli spaces of solutions to the Yang—Mills equations; this topic will be introduced

in a later lecture.

9.1 The Dirac Equation

In 1928 Paul Dirac found a relativistic extension of Pauli’s work on spinors. Dirac began by pondering the
Klein—Gordon equation (92 + m?)¢ = 0 and asking if there was a relativistic wave equation which was first
order in the spacetime derivativesﬂ Inspired by factoring the sum of squares over the complex numbers we

may consider an equation of the form
(i7"0y —m)¢ =0, (7)

where y* are some constants. But what kind of constants? If the v* were scalars, then the equation would
fail to be Lorentz invariant.

Multiplying the Dirac equation by (iv*9,+m), i.e., the other half of our putative factorization, we obtain
— (¥4 9,0, + m*)¢ = 0.
As partial derivatives commute, we can rewrite this equation as
1 noA v 2
5{7 > Y }auau+m ¢ =0,

where {—, —} is the anti-commutator bracket. If we want this equation (and hence equation [7)) to describe

a free particle of mass m, we should recover the Klein—-Gordon equation. Indeed, we do, provided that
{47 = 29", (8)

where n*¥ is the matrix corresponding to the standard metric on Minkowski space. Expanding equation
we have

() =1 (v))? =-1,j #0; and 9" = ", pu#v.
We can recognize that what {7°, %, 72,3} generate is a four dimensional Clifford algebra: it’s the Clifford

algebra Cl; 3. (It is standard that the y-matrices can be expressed in terms of Pauli’s spin matrices.)

IHere we follow the derivation from Zee’s QFT in a Nutshell, [Zee03).
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Now, let V' be any complex vector space equipped with a representation of Cl; 3, we can consider the
Dirac equation for V valued functions, i.e., ¢ € C*°(RY3, V). Moreover, we can add various interactions or
potential terms. As an example, if we fix a electromagnetic potential, then we have the corresponding Dirac
equation:

(tv"(0y —ieA,) —m) ¢ = 0. (9)

9.1.1 Summary of (Local) Structure

Let us briefly summarize the structures we utilized in the preceding section.
1. A pseudo-Riemannian manifold: RY? = (R*, 7).

2. The Clifford algebra built from our pseudo-Riemannian manifold: Cl; 3 (or its complexification Cl; 3 ®

0).
3. A vector space V' equipped with a representation of Cl; 3.

4. The partial/covariant derivatives of V-valued functions on our manifold.

9.2 Globalizing Our Work: Dirac Operators and Spinor Bundles

In this section, we will extend the constructions of the preceding section to general (pseudo-)Riemannian
manifolds. We will restrict to the Riemannian case, though the Lorentzian and general psuedo-Riemmanian
case can also be considered. A standard reference is Lawson and Michelson’s Spin Geometry [LM89], see
also Chapter 11 of [Nic21| or [BGV04]. (For the psuedo-Riemannian manifolds a reference is Helga Baum’s
text [Bau8l].)

Another note, we will work with spin structures and the group Spin(n). In many physical applications,
the relevant structure is that of a Spin® structure (or even Pin® structure), the case of Spin® can be treated
similarly and is discussed in Appendix D of [LM&9]. It is a theorem that any bundle equipped with a spin
structure has a canonical Spin® structure. There is a slight difference, however, as any almost complex
manifold admits a Spin® structure while not necessarily admitting a spin structure; the classic example of

such a manifold is CP2.

9.2.1 Dirac Bundles

Let (M, g) be a closed (compact without boundary), connected, oriented Riemannian manifold of dimension
n. As in the previous lecture, let Pso(X) denote the principal SO(n)-bundle of orthonormal tangent frames.

Consider R™ with its standard inner product and the corresponding Clifford algebra Cl,, = CI(R™). The
defining action of SO(n) on R™ naturally extends to a representation p: SO(n) — Cl,,. We can then form
the associated bundle, which we call the Clifford bundle of M,

CI(M) = Pso(M) Xp Cln
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The bundle C1(M) is a bundle of Clifford algebras, i.e., each fiber has the structure of a Clifford algebra. One
can check that another construction of CI(M) is to apply the Clifford algebra construction to each tangent
space using the Riemannian metric as the quadratic form.

Next, let S — M be a vector bundle of left modules over C1(M), i.e., for each p € M, the fiber S, is a left
module for the Clifford algebra CI(M),, we will denote this action, “Clifford multiplication”, by the symbol
-, €.g., v - 0. Further, assume that S has a Riemannian metric and is equipped with a metric connection V,

e.g., the Levi-Civita connection. We then define the Dirac operator to be

D:T(M,S) »T(M,S), Do:=)» e;-Veo,

j=1

at p € M, for {eq,...,e,} an orthonormal basis of T,M. Let us note a few properties of D, which we recall

from Section II1.5 of [LMS89].

Proposition 9.2.1. Let D: T'(M,S) — T'(M, S) be a Dirac operator.
1. The operator D is a first-order differential operator which is elliptic.
2. The Dirac Laplacian D? is a generalized Laplacian.

While we won’t recall the symbol calculus, nor develop the theory of elliptic operators, we will use some
results as necessary.
Note that there is an inner product on sections of S given by integrating the fiberwise inner product
(=)
(01,02) :== /M(al,ag>, 01,09 € T(M,S).

It is desirable that the Dirac operator D is formally self-adjoint, i.e., for all 01,09 € I'(M, S),
(Doy,09) = (01, Doa).
This will follow (Proposition 5.3 of Chapter IIT [LM89]) provided that
1. Clifford multiplication is orthogonal, i.e., at each p € M, and for each unit vector e € T, M,
(e-01,e-09) = (071,02),
for all 01,02 € S;,, and

2. The covariant derivative on S is a module derivation, i.e., for all o € I'(M, S) and ¢ € T'(M, CL(M)),
V(@ -0o)= (V) o+ -(Vo),

where V' is the covariant derivative on the Clifford bundle associated to the Levi-Civita connection

corresponding to the Riemannian metric on M.

99



Definition 9.2.2. A Dirac bundle on a Riemannian manifold (M, g) is a bundle S of left modules over the

Clifford bundle C1(M) which is equipped with a metric and metric connection satisfying properties (1) and
(2).

For both physics and geometry, the most relevant Dirac bundles are the so-called spinor bundles, so we

describe these next.

9.2.2 Spinor Bundles in General

We now add to our manifold (M, g) the assumption that it is equipped with a spin structure: Pgpin(M) —
Pso(M). Let V be a left module for Cl,, equipped with an inner product, such that Clifford multiplication is
orthogonal. As Spin(n) C C1%, there is an (oriented) orthogonal representation p: Spin(n) — SO(V). The

(real) spinor bundle determined by V is the associated bundle
S = Pepin(M) x, V.

We use the same letter as in preceding subsection as this spinor bundle is naturally a Dirac bundle (and
the word spinor starts with the letter ‘s’ in English (and French)). Indeed, the (metric) connection on TM
determines a connection on Pso(M) and this lifts to a connection on Pgpin (M) which in turns induces a
connection on the spinor bundle S. That S is a module bundle for the Clifford bundle, C1(M), is a standard
check (Proposition II1.3.8 of [LM89]). Moreover, the connection is a derivation with respect to Clifford
multiplication (Proposition I11.4.11 of [LMS&9)).

We also have complex spinor bundles, where V' is a module for Cl, ® C and graded versions of both.

Summarizing, we have the following.

Theorem 9.2.3. Let S — X be a spinor bundle (real, complex, graded or ungraded). Then, S is a Dirac

bundle, and in particular is equipped with a canonical Dirac operator.

The canonical Dirac operator on a spinor bundle was first constructed by Atiyah and Singer and is
sometimes called the Atiyah—Singer operator.
9.2.3 Examples of Spinor Bundles
As a first example of a spinor bundle, we can consider Cl,, as a module over itself. Let ¢ denote the module
structure by left multiplication. We then form the Clifford linear spinor bundle

Clspin(M) := Pspin(M) x4 Cl,.

This bundle is naturally Z/2-graded and is contains a lot of geometric information about the spin manifold
M.
The representation theory Clifford algebras is tame and every spinor bundle is completely reducible, i.e.,

any spinor bundle (real, complex, graded, or ungraded) can be decomposed into a sum of irreducible ones.
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The classification of irreducible representations is discussed in Section 1.5 of [LMR89], later (Section I1.3) the

same authors summarize the number of irreducible representations as follows.

Dimension Real Complex Real Complex
n (mod 8) | Ungraded | Ungraded | Graded | Graded

1 1 2 1

2 1 1 2

3 2 2 1 1

4 1 1 2 2

5 1 2 1 1

6 1 1 1 2

7 2 2 1 1

8 1 1 2 2

A few comments are in order. First, the number of real irreducible representations is 8-fold periodic;
while the number of complex representations has periodicity 2. This periodicity is an incarnation of Bott
Periodicity; a beautiful topic for another time. Secondly, spin/Clifford representations are fundamental for
the description of supersymmetric field theories. While we won’t address supersymmetry in these notes, we
note that the capital ‘N’ notation, e.g., N = 2 supersymmetry, approximately corresponds (depending on

conventions) to the number of copies of irreducible representations we sum.

9.3 Fredholm Operators and Indices

In preparation for the next section, let us recall some elementary results from functional analysis/operator

theory.

Definition 9.3.1. Let T: X — Y be a bounded linear operator between Banach spaces. The operator T is
Fredholm if

1. The kernel of T, ker T, is finite dimensional, and
2. The cokernel of T, coker T, is finite dimensional, and
3. The image/range of T is closed.

One characterization of Fredholm operators is that they are exactly those bounded linear operators which

are invertible up to compact operators (see Chapter III Lemma 5.1 of [LM89)]).

Definition 9.3.2. Let T: X — Y be a Fredholm operator. The index of T is the integer given by

IndT = dimker T — dim coker 7.

101



The notion of (Fredholm) index is really only interesting in infinite dimensions. Indeed, if T: X — Y is

Fredholm between finite dimensional spaces, then Ind T = dim X — dim Y by the rank-nullity theorem.
Example 9.3.3. Consider the “shift right” operator R: ¢ — {2, where

R(z1,29,...) = (0,21, 22,...).
Clearly, R has trivial kernel and its cokernel is one-dimensional, hence Ind R = —1.

The following is simple, but very useful in practice.

Lemma 9.3.4. Let T: X — Y be Fredholm and T*: Y — X a (formal) adjoint, then
IndT = dimker T — dim ker T™*.

Example 9.3.5. Consider the circle, S = R/Z, and the operator - : L}(S') — L?(S') between Sobolev
spaces of complex valued functions. One can compute that the kernel and cokernel are both one dimensional,
so the index is zero. Moreover, one could consider the modified operator % — A for A € C of unit norm; the

adjoint of this operator is simply d% — X and it follows that the index is still zero.

The following is known as the topological invariance of the index, see Chapter III Section 7 of [LM89] for
a proof in the setting of Hilbert Spaces.

Theorem 9.3.6. Let B(X,Y) be the space of bounded linear operators. The index map
Ind: B(X,Y)—>Z
is locally constant. Moreover, if X andY are separable Hilbert spaces, then the index induces a bijection

moB(X,Y) 2 Z.

9.4 The Atiyah—Singer Index Theorem

In this section we want to recall the Atiyah—Singer Index Theorem in its cohomological form and work
through some elementary examples. Atiyah and Singer proved their theorem(s) in the early 1960’s building
on critical work of Borel, Bott, Chern, Gelfand, Grothendieck, Hirzebruch, Thom, and others; it was one of
the mathematical high points of the twentieth century. Our overview will be very brief; for an elegant and
more elaborative account see [Fre21].

To begin, in order to compute an (analytic) index we need a Fredholm operator. Fortunately, any
elliptic operator on a manifold admits a Fredholm extension. The idea is to impose regularity on the
space of sections we consider, so for a Dirac bundle S — M with Dirac operator D, we take the Sobolev

spaceﬂ of sections W2(M,S). Next, there is an extension of the operator D to a Fredholm operator

2Sobolev spaces are a central tool in much of functional and geometric analysis. Sobolev spaces on Riemannian manifolds

are discussed in Taylor’s three volume set |[Tay97| or Section II1.2 of [LM89].
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D: WY2(M,S) — L*(M,S). For the precise statements and proofs, see Theorems 11.5.5 and I1.5.7 of
|[LMS9).

With the help of its Fredholm extension, our Dirac operator D—or any elliptic operator on M—now has
a well defined index Ind D € Z. The Index Theorem now relates this analytic index to the integral of a local

quantity over our (compact, oriented) manifold M.

Theorem 9.4.1 (Atiyah—Singer (Cohomological Version)). Let P be an elliptic operator on the compact

oriented manifold M of dimension n. Then
Imd P = (~1)"%=" / ch P - A(M)2.
M

The integrand appearing in the Index Theorem is a product of two (inhomogeneous) cohomology classes
on our manifold M: the Chern class of the symbol bundle associated to the operator P and the A-class of
the manifold itself. An introduction to characteristic classes such as these will take place in the next lecture.

The Index Theorem is useful in at least three ways:

1. As the right hand side is a topological quantity it is invariant under homotopy, thus providing an

answer to the question “Why is the analytic index locally constant?”

2. It turns out that any elliptic operator can be deformed to a “twisted” Dirac operator and for such

operators the right hand side of the Index Theorem is often computable.

3. The left hand side of the Index Theorem is an integer, so so is the right hand side. Thus, integrability
and divisibility results for certain topological invariants of manifolds can be proven using the Index

Theorem, e.g., Hirzebruch’s Signature Theorem.

9.4.1 Fundamental Examples

We now illustrate two specific examples of indices of Dirac operators. In both cases we will consider a graded
bundle S = S° @ S' and a Dirac operator of the form
0 D! 0 1 0 1
D= :STeS —>S5"e S .
DY 0
If D is self-adjoint, then D° and D' are adjoints of each other. Therefore,
Ind D° = dimker D° — dim ker D*.

Example 9.4.2. Let (M, g) be a compact, oriented Riemannian manifold and consider the Clifford bundle
itself CI(M). This bundle is graded, C1(M) = CI°(M) @ CI*(M). Moreover, in the previous lecture we saw
that for a (quadratic) vector space (V,q), C1(V,q) = A*(V) as vector spaces. This fiberwise identification
assembles to a global identification at the level of sections: I'(M, C1(M)) = Q*(M). We then consider half
of the “off diagonal” part of the (graded) Dirac operator and have the identification

D°: T(M,C1I°(M)) — T'(M,C1Y(M)) is  d+d*: Q" (M) — Qo4 (M),
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where d is the de Rham derivative and d* = xd* its adjoint. So then
Ind D° = dim H{™ (M) — dim H3S(M) = x (M)
the Euler characteristic of the manifold M.

Example 9.4.3. Let M be compact Riemannian spin manifold of dimension 4k and let $¢ be the unique
irreducible (ungraded) complex spinor bundle on M. We now induce a grading on $¢ following Section I1.6
of [LM89|. By choosing a positively oriented orthonormal tangent frame (eq,...,eq;) define the complex

volume element, we € T'(M,Cl(M) @ C) by
we = i%el c €9 ehk-
Multiplication by wc splits our spinor bundle into +1 and —1 eigenbundles:

$c=$L@$: and DT:T(M,$%) — (M, $¢).

o~

The Index Theorem then computes the index of D: Ind D¥ = A(M). An immediate consequence is that
A(M) € Z. While that conclusion might not seem surprising note that A(M) is given in terms of Pontryagin

classes (more characteristic classes!) with the first few terms

~ 1 1
=1- = —— (—4 ™)+ -
24p1+5760( p2 + Tp7) + -+,

b

so there is no reason to expect E(M ) is an integer. Yet, with the help of the Index Theorem, we have
shown that for a spin manifold E(M ) € Z. For our favorite non-spin manifold CP2, one can compute that
A(CP?) = -1

9.5 Exercises

1. Check that if the v* in Dirac’s equation @ were simply scalars, then the equation fails to be Lorentz

invariant.

2. (This exercise follows Section II.1 of |Zee03].) Let us consider complex conjugating the EM Dirac

equation [0

(a) To begin, show that the matrices {—(y*)*} also generate the Clifford algebra Cl; 3.

(b) Hence, there is a matrix C, called the charge conjugation matriz, such that
—(7*)" = (C7") T (CH).

Factoring out a copy of 7° from the change of basis matrix is a convention, and far be it from us

to break this convention. Find C.
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(c) Define ¢, := Cy¢*. Show that if ¢ satisfies equation @ then
(iv" (0, +ied,) —m) ¢. = 0.

Hence, corresponding to every solution of the massive, charged Dirac equation, there is a corresponding
solution with the same mass but opposite charge. For the electron, the corresponding particle is called
the positron. One should perhaps note that the (early) historical understanding of the positron was

through a dialogue between Dirac, Oppenheimer, Weyl, and others.
. Let L: 2 — 2 be the left shift operator. Compute Ind L.

.Let T: X - Y and S: Y — Z be Fredholm operators. Prove that S o T is Fredholm and moreover
IndSoT =IndS +IndT.

Note that you now know how to realize any integer as the index of a Fredholm operator.

. (This exercise is Theorem 3.50 of [BGV04].) In this exercise you will prove the McKean—Singer Formula.
Let A be a generalized Laplacian acting on a Z/2-graded Banach space. For A\ € R, let nf be the
dimension of the A-eigenspace H*. We can consider the corresponding heat operator, e, and define

its supertrace as

Str (efm) = Z (n:{' — n;) e .

A>0
That this operation is well defined uses the spectral theorem/calculus for the operator A.
Now, let (E* — M, D) be a Z/2-graded Dirac bundle over a compact Riemannian manifold M. Then
D? is a generalized Laplacian acting on a Sobolev extension of I'(M, E*). Using the fact that D

commutes with D? prove that
Ind D = Stre 2.
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10 Lie Algebras and Characteristic Classes

10.1 Some Representation Theory for Lie Algebras

Given a Lie group G, we can consider representations of the group to study the structure of G. In particular,

a representation of G is a Lie group homomorphism
p:G—= GL(V)

where V is a complex or real vector space. Our goal in this section is to study the representation of a Lie

algebra and what that structure provides for us.

10.1.1 Definitions for representation of a Lie algebra

We first begin with some definitions of a Lie algebra representation.

Definition 10.1.1.
Let F denote R or C. Let (W, [-,-]) be a Lie algebra where W is a F vector space.

e A representation of W on a IF vector space V is a Lie algebra homomorphism
¢ : W — Endp_jinear (V) := End(V)

e A representation ¢ of W is faithful if ¢ is injective.

e A representation ¢ on V is irreducible if there are no proper or trivial vector subspaces U C V such

that W-U CU.

e A representation ¢ on V is reducible if it is not irreducible.

For a Lie algebra g of a Lie group G, we can come up with representations using the representations of
G. In particular, if p : G — GL(V) is a representation of G, then the differential p, : g — End(V) is a Lie

algebra homomorphism as the differential of any Lie group homomorphism is a Lie algebra homomorphism.
10.1.2 Adjoint representation
If G is a Lie group with Lie algebra g, then we have a diffeomorphism
rgolg—1:G—G h— ghg™*
which gives rise to a vector space automorphism of g:

Ady = (rgoly-1)se:g—9  Ady(X)=gXg!
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As we vary over G, we obtain a Lie group homomorphism
Ad: G — GL(g) g — Ad,

Thus, we have a representation of G on g given by Ad called the adjoint representation. Taking the differential
ad := Ad,, we obtain a representation of g also called the adjoint representation.
10.1.3 Killing forms

Suppose (V,[,+]) is a Lie algebra. Since V' is a vector space, then we can consider bilinear forms on V. We

can define an adjoint representation on V given by
ad: V — End(V) X = (Y ~[XY)

Since adx is a linear map on V', we can write it down as a matrix in the case V is finite dimensional. Hence
it makes sense to consider the trace of such maps which will give us a number in the ground field. Therefore,
we can obtain a map

Ky:VxV-—>F Ky(X,Y) =tr(adx o ady)

called the Killing form.

Proposition 10.1.2.
Let (V,[-,*]) be a finite dimensional Lie algebra over F =R or C, and let Ky be the killing form on V.

1. Ky is bilinear and symmetric.

2. For any automorphism o : V =V, Ky(0(X),o0(Y)) = Ky (X,Y).

10.1.4 Simple and semi-simple Lie algebras

We now consider the condition in the Killing form of a Lie algebra is non-degenerate. It turns out non-

degeneracy is linked with the notion of semi-simple.

Definition 10.1.3. Let (V,[,,]) be a Lie algebra.

e Given U, W C V, define
k

U, W] ={> [X.,Yi]: X; e U,Y; € W}

i=1

e Anideal in V is a vector subspace U C V such that [V,U] C U.

e An ideal is commutative if the ideal is a commutative subalgebra of V.
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e The Lie algebra V is simple if V' is a non-commutative algebra and the only ideals in V are 0 and V.

e The Lie algebra V' is semi-simple if V' if every non-trivial ideal in V' is non-commutative abelian.

Theorem 10.1.4 (Cartan’s Criterion).

A Lie algebra is semi-simple if and only if the Killing form is non-degenerate.

Theorem 10.1.5.
Every semi-simple Lie algebra can be written as the direct sum of simple Lie algebras which are pairwise

orthogonal with respect to the Killing form.

For proofs of these two theorems, see chapter 2 in [Ham17].

10.1.5 Computing the Killing form for a matrix Lie group

Theorem 10.1.6.
Let n € N with n > 2.

1. The Killing form for gl (R) is given by K(X,Y) = 2ntr(XY) — 2tr(X)tr(Y).
2. The Killing form for sl,(R) is given by K(X,Y) = 2ntr(XY).
3. The killing form for su(u) is given by K(X,Y) = 2ntr(XY).

4. The killing form for so(n) is given by K(X,Y) = (n — 2)tr(XY).

10.2 Chern-Weil Homomorphism for Principal Bundles
10.2.1 Overview

Consider the torus T? with its standard topology. We can embed T? into R? via a surface revolution where

one chart is given by
¥ (0,2m) x (0,2m) = R® (. 0) = (f(x)cos(9), f(z)sin(8), g(z))

where f,g : (0,27) — R? are given by f(x) = R + rcos(z) and g(x) = rsin(z). Equipping R with its
standard metric, we can pullback the metric to T? and equipped T? with the corresponding Levi-Civita
connection. Using the affine connection and metric, one can compute the Gaussian curvature K of T? to

obtain
cos(x)
K=—7—""——.
r(R + rcos(x))
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Due to Gauss’ Theorem Ergegium, we know K is invariant under isometries of T2. Furthermore, note K
takes on positive and negative values.

Since K was dependent on the choice of C*° structure and metric, it makes sense to consider the following
question: Does there exists a C° structure on T? and Riemannian metric such that, when equipped with the
Levi-Civita connection, K is strictly non-positive or non-negative? The following Theorem will help answer

this question.

Theorem 10.2.1 (Gauss-Bonnet).

Let M be a compact, oriented two dimensional Riemannian manifold. Then

/ Kvol=2mx(M)
M

where x(M) is the Euler characteristic.

Since x(T?) = 0, then, from the Gauss-Bonnet Theorem, we know either K = 0 or K takes on both
positive and negative values. Thus the answer to the question is no. Note that we were able to answer this
question (which is rather challenging on its face) by simply computing a number that depended only on the
topology. The goal of characteristic classes is to imitate this perspective: answer differential topology and

differential geometry questions via topological obstructions that can be computed using cohomology.

10.2.2 Polynomials on a vector space

Let k£ be a field with characteristic zero. Let V be a k-vector space with basis vq,...,v, and dual basis
a',...,a™. For notation, denote degree I homogeneous polynomials in n-variables over k as k[z1, ..., z,]".
In the case of | = 0, k[z1,...,7,]" := k. We can define for each | € Ny a function
Sym;(VV) = k[z1,...,z,]! = Z fiyy ..o v)xt . 2 (10)
Ie{l,...,n}xt

As one can check in exercise 1, this map is a k-algebra isomorphism. We also have the injective k-algebra
homomorphism

klx1,...,2,] = Fun(V, k) L = o

Thus, we have an injective k-algebra homomorphism
Sym,(VY) — Fun(V, k) f=we fv,...,v)) (11)

Elements in the image of this k-algebra homomorphism are called homogeneous degree [ polynomials on V.
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10.2.3 Invariant polynomials on a Lie algebra
Recall, if G is a Lie group with Lie algebra g, then we have a diffeomorphism
rgolg—1:G—G h i ghg™*
which gives rise to a vector space automorphism of g:
Ady = (rgoly-1)se:g—g  Ady(X)=gXg'
As we vary over G, we obtain a Lie group homomorphism

Ad N G — EndVect(g) g = Adq

Thus, we have a group action of G on g given by Ad called the adjoint action. This adjoint action ascends

to an action on T'(g¥) where we have the trivial action in degree zero, and we have in degree k > 0
Ad:GxTHY) = T"gY)  (9,f) — ((u,. .., ux) = f(Adgus, ..., Adguy).

The adjoint action on the tensor algebra descends to an action on the symmetric algebra of g¥. The fixed
points of this action are called Ad-G invariant polynomials.

We can also define an Ad-G action on Fun(g, R) given by
G x Fun(g,R) —» Fun(g,R)  (g.f) = (X = f(gXg™"))

The fixed points of this action are also called Ad-G invariant polynomials. As one can check in Exercise 3, the
k-algebra homomorphism in is in fact a G-equivariant isomorphism. Thus a homogeneous polynomial

is a fixed point if and only if the corresponding element in the symmetric algebra is a fixed point.

Example 10.2.2 (Examples of Ad-invariant polynomials).
Let k = R or C. Consider the Lie group G = GL,(k) whose Lie algebra is gl,,(k) = k™*™. Consider the
function

det : kb x E™™ =k (A X) = det(M + X) = fr(X)A"F
k=0

where fi(X) is a homogeneous polynomial in X valued in k with integer coefficients. Since the determinant is
invariant under conjugation of elements in GL, (k), then fo,..., f, are all Ad-GL, (k) invariant homogeneous
polynomials. It turns out that these polynomials generate the set of Ad-GL,, (k) homogeneous polynomials

(see appendix B in [Tul7)).
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10.2.4 The Chern-Weil homomorphism for principal bundles

To see how one constructs a characteristic class for a principal bundles, we give a non-rigorous overview of
the process. The interested reader can find more details in the last section of [Tul7] . Let G be a Lie group
with Lie algebra g. Suppose 7w : P — M is a principal G-bundle. Recall, we are able to pick an Erhesmann
connection w for P which has a curvature form €2 = dw + %[w, w]. If ey, ..., e, is a basis for g with dual basis

al,...,a", then we can write
n
Q= E Q' Re;
i1

where Q1 ..., Q" € Q?(P). Given a homogeneous Ad-G invariant polynomial f : g — R of degree k, we can

write f = > ara’ ...a' . Now consider the differential 2k-form
I€{1,...,n}xF

F@ = > ar A AQk

Ie{l,...n}x*

We have the following facts about f(2):
1. There exists ¢ € Q?*(M) such that 7*(¢) = £(Q).
2. ( is a closed form.
3. [¢] € H?*(M), called the characteristic class of P associated to f, is independent of w.

Thus, we obtain a ring homomorphism from homogeneous Ad-G invariant polynomials on g and H*(M)

where f +— [(]. This homomorphism is called the Chern-Weil homomorphism.
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10.2.5 DPontrjagin and Chern classes

Let k = R or C. Consider a principal GL, (k) bundle. Then the Ad-GL, (k) invariant polynomials are
generated by the the coefficients for the determinant function fy,..., f,. However, we will consider a slight
adjustment to these where we will take f; to be fj(ﬁX ) instead of f;(X). Since these polynomials generate

the invariant polynomials, it make sense to consider the characteristic classes associated to these polynomials.

In the case k = R, the corresponding classes are called the Pontrjagin classes and are denoted as pg, ..., pn
(which correspond to fo,..., fn, respectively). In the case k = C, the corresponding classes are called the
Chern classes and are denotes as ¢y, . .., ¢, (which correspond to fo, ..., f,, respectively).

10.3 Exercises

1. Verify is a k-algebra isomorphism.

2. Verify the Ad-G action on T'(g") is well defined and that this action does in fact descend to an action

on the symmetric algebra.
3. Verify is a G-equivariant isomorphism onto its image.

4. Prove proposition [10.1.2]

11 A Smattering of Gauge Theories

This lecture will proceed in two parts: first, we will introduce a number of different gauge theories and some
of their applications, we will then begin to describe Yang—Mills Theory in a bit greater detail. We will revisit
Yang—Mills Theory in a later lecture when we discuss some of the its striking results to 4-manifold topology
as described by Donaldson.

Throughout we will comment little, if at all, on the physical origins of various theories. Further, we won’t
discuss the details of quantization for our theories, only noting relevant obstructions when we discuss any

consequences of the existence of a quantization.

11.1 A Bit More on Bundles and Connections

Except for the first paragraph where we fix come conventions/notation, the advanced reader can skip to the
next section.

Throughout, let G be a Lie group with Lie algebra g, M a smooth manifold (typically closed) and P — M
a principal G-bundle. We will also fix a connection A on P.

Let p: G — GL(V) be a representation. We form the vector bundle associated to p, P x,V — M, with

total space given by

Px,V=(PxV)/G, where (p,v)-g=(p- g,p(g~")v).
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Note that [p - g,v] = [p, p(g)v]. The obvious projection map is well-defined. Though this construction has
already appeared (briefly) above, we will use it extensively in several of the lectures that follow.
Of particular relevance in gauge theory is the adjoint bundle of P corresponding to the adjoint represen-

tation of G on its Lie algebra g (as defined in the previous lecture). We will denote the adjoint bundle as

gp-
To get a feel for the adjoint bundle, let us prove the following “sanity check.”

Lemma 11.1.1. Let P = M X G be the trivial G-bundle, then the adjoint bundle gp is trivializable.

Proof. The result naturally extends to the case of the bundle associated to any representation p: G — GL(V)

and it is somewhat cleaner to prove it in this generality, so we will proceed by doing so. Define the map
O:Px,V—o>MxV, |[(z,9),v] = (z,p(g)v).

Provided this map is well-defined, it will define a map of vector bundles since it preserves the fibers and is

linear on them. Let h € G, then [(z,gh), p(h~)v] ~ [(, g), v], so we consider

®([(x, gh), p(h=")0]) = (z, p(gh)p(h~")v)
= (z,p(g)p(h)p(h) " v)
= (z, p(g)v)-

The map
U: MxV—=Px,V, (z,0)—|[(ze),]

is clearly linear on fibers and hence defines a bundle map. Finally,

@ (¥(z,v)) = O([(x,€),v]) U (2([(x, 9),v])) = ¥(z, p(g)v)
= (z,p(e)v) = [(z,€), p(g)v]
= (z,v) = [(.T,g),’l)]

O

It is possible for the adjoint bundle to be trivializable even if the original principal bundle is not trivial.
The bundle associated to the trivial representation is always trivializable as one can find enough linearly
independent sections. For instance, if the Lie group is Abelian, then the adjoint representation is trivial.
This is one thing that makes U(1)-gauge theory, so E&M, more approachable than general gauge theory for
spacetimes with non-trivial topology. (For sufficiently nice Lie groups, e.g., compact, connected, and the
restriction to unitary representations, the associated bundle to a non-trivial principal bundle is trivial if and
only if the representation is trivial.)

If the G-bundle P — M is equipped with a connection, there is an induced connection (covariant

derivative) on any associated bundle P x, V — M. We won'’t give the general theory, but only the specific
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case of the adjoint bundle inspired by |Coh98|; the general construction can be found in Section 11.5 of
[Taull].
To begin, let us define gp-valued differential forms, Q*(M, gp):

QF (M, gp) :==T(M,A*TVM @ gp) =2 Q¥ (M) @co(ar) T(M, gp).

We will now describe the relationship between connections on P — M and elements of Q!(M,gp). To

this end, begin by defining the Maurer—Cartan form on the Lie group G
wimre € Q4G g), (wnme), (v) = (Lg—1), v, v € T,G,
where Lj, is the left translation homomorphism. For matrix groups, one can write
(wme), =g~ 'dg.

More intuitively, we can describe the Maurer—Cartan form in terms of natural frames. Indeed, if {E;} is a
frame for TG consisting of left-invariant vector fields, let {#} be the associated co-frame (dual basis). With
this data, we have wyrc = Ei(e) ® 6.

Next, given a trivializing cover {U,} and transition functions {gag} for our bundle P — M, there is a

bijection between connections on P and families of 1-forms
{A, € Q" (Uy,g)}  such that Ag = Ad(g;é) o Ay + gapwirc

It then follows that the difference of any two connections lies in Q'(M, gp), i.e., if A and A’ are connections
on P, then A— A’ € Q'(M, gp). Indeed more is true, connections on P actually form an affine space modeled
on QY(M,gp). Only if the bundle P is trivial do we have a natural base point (the trivial connection), in
which case the space of connections is identified with the vector space Q(M, gp).

It follows from the preceding paragraph that if A is a connection on P, then its curvature 2-form defines
an element Fy € Q2(M,gp). One write this explicitly using “horizontal lifts” of vector fields. Recall that
our connection defines a horizontal subbundle H C TP and the notion of horizontal lift of a vector field X
on M to one X on P.

We finish our preparatory work by stating the Bianchi identity: the curvature form F4 is closed in
Q*(M,gp). In order to have an exterior derivative on Q*(M, gp) we need a connection on gp, which we have

as the one induced by the connection A. Again, we can be explicit by utilizing horizontal lifts:
d*: Q°(M,gp) = Q' (M, gp), d*(a)(X) =[X,0],

for X a vector field on M. This operator d is then extended by requiring it to be a derivation of the module

structure for the algebra of forms Q*(M); explicitly this requires that
A w A ) = (dw) A s+ (—1)Fw A (&), w e Q5(M), 7 € Q1 (M, gp).

The Bianchi Identity is now the equation d4F4 = 0.
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As an addendum, given any vector bundle with connection (F,V), there is a graded vector space of
E-valued forms Q*(M, E) and an (covariant) exterior derivative dV defined analogously as in the case where

E = gp. In general d¥ odY # 0. The operator dV is square zero precisely when V is a flat connection.

11.2 BF Theory

BF Theory is a particularly nice place to start as it is a (topological) field theory which can be defined on a
manifold in any dimension. We following the description given by Alberto Cattaneo and collaborators, e.g.,
as in |Cat+95]; to our knowledge BF type theories were first considered in the late 1980’s by Blau-Thompson
[BT89] and Horowitz [Hor89], see also [Bir+91].

Let M be a closed, oriented n-manifold and G-bundle P — M. There are two fields in BF theory: a
connection A on P with associated curvature Fa € Q?(M,gp) and a form B € Q"~2(M, gp). The action is
then expressed as

SBF(A,B) = /M TI‘(B AN FA),

where Tr denotes the point-wise pairing on the Lie algebra g (we explain this a bit further for Chern—Simons

Theories below). The Euler-Lagrange equations for Sgp are
Fa=0 and d*B=0.

Note that depending on the dimension, there are various terms one can add to the BF action. For

example, in 3-dimensions, as B € Q!(M, gp), we could consider
S5 (A, B) = / Te(B A Fa) + # Te(B A B A B),
M
where k € R is any parameter. Similarly, in 4-dimensions, we have

SE (A, B) = / Tr(B A Fa) +  Te(B A B).
M

These additional terms are sometimes called cosmological terms, especially in dimension 3 where there is a
relationship between BF theory and perturbative gravity.

While BF theories are topological, i.e., they have no dynamics, they still have interesting observable
structure. For instance, Cattaneo and others have described invariants of links and knotted surfaces in

terms of certain observables in BF theory, see [CCM95] or [CM94].

11.3 Chern—Simons Theory

The origins of Chern—Simons Theory are actually mathematical. Recall from the previous lecture the Chern—
Weil homomorphism/construction which associated a closed even degree differential form P(F) given an
invariant polynomial P of the Lie algebra g. In 1974 Chern and Simons |[CS74] described odd degree
primitives for P given by traces of powers of F'. More explicitly, the Chern-Simons p-form CS(A) € QP (M)
is defined such that

dCS(A) = Tr(F*),
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where p = 2k — 1 (this is literally true on a trivial bundle and locally in general). On the trivial bundle in
3-dimensions we have

CS(A) =Tr dA/\A—i—%A/\A/\A .

This formula requires a bit of unwinding. Fortunately we assumed that we started with a trivial bundle,
so the connection 1-form A is just a g-valued differential form, and we need to perform some algebraic
operation to get a C-valued differential form. Moreover, we assume the existence an ad-invariant pairing on
g, so we use that pair g-valued elements point-wise. Introducing some notation (which we learned from José
Figueroa-O’Farrill), let

(—h=): QN (M. g) © Q°(M, g) — Q*(M)

be given by wedging form components and applying the pairing (point-wise) to the Lie algebra components.
Similarly, let
[_/7\_] : Qk(M7 g) ® Qé(Ma g) — Qk+e(M7 g)

denote the wedge of the form components and the application (again point-wise) of the Lie bracket to the

Lie algebra components. Then,

Tr[dA A A] = (dAMA)  and  Tr[AA A A A] = =([AVA])A).

1
2
In the case of a matrix Lie algebra (or in any other faithful representation), the operation Tr really is a
(scalar multiple) of the standard trace.

Around 1978, Albert Schwarz realized that the work of Chern and Simons could be used to describe a
(topological) quantum field theory. The Chern—Simons action functional on an oriented 3-manifold is then
given by

Scs(A) :/MCS(A) :/MTr {dA/\A—FzA/\A/\A .

It is easy to see that the critical connections of this functional are the flat ones, i.e., connections with
vanishing curvature.

In addition to trivial bundles, we can make sense of the Chern-Simons action functional when perturbing
around a fixed connection on any G-bundle P. The classical (mathematical) reference for perturbative
Chern—Simons is by Axelrod and Singer [AS94].

The observable theory of Chern—Simons theory and its non-perturbative aspects are very rich, but beyond
our current scope. Dan Freed’s overview [Fre09] is a great place to start reading. For the relationship to

(topological) phases of matter, we recommend Witten’s lectures [Wit16].

11.4 Chern—Simons Theories in Arbitrary Dimension

Other dimensions: dglas, this already appears in cattaneo et all 1995 and Cattaneo—Rossi 2001
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11.5 Yang—Mills Theory

There are many excellent references for Yang—Mills Theory with varying degrees of detail and points of view.
We will mainly draw from Donaldson and Kronheimer’s text [DK90] which contains many many details and
is aimed at proving Donaldson’s construction of 4-manifold invariants using moduli spaces of solutions to
the Yang—Mills equations. Naber’s books provide some nice context and overview, especially Chapter 6 and
Appendix B of [Nabl1], as well as some nice examples and model computations as in Section 2.5 of [Nab00].
In addition to his original research articles, Donaldson’s 1986 address at the ICM is an excellent overview
[Don87]. Much of the mathematical analysis of gauge theory is predicate on Karen Uhlenbeck’s beautiful
work in infinite dimensional analysis; a nice summary of her influence is provided in [Don19].

To begin, let (M, g) be an oriented, closed Riemannian manifold. There is an inner product on Q*(M)
given by

(a, B) ::/ a A *f3,
M

where * is the Hodge star. Note that this pairing in non-zero on homogenous forms only if « and g have
the same degree. This inner product induces a norm called the L2-norm. Now, let P — M be a G-bundle
with the Lie algebra g being equipped with an invariant inner product. Applying the inner product on g
point-wise allows us to extend the L2-norm to g-valued differential forms and similarly for gp-valued forms.

Restrict now to the case where M is 4-dimensional. The Yang—Mills action functional for connections A

on P is then given by the L?-norm squared of the curvature:
SYM(A) e ||FAH2 = —/ TI‘(FA N *FA).
M

Letting d** be the L?-adjoint of the covariant exterior derivative, so d4* = xd4x, the Euler-Lagrange
equation for Sy, is simply
d*Fa = 0.

In actuality, the variational calculus also produces the requirement that d4F, = 0, but that condition is
automatically satisfied by the Bianchi Identity. The equations d4*F4 = 0 are known as the YangMills
Equations.

Note that Sy s can be defined on a Lorentzian spacetime as well, though the Yang-Mills equations are
now a system of hyperbolic equations rather than elliptic as in the Riemannian case. As such, much more

care is needed with the analysis of them in the Lorentzian setting.

11.5.1 (Anti)Self-Dual Connections

As before, let (M, g) be an oriented Riemannian 4-manifold (not necessarily closed). The Hodge star, x,
takes 2-forms to 2-forms and (*)? = Id. Let Q% and Q= denote the +1 and —1 eigenspaces of 2-forms with
respect to *, so

0, =0"a0.
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(We follow convention and suppress writing ‘2" as well as the manifold M whenever it is clear from context.)
This splitting of 2-forms extends to vector bundle forms. In particular, we can decompose the curvature

2-form of a connection on our principal bundle P — M as
Fa=F{®F,; €Q(gp) ®Q (gp).

A connection is self-dual if Fy =0 and anti-self-dual (ASD) if Ff =

Using the splitting of 2-forms, we can write
Sy (A) = ||Fa|? = / |Ff|?dVol +/ |Fy [2dVol.

M M
Recall, that the Euler-Lagrange equations are

d*Fa=0 and d*F4=0,

where the first equation is automatically satisfied due to the Bianchi Identity. Note that if a connection is
ASD then

AV Fy = #(d*(xF))) = #(d*(—Fy)) = — * (d*Fa) = — % (0) = 0,
so ASD connections solve the Yang—Mills equations. Actually, the self-dual connections also solve the Yang—
Mills equations, while a general 2-form of mixed type will not. Following [DK90] we will consider ASD
connections.

It follows from Chern—Weil theory that

w(P) = / ()

~ 82

is a characteristic number which depends on the structure group G of P:

K(P) = c2(P) for SU(n) bundles,
1
= co(P) — §CI(P)2 for U(n) bundles,
1
= _Zpl(P) for SO(n) bundles.

Now, careful linear algebra shows that
Te(F3) = — (IFf[? - |F5 ) dVol.
Hence, on a SU(n) bundle we have
8m%cy(P) = / |Fy [2dVol — / |Ft 2 dVol.
M M

Consequently, if co(P) > 0, then 872cy(P) is a lower bound for Sy s (A) with equality obtained precisely
when A is ASD. Similar analysis applies to U(n) and SO(n). Moreover, we have the following.

Proposition 11.5.1. Let M be a compact, oriented Riemannian 4-manifold. If the bundle P — M admits
an ASD connection, then k(P) > 0. Further, if k(P) =0, then any ASD connection is flat.

The characteristic number —x(P) is called the instanton number. We will see in a future lecture that the

“moduli space” of ASD connections is a (disjoint) union over possible instanton numbers.
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11.5.2 SU(2)-theory on R*: BPST Instantons

We consider a family of ASD connections of instanton number -1 on S*. It will be more convenient to
actually consider “finite energy” ASD connections on R*. Such connections will then extend to some bundle
over the (conformal) compactification of R* to S%; this is non-trivial and depends on Uhlenbeck’s Removable

Singularities Theorem. The finite energy condition is simply

/ |F4|2dVol < .
R4

These instantons were first considered in [Bel+75], with further mathematical description in [AHS78]. We
follow the presentation of Naber [Nab00] Section 2.5, see also [Nabl1] Sections 6.3-6.5.

The ADHM (after Atiyah, Drinfeld, Hitchin, and Manin) is a beautiful construction which works for all
instanton numbers, see [Don22| or the original [Ati478|.

It will be convenient to identify R* with the quaternions H. Recall that S C H as the unit quaternions.
Moreover, we have an identification S* =2 HP!. Next, via the clutching construction and the Hopf Degree
Theorem

{SU(2) — bundles on 54} ~ 74(SU(2)) = 7T3(53) ~7,

isomorphism
so there is actually an integers worth of isomorphism classes of SU(2) bundles on S*. The preceding
isomorphism is given by the second Chern class/number. We are only dealing with the isomorphism class
consisting of those whose second Chern number is 1. Recall that SU(2) = S® C H; a representative for the
equivalence class of such bundles is given by the quaternionic Hopf fibration S3 < §7 — 64,
Recall that ¢ € H can be expanded as ¢ = gy + ¢1i + ¢2j + g3k, where ¢; € R. The quaternions admit a
conjugation operation
7= qo — q1i — q2j — gsk.
The real quaternions are fixed by conjugation, so only have component gg. The complement of real quater-
nions is called the set of imaginary quaternions. It is useful to identify the Lie algebra su(2) with the
imaginary quaternions. The imaginary quaternions are real 3-vectors and the Lie bracket is given by the
cross product in R?. This Lie algebra can also be recovered as the Lie algebra of the (non-Abelian) Lie group

5% C H.

Definition 11.5.2. Let A € Ry and n € H. The BPST instanton with scale A and center n is the

connection

q-n
A =1 —_— .
@) =10 (5 )

Given an instanton Ay ,, its curvature/field strength is the 2-form

)\2
Fn(q) = ———dqAndg.
(A2 +[q —n|?)?
These instantons are ASD and hence we have Syp(Axn) = 872. Note that the Yang-Mills action is

independent of A and n as we would expect since for ASD (respectively self-dual) connections, the action
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Sy um is a characteristic number of the SU(2) bundle. One computes that

48)2
[Fan(@)? = N2 . A
(A2 +1g—nl?)
Note that |F ,(q)| is maximized at ¢ = n and as A — 0 the field strength becomes localized at the point n,
this explains the terminology of “scale” and “center.”
The BPST potentials Ay ,, all arise as pullbacks, via stereographic projection, of natural connections on
the Hopf bundle over HP' = S*. Let [¢°, ¢'] be a homogeneous coordinates for HP?, then
—0 —1
q 0 q 1
w=1Im dq” + dq )
(qol2 lq*[?

is a connection on the quaternionic Hopf bundle. The Aj , are then just scaled and shifted versions of the

pullback of w.

11.5.3 Short Physical Story of Yang—Mills
11.6 Exercises
1. Let wye € NYG, g) be the Maurer—Cartan form on a Lie group G.

(a) Suppose X is a left-invariant vector field on G, show that wpsc(X) is constant as a g-valued

function on G.

Solution. Let G be a Lie group. Let wyc € QY(G,g) denote the Maurer—Cartan form on G.
Let X € X(G) be a left-invariant vector field. This means that for all g, h € G, we have:

(Lg)*Xh - Xgha

where Ly : G — G is left multiplication by g, and (Lg) is its pushforward on tangent vectors.

[We want to show that wyc(X) : G — gis constant as a g-valued function on G. That is, we want to prove tha
91,92 € G, we have wyc(Xy,) = wme(Xy,) ]

Proof. Recall that the Maurer—Cartan form is defined by

wre(vg) = (Lg-1)svg € g,

for any v, € T,G.

Let X be a left-invariant vector field. Then for each g € G, we have:
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So we find:
wpme(Xy) =X forall ged.

Hence,

ch(Xgl) = ch(XgQ) =X, forall g1,92 € G.

Conclusion. The map wyo(X) : G — g is constant, with value equal to X, € g. O

Next, show that if Y is also a left-invariant vector field, then
wye ([X,Y]) = lwne(X),wnc(Y)].

Solution. Let G be a Lie group, and let wyc € Q'(G, g) denote the Maurer—Cartan form on G.
Let X,Y € X(G) be two left-invariant vector fields. This means that for all g € G, we have:

Xg = (Lg)*Xm Yg = (Lg)*Ye,

where X.,Y, € g = T.G, and Ly : G — G denotes left multiplication. Recall also that the

Maurer—Cartan form is defined by:
wre(vg) = (Lg-1)svg € g, for vy € T,G.

[We want to show that wyc([X,Y]) = [wme(X),wae(Y)] as an identity of g-valued functions
on G. ]

Proof. First, note that the Lie bracket [X,Y] of two left-invariant vector fields is again left-
invariant. In particular,

[X, Y}g = (Lg)*[XmYe]v

and so,

WMC([X’ Y]g) = (Lgfl)*<Lg)*[X67Ye] = [Xevye]-
On the other hand, since wyrc(X) = X, and wpe(Y) =Y, as shown previously, we compute:
wre(X),wre(Y)] = [Xe, Ye].

Thus,
ch([X, Y]g) = [ch(X),ch(Y)] for all g < G,

which proves the identity.

Conclusion. The Maurer—Cartan form preserves the Lie bracket of left-invariant vector fields:

wyve([X,Y]) = wue(X),wne(Y)]. O
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(c) Now verify that
dec(X, Y) = Xch(Y) — Ych(X) — Wp o ([X, Y]) .

(This actually holds for arbitrary vector fields X and Y, they need not be left-invariant.)
Solution. Let w € Q'(M) be a smooth 1-form on a smooth manifold M, and let X,Y € X(M)

be smooth vector fields.

[We want to show that the exterior derivative of a 1-form satisfies the formula
dw(X,Y) = X(w(Y)) = Y(w(X)) = (X, Y])]

Proof. Any smooth 1-form w can be written locally as a linear combination of forms of the type f dg, where
f and g are smooth functions. Since both sides of the identity are linear in w, it suffices to prove the result
for the case w = fdg.

Compute dw(X,Y). We begin by computing the exterior derivative:

= d(f dg) = df A dg.

Then:
dw(X,Y) = (df Ndg)(X,Y)

=df(X)dg(Y) —df (V) dg(X)
=XN¥g) - ¥ )(Xg).
Compute the right-hand side.

First term:

X(w(Y)=X(f-dg(Y))=X(f-Yg)=X/)Yg) +f - X(Yg).

Second term:

Y(w(X)) =Y (f-dg(X))=Y(f Xg)= (Y [)(Xg)+ [ Y (Xg).
Third term:

w(X,Y]) = f-dg([X,Y]) = f- [X,Y]g= [ (X(Yg) - Y(Xg)).
Now put all three terms together:

X(w(Y)) =Y (w(X)) - w([X,Y])
=[(XNYg) +f - XYVg)] - [Y)(Xg)+ [ Y(Xg)]-f - (X(Yg)—-Y(Xg))

=XNYg) - YVNH(Xg)+[f-X(Yg) - f-Y(Xg)—f - X(Yg)+[-Y(Xg)
= (Xf)(Yg) = (Y f)(Xg).
Compare both sides. We find:

dw(X,Y) = (X[)(Yg) = (Y[)(Xg) = X(w(Y)) = Y (w(X)) - w([X,Y]).
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Conclusion. Since the identity holds for any 1-form of the form fdg, and all 1-forms are locally linear

combinations of such terms, it follows by linearity that:
dw(X,Y) = X (w(Y)) = Y (w(X)) —w([X,Y])

for all smooth 1-forms w and smooth vector fields X,Y. O

Finally, under the assumption that X and Y are left-invariant, prove the Maurer—Cartan equation
dec(X, Y) + [ch(X)7ch(Y)] =0.

This equality can also be extended to arbitrary vector fields since the invariant ones span the tangent space

at each point. The Maurer—Cartan equation is significant in many settings and is generally written as

1
dw + §[w,w] =0.

Solution. Let G be a Lie group, and let wyc € QY(G, g) denote the Maurer-Cartan form on G. Let
X,Y € X(G) be left-invariant vector fields.

[We want to show that the Maurer—Cartan form satisfies the identity
dwpyrc(X,Y) + [wame(X),wrne(Y)] = 0, known as the Maurer—Cartan equation. |

Proof. We begin by recalling the general formula for the exterior derivative of a 1-form:
dwpre(X,Y) = X(wne(Y)) = Yi(wne(X)) —wne((X,Y]).

Since X and Y are left-invariant, we have previously shown that wy;c(X) and wye(Y) are constant as
g-valued functions. Therefore, the directional derivatives X (wpre(Y)) and Y (ware(X)) vanish. It follows
that

dwpe(X,Y) = —wpe([X,Y)).

But the Lie bracket [X,Y] is also a left-invariant vector field, and we have previously established that
wmo([X,Y]) = lwae(X), wmo(Y)].

Substituting this into the expression above gives
dwnre(X,Y) = —jwme(X),wne (Y],

and thus,
dwrc(X,Y) + wyue(X),wpue(Y)] = 0.

Since both sides of the equation are tensorial in X and Y, and left-invariant vector fields span the tangent

space at each point of G, the identity extends to all smooth vector fields. O
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e Show that * and the splitting of 2-forms into self-dual and anti-self-dual forms only depends on the conformal

class of the metric.

Solution. We want to show that the Hodge star operator on 2-forms is invariant under conformal scaling of

the metric. Specifically, let V be an oriented 4-dimensional real inner product space. Then the decomposition
A?(V) = AL(V) @ AZ(V),

into self-dual and anti-self-dual 2-forms, is conformally invariant. That is, it depends only on the conformal

class of the inner product on V, not on the particular representative.

Let (-,-) be an inner product on V, and let * : A%2(V) — A%(V) be the Hodge star operator defined with
respect to this inner product and orientation. Then for all Q, ¥ € A?(V),

(%Q, ) = (Q, x7T).

Hence * is a symmetric operator with respect to the inner product on 2-forms. Since *? = id, the eigenvalues

of * on A?(V) are +1, and the space of 2-forms decomposes orthogonally into the 41 eigenspaces:
AL(V)={Q e A2(V) | xQ=0}, AZ(V)={Qe A*(V)|+Q=-Q}.

Let {e',e? €3, e} be an oriented orthonormal basis for V*. Then explicit bases for the self-dual and anti-
self-dual subspaces are given by:

Ai(\?) :Span{el/\ez—i—eg/\e‘l, el Aed + et Ae?, 61/\€4+€2/\€3},

A2 (V) = Span{el Net—eBnet et e —et ne? et net —62/\63}.
Every € A%(V) has a unique decomposition:

Q=Q, +Q_, where Qi € AZ(V).
Moreover, we have the projection formulas:
1 1
Q+:§(Q+*Q), Q_:§(Q—*Q).

This implies * = Q if and only if Q_ = 0, and *Q = —Q if and only if 2, = 0. That is, Q is self-dual if
and only if it lies in A2 (V), and anti-self-dual if and only if it lies in A2 (V).

Now suppose the inner product on V is rescaled conformally:

for some fixed A > 0. Let «’ denote the Hodge star defined using (-,-)’. Then the same oriented basis {e;}
for V satisfies:

1
€; := —=e; is orthonormal with respect to (,-)’.

VA
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The dual basis transforms as é = v/Xe?, and hence the wedge products e? A ¢7 scale by A. The volume form

scales by A2. As a result, the defining equation for the Hodge star:
a8 = {a, ) vol

remains unchanged under this rescaling.
Therefore, for all Q € A%(V), we have:
Q) = xQ.

This proves that the Hodge star operator on 2-forms is conformally invariant under rescaling of the inner

product. As a consequence, the decomposition
A%(V) = A2 (V) @ A% (V)

depends only on the conformal class of the inner product. In particular, the notions of self-duality and

anti-self-duality for 2-forms are conformally invariant.
Here we will see how Chern—Simons can arise as a boundary (theta) term in Yang-Mills. For simplicity, let

us restrict to the Abelian case.

(a) Let M be a 4-manifold with boundary X. Use Stokes’ Theorem to show that the Yang—Mills
action on M is the same as the Chern—Simons action on X. Let us denote this quantity as
SN
Solution.To show how the Chern—Simons action arises as a boundary term in Yang-Mills
theory, we use Stokes’ theorem to relate the 4-dimensional Yang-Mills action on a manifold
M to a 3-dimensional Chern—Simons action on its boundary X = 0M, focusing on the

Abelian case.

The Yang—Mills action in 4 dimensions is given by
1
SYM:_*/ F/\*F,
4

where F' = dA is the field strength 2-form of the Abelian connection A € Q!(M).

Substituting F' = dA, we rewrite the action as
1
Svym = —— dA N *dA.
4 S
We now add a topological term to the action:

0
S = S — | FAF.
YM YM+87T2/M

This term does not affect the classical equations of motion because it is a total derivative.
Expanding the topological term in the Abelian case:

0

0 0
— FANF=— dANdA = — d(ANdA).
872 S 82 /M 82 /M ( )

125



Applying Stokes’ theorem to the compact manifold M with boundary X, we get:

d(AAdA):i/ ANdA.
X

87T2 M 8772

The boundary term
P / ANdA

es - 87T2 X
is precisely the Abelian Chern—Simons action on X.
Thus, we can write:

SQ(M = Sym + Sé/ls,
demonstrating that the 3D Chern—Simons action naturally arises as a boundary contribution
in 4D Yang—Mills theory with the topological term included.

(b) Let X be an oriented 3-manifold. Suppose M and M’ are oriented compact 4-manifolds

with common boundary X. Consider the closed 4-manifold N obtained by gluing M and M’
along X. Show that

/ k

(¢) In the previous step we computed the dependence (as a difference element) of the Chern—
Simons action of a 3-manifold as a function of choice of a bulk manifold. In order to have a
well-defined partition function the difference in (b) need not vanish, but rather be an integer

multiple of 27, prove that this is so if NV is a spin-manifold.
e Let Ay, be a BPST instanton/gauge potential/connection.

(a) Verify that Ay, is ASD.

Goal. Show that F) ,, is anti-self-dual; that is,

*F/\,n = _Fk,n-

Solution. We observe that the curvature 2-form is expressed as a scalar function times
the 2-form dg A dg, which is quaternion-valued and depends on the coordinate g € H. The

function

A2
(A2 + |g—n[?)”
is a smooth, positive real-valued scalar function, so the Hodge star operator acts only on the
differential form part.
Now we recall a standard identity from quaternionic geometry: the 2-form dg A dg on R? is
anti-self-dual. That is,
*(dg N\ dq) = —dg A dgq.
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Therefore,

A2 A2
*F\p =% ———"—=5djNdq | = —————= -*(dgAdq) = —F»xp.
((/\2+|q—nl2)2 (A2 + |g — n?)?
Conclusion. The BPST instanton satisfies
*F)\,n - F)\,nv
so it is anti-self-dual, as claimed. O]

(b) By explicitly computing the integral

/ 48)\2 d
i 02+ g —np2)r

verify that the total field strength is indeed 872.

Solution. The integrand depends only on r = |¢—n/|, so we may assume n = 0 by translation
invariance. The volume form in spherical coordinates on R* is dg = wsr3dr, where w3 =
Vol(S3) = 272, Therefore,

48)\2 o0 r3
——d :48/\2-22/ —dr.
/R4 2+ g2yt Ty e

Let u =12, so r¥dr = %u du. Then,

/°°T‘°’d _l/de
o PEtT T2 )y Rt

Let v = u + A2, then

oS} o0 L, )\2 >* 1 >~ 1
/ Lduz/ Y dv:/ —dv—)?/ — d.
0 ()\2 + U)4 A2 '04 A2 U3 A2 'U4

Computing these:

L1 o LY_1/1 1)_ 1
2 \ 2\ 3X6 ) 2\2x% 3A%) 1A%
Therefore,
/ X dq = 48X? - 27 . - — gx?
— B0 i = &11°.
e 2+ gt 120
Conclusion. The total field strength of the BPST instanton integrates to 872, as expected.

O

e Show that isomorphism classes of SU(2)-bundles on S* are indeed classified by their second Chern number.
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12 Simply Connected 4-Manifolds

These notes mostly follow along section 1.2 of the|GS99] while also pulling from [DKO01|,[Sco05],|GP74].

12.1 Classification of Integral Forms
Let A be a finitely generated free Z-module and @ a bilinear form
Q:AXxA—7Z

Definition 12.1.1. The bilinear form @Q is symmetric if

Q(l‘, y) = Q(ya :E)

for all z,y € A. The form is skew-symmetric if

Qz,y) = —Q(y,z)
for all z,y € A.
For the rest of this section let @@ be a symmetric bilinear form. By choosing a basis of A the form
Q can be represented by a square matrix and Q(z,y) = 27 Qy.

Definition 12.1.2. The rank rk(Q) is the rank of A as a free Z-module.

Diagonalizing @ over A ®z R we can find the number of +1s and —1s on the diagonal, denoted
by and by, respectively. The signature o(Q) = by — b .

The type of parity of @ is even iff Q(z,z) =0 (mod 2) for all z € A; otherwise @ is odd.
Additionally, if tk(Q) = o(Q) or rk(Q) = —o(Q) then Q is called positive definite or negative
definite, respectively. If ) is neither then it is called indefinite.

We can build a form on the direct sum of Z-modules as follows:
Let @1, Q2 be bilinear forms defined on free Z-modules A;, Ao, respectively. Elements z,y € A =
Ay @ As can be written as x = 21 + 22 and y = y1 + y2. Then Q = Q1 @ Q2 is defined as

Q<x7y) = Ql(@"hyy) + QQ(x27y2)
Definition 12.1.3. We call a form @ unimodular if det@ = +1.

We can characterize unimodular form by the following: Let AY denote the dual space of A. Define

the homomorphism ¢ : A — AY as z +— Q(z, —).

Lemma 12.1.4. The form Q is unimodular iff ¢ is an isomorphism.

Proof. Pick a basis {x1,...,z,} of A. The dual basis {{,...,&,} of AY is characterized by
&i(xr) = 6j,. Hence, @(z;) = >, Q(z;,xr)&k, i-e. @ is represented by the matrix with coefficients
Q(zj, k). A matrix P over Z is invertible iff detP = +1. O
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The following theorem shows that indefinite forms are classified by their signature, parity, and

rank.

Theorem 12.1.5. If Qq,Q2 are two indefinite forms defined on Ay, Ay, respectively, with the

same signature, parity, and rank then Q1 is equivalent to Q5.

Let H be the unimodualr form defined by the matrix

0 1
1 0

Lemma 12.1.6. If 0(Q) =0, then if Q is even
Q~aH
k
(the k-fold direct sum of H) and if Q is odd

Q=a)e(-1)

m

(the direct sum of m copies of 1 and m copies of -1) for k,m € N.
Definition 12.1.7. An element x € A is characteristic if Q(z,a) = Q(a,a) (mod 2) for all a € A.

Lemma 12.1.8. If x € A is characteristic then Q(z,z) = o(Q) (mod 8); in particular if Q is
even then 8 divides o(Q).

Let

Eg

S O O O O O = N
== o N R o B e B e}

O O O O O = N o
o O O O = N = O
o O O~ N = O O
O N O O O O
S N = O O O O O
N O O = O O O O

be the matrix defining a bilinear form on Z&. This form is even, positive definite, unimodular and
O'(Eg) =8.

Theorem 12.1.9. Suppose Q is an indefinite, unimodular form. If Q is odd then

= 9(l) @ (-1)
by by
If Q is even then
Q=oEsdH
where
0@ Q) - |o(@)
8 2



12.2 Intersection Forms
12.2.1 Oriented Intersection

Let M be a compact, closed, oriented n-dimensional manifold. Let A, B be oriented submanifolds
of dimensions k£ and m, respectively. Assume A intersects B transversely, that is, for every
p € ANB we have T,A+T,B = T,M. In this case AN B is a submanifold of dimension n —k —m.

The orientation of A N B comes from the short exact sequence
0—-T,(ANB) - T,A®T,B = T,M — 0

Choose orientations of T,(ANB),T,A®T,B,T,M. Then the orientation of T),(AN B) is positive
if the isomorphism

T,A& T,B = T,M

is orientation preserving and negative if it is orientation reversing.
Example 12.2.1. Consider the torus T2. Let A, B be the meridional and latitudinal embedded

circles and p = AN B. Let {e1, ea} be an ordered basis of Tp']I‘2 oriented positively. Choose an ori-

entation of T,A = span{a},T,B = span{b} as below. Then the isomorphism T,A & T,B — T,M

is given by concatenating basis vectors.

T = mfe, €

To (A0R) = Span fa b3 Te (B0A)= Semn 3, a3

[—q o I\——-) (< e,
+ ocieniation - ofien ‘oW
‘entadio Concretely for T, (AN
B) we have a — e1,b — es which agrees with the chosen orientation of Tp']l‘z, thus AN B is pos-

itively oriented. Conversely, for T,,(B N A) the isomorphism is b — €1, a + ez which is opposite

the chosen orientation, so B N A is negatively oriented.
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Of most interest to us is the case dimension of AN B is 0. In which case AN B is just a oriented

collection of points, i.e. each point is assigned +1.

Definition 12.2.2. The oriented intersection number A - B = I(A, B) is the signed count of
points in AN B. Note: the order matters

I(A, B) = (1) mDEmB (B, )

This confirms what we saw in the torus example. If one or both of the submanifolds is even then

this is symmetric, as we will see for 4-manifolds.

12.2.2 Poincaré Duality

Let’s recall some definitions from algerbaic topology.

Definition 12.2.3. The cap product is a bilinear map
~: H;(M,Z) x H*(M,Z) — H;_,(M,Z)
that takes a j-chain o : A7 — M and a k-cochain « and sends it to the k — j-chain given by
g~ a=aon,. )0, 4

where o|jo1,... j is the restriction of the simplex to the first j 4- 1 vertices.

The cup product is the bilinear map on cohomology
—: H (M,Z) x H"(M,Z) — H""™(M,Z)

where (o — B8)(0) = a(oljo,,...1)B(p,...14+m)) for I +m-chain .

Every oriented n-manifold M admits a fundamental class [M] € H,(M,Z). Using this we have

the Poincaré duality isomorphism
HY(M,Z) = H,_(M,Z)
a— [M] ~«
12.2.3 Intersection form on Manifolds

Let M be a closed, compact, oriented n-dimensional manifold. Define a bilinear form
Q:H?(M,Z) x H" ?(M,Z) = Z
by

Qla, B) = (o — B,[M]) = (a — B)([M])

131



For any « € T, the torsion submodule, Q(«, 3) = 0 for all 8 € H" P, similarly for any torsion
element 3. Hence, @ descends to a well defined form on HP(M,Z)/T x H" P(M,Z)/T.

This is called the intersection pairing on M and we will see that this can be described by the
intersection of submanifolds.

Let’s focus on the case where M is an even dimensional manifold, i.e. dim(M) = 2k. In this case
Q:H*M,72)/T x H*(M,Z)]T — Z

is called the intersection form of M. This form is unimodular, and can be represented by a matrix
once a basis of H*(M,Z)/T is chosen.
If k is odd then @ is skew-symmetric. In which case there exists a symplectic basis of H*(M,Z)/T

such that @ is a direct sum of the matrix

0 1
-1 0

X =

Thus, unimodular skew-symmetric forms over Z are classified only by their rank which is precisely
the rank of H*(M,Z)/T.

If k is even then @ is symmetric. As we saw above symmetric unimodular forms are classified by
parity, rank, and signature.

Let A, B be dimension k, oriented submanifolds of M, a compact, closed, oriented manifold
of dimension 2k. The inclusion maps of A, B into M induce maps on homology, which map
the fundamental classes of A and B to homology classes [A], [B] in Hy(M,Z). Similarly, the
fundamental class of AN B is mapped to [A N B] € Hy(M,Z).

Form Poincaré duality we have

Theorem 12.2.4. Let a, 3 € H¥(M,Z) be the Poincaré duals of [A] and [B), respectively. Then

This justifies the terminology of intersection form and makes the form easier to compute explicitly.

Example 12.2.5. Continuing our example of the torus. Let {[A],[B]} be a basis for H;(T?,Z).
Then for any z,y;(T?,7Z)
Q(z,y) = 2" Qy

We already know from above that @) is skew-symmetric, thus a direct sum of % =1 copies of
X, but let’s confirm this by hand.
Each entry of the matrix @ is given by the intersection number of the corresponding basis elements.
That is,

RQu=A-A=0 Qu2=A-B=1
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QRQu=B-A=-1 Qx=B-B=0

There are no self intersections of the loops so the only intersections we have are between A and

B, which is skew-symmetric.

Example 12.2.6. Consider the genus two surface M = T?#T?2.

By a result that is proved in the exercises

Qv = Q2 Q2 =

o o o =
o O
o = O O

12.3 Simply connected 4-manifolds

Now let’s pursue this notion of intersection form in the context of 4-manifolds.

Proposition 12.3.1. If M is closed, oriented, smooth J-manifold then every element o € Ho(M,7Z)

can be represented by an embedded surface ¥, .

In the simply connected case Hurewicz isomorphism theorem states mo(M) = Ho(M) so every
class is represented by an immersed sphere. These immersions only fail to be embeddings at

transverse double points. Therefore our earlier definition of the intersection form holds
Qur: H*(M,Z) x H*(M,Z) — 7

Proposition 12.3.2. If M is a closed, 4-manifold (OM = Q) then Qs is unimodular.

The proof of this statement is left as an exercise. This proposition can actually be extended to

the case where OM is a homology sphere.
Now let’s consider a simply connected, closed 4-manifold M. By Poincaré duality
7 (M)ap = Hi (M) = HY(M) =0

H3(M) = H'(M) = Hom(H,(M),Z) = Hom(0,Z) = 0

so all (co)homological data is contained in H?(M) = Hy(M). This allows for a homotpical

classification of such manifolds.

Theorem 12.3.3. (Whitehead) Two closed, simply connected, topological 4-manifolds X,Y are
homotopy equivalent X ~Y, iff Qx = Qy.
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The topological strengthening of this is a theorem by Freedman

Theorem 12.3.4. (Freedman) For every unimodular symmetric bilinear form @ there exists a
closed, simply connected, topological 4-manifold M such that Q = Q. If Q is even, this manifold
s unique up to homeomorphism. If Q is odd, then there exist exactly two distinct homeomorphism

classes of manifolds, with at most one carrying a smooth structure.

That is closed, simply connected, topological 4-manifolds are determined up to homeomorphism

by their intersection forms.

12.4 Exercises
(a) Prove that if M is a closed 4-manifold then Qs is unimodular. (Hint: Poincaré duality).

(b) Let M, N be 4-manifolds with intersection forms Qas, @n. Prove that Quun = Qum @ Qn.
(Hint: Mayer-Vietoris).

(c) Determine the intersection for for CP? and (C]P’Z#@Q, where the overline denotes the op-

positely oriented manifold.

(d) Determine the intersection form of S? x §? and S?x S? which denotes the unique nontrivial
sphere bundle over S2. This construction is given by gluing the two hemispherical trivial
bundles together along the equator of the base sphere with a 7 twist to the fiber spheres.

What is the relation between

Qg2 52 and Q(CIP’Q#@Q

13 Donaldson’s Theorem

Theorem 13.0.1 (Donaldson 1983). Let M be a closed, simply connected 4-manifold with inter-

section form Qnr. If M is smooth, then Qs is diagonalizable (over Z).

Theorem 13.0.2 (Milnor (1958) following Whitehead (1949)). Let M and N be closed, simply
connected, oriented 4-manifolds. There is an (oriented) homotopy equivalence between M and N
if and only if Qp = Qn-

Theorem 13.0.3 (Wall 1964). If M and N are simply connected 4-manifolds with Qn = Qn,
then M and N are h-cobordant.

If the h-Cobordism Theorem held in dimension 4, as Smale proved in dimensions five and higher,
then we could deduce that under the assumption that Qs = Qn then M and N are diffeomorphic.
However, it’s a corollary of Donaldson’s Theorem that there are h-cobordisms between simply

connected 4-manifolds which are not diffeomorphic to products.
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Nonetheless, by the following result of Freedman, the h-Cobordism Theorem does hold in the
topological category in dimension 4. (Smoothness can be removed in the following theorem if one

also considers the Kirby—Siebenmann invariant.)

Theorem 13.0.4 (Freedman 1982). Let M and N be closed, smooth, simply connected 4-manifolds.
The manifolds M and N are homeomorphic if and only if Qn = QN -

Corollary 13.0.5 (Topological Poincaré Conjecture in Dimension 4). Any homotopy 4-sphere is

homeomorphic to S*.

While it was already known at the time that there were simply-connected topological 4-manifolds
which aren’t smoothable, e.g., Freedman’s Fg manifold, Donaldson’s Theorem is still remarkable in
its scope and in the wave of applications of mathematical gauge theory to topology and geometry
that it help to start, e.g., fake R%s.

This lecture borrows heavily from Donaldson and Kronheimer’s tome [DK90]. As the author’s
note there, a lot of credit is also due to Freed and Uhlenbeck [FU91|, especially regarding key

analytic details in building moduli spaces of ASD connections.

13.1 Sketch of Proof

Let us summarize Section 8.3.1 of [DK90] (combined with the original argument in [Don83| or

[FU91]).
Let M be a simply connected, closed (oriented) 4-manifold with negative definite intersection
form. Let P be a SU(2)-bundle with second Chern class co = 1 and M; the associated moduli
space of ASD connections on P.
It is quite technical, but one can show that there is a compactification of M; to a manifold with
boundary, M. Moreover, the boundary of My is given by

ov, = M[[cp?u---ucPP[[CP’ 1. .- TP,

s summands r summands

where r + s = n is an integer that will be defined below. So, Ml defines a cobordism between
M and n copies of CP? (of various orientations). In 1954, Thom proved that the signature is a
cobordism invariant. Moreover, he proved that the signature is actually a ring homomorphism
o: Qo ®z Q — Q, so in particular, c(X IIY) = o(X) + o(Y). (This last assertion also follows

from the discussion of intersection forms as in the previous lecture.) To summarize,
o(M) = so(CP?) + ra(@% =s—r<n.
Next, one considers classes > € H?(M,Z) such that

Yo X=-1€Z=H(M,Z),
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where the last isomorphism is determined by the orientation of M. One determines that the
number of such ¥ is precisely the non-negative integer n. Of course, as Qs is (negative) definite,
n < rk(Qur), with equality precisely when Qs is diagonalizable over Z. (This last assertion is a
simple exercise in linear algebra.)

At this point we have that o(M) < n and n < rk(Qp). Again by (negative) definiteness,
o(M) =1k(Qur), so n =rk(Qar) and by the previous observation Qs is diagonalizable over Z.
Alternatively, as in [DK90], one could bypass the cobordism argument and show directly, through
some intricate Poincaré duality arguments that the classes ¥ with ©? = —1 actually generate

H?(M,Z) and that n of them are needed to form a Z-basis, hence rk(Qs) = n.

13.2 Topology of Moduli Space

We would like to now outline the construction of instanton moduli spaces. We begin with recalling

a model for infinite dimensional manifolds.

13.2.1 Banach Manifolds

Just as manifolds are defined in terms of Euclidean spaces and smooth maps between them,
Banach manifolds are locally modeled on Banach spaces and smooth maps between them. Recall
that a Banach space is a normed linear space which is complete, this is sufficient structure on
which to model “infinite dimensional manifolds”, there are other models, e.g., Fréchet manifolds,
Hilbert manifolds, convenient manifolds, etc.

In order to glue local models, we recall the notion of Fréchet derivative. A nice reference for this

material is Chapter 1 of [DGV16].

Definition 13.2.1. Let V and W be normed linear spaces, U C V an open subeset and x € U.
A continuous linear map f: U — W is Fréchet differentiable at x if there exists a continuous
(bounded) linear map Df(x): V — W such that
I(f(x +h) = f(z) = [Df(@)](R)[lw
Inllv =0 17l
A function f is differentiable if it is Fréchet differentiable at each point.

=0.

One can check that if a Fréchet derivative exists, then it is unique. The (total) derivative is a map
Df:U — B(V,W) to the space of bounded linear operators. If Df is continuous, then f is of
class C'. Higher regularity is defined recursively, so f is smooth if D* f exists and is continuous
for all k.

It is a standard exercise to show that differentiation is a linear operation and satisfies the chain
rule. Moreover, if V and W are finite dimensional, then Df is the standard derivative given (in
coordinates) by the Jacobian matrix.

We can now mimic the definition of smooth manifolds to define Banach manifolds.
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Definition 13.2.2. Given a Banach space V', a set X is a Banach manifold modeled on V if X
is equipped with an equivalence class of smooth atlas where each chart (U, ¢;) is a bijection onto

an open subset ¢;(U;) C V.

It is immediate that any Banach space or any open subset thereof has a natural Banach manifold
structure.

The setting of Banach manifolds allows for many constructions/notions from finite dimensional
geometry, e.g., vector fields, flows, bundles, and infinite dimensional Lie groups. All of these

objects are defined in [DGV16].

13.2.2 Outline of the Moduli Space Construction

Let us restrict to the case of G = SU(n) for some n and P a given SU(n) bundle on our
Riemannian 4-manifold (M, g). As before, g will denote the Lie algebra of G.

The idea, essentially following Section 4.2 of [DK90|, is to define an infinite dimensional manifold
of connections A, then quotient out by infinite dimensional Lie group of gauge transformations G
to obtain the moduli space of connections modulo gauge. We will then use the ASD equations to
find a finite dimensional submanifold of A/G which will be the instanton moduli space.

Recall that A is an infinite dimensional affine space modeled on Q'(M, gp). If we fix a reference

connection A on P, i.e., choose a base point, then the have an isomorphism
A=QY(M,gp), B+ B-A.

Hence, we can equip A with the structure of a vector space; this structure depends on A, but only
up to (non-canonical) isomorphism. For this presentation, let us conflate A and Q(M, gp).
Recall that Q'(M, gp) has a natural L? coming from the metric g and the invariant pairing on
our Lie algebra g. Therefore, for £ > 2, we can consider the Sobolev space of L? | sections of
T*M ® gp. This Sobolev space can be defined in local charts (with care as the atlas must be
adapted or define a fine cover). Alternatively, we can give a chart independent definition by using
jet expansion and the jet bundle. Either way, we construct a Banach space of connections A(¢).
We can similarly model the gauge group as a Banach Lie group, §(¢), by considering the Sobolev
space of L? sections of the adjoint bundle gp.

One then needs to check a few technical details to show that for each ¢ > 2, we have a Banach
manifold of connections modulo gauge: B({) := A(£)/G(£). Proposition 4.2.16 of [DK90| then
shows that the space of solutions to the ASD equations inside of B(¢), up to homeomorphism,
does not depend on £. Hence, from this point on we will suppress the Sobolev index ¢ from
notation.

Now for A € A and € > 0, define a formal tangent space

Tae:={acQgp):d*a=0, lallzz_ <€}
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One shows that a neighborhood of [A] € B is obtained by taking the quotient of T4 . by the gauge
group for sufficiently small e.

Now define M C B to be the subspace of connections modulo gauge that satisfy the ASD equations.
Let A € A be ASD, define

U:Tae— Q(gp), ¥Y(a)=FT(A+a).

Then the zero set, Z(¥), is a neighborhood of [A] € M. (If the connection A is reducible then one
further has to quotient by a certain isotropy subgroup T'4.)
Finally, one shows that W is a smooth Fredholm map, i.e., it is a smooth map of Banach spaces

and its derivative at 0
dli: kerd® — QT (gp)

is a (linear) Fredholm operator. The consequence of this is huge: the zero set Z(¥) is actually a
finite-dimensional vector space. That is, most points (the open subset of irreducible connections)
of M we have a local chart which is a finite dimensional vector space, i.e., they are manifold
points. Index theory allows one to compute the dimension at such a manifold point. In the case
of SU(2), this dimension is 8cz(P) — 3(1 — b1 (M) + by (M)), e.g., if co(P) = 1 over S*, then the

moduli space, M = M, has dimension 8 — 3 = 5.

13.3 Examples of Moduli Space

We summarize the following examples from Chapter 4 of [DK90| of instanton moduli spaces and
their compactifications. We pay special attention to instanton number -1, which Donaldson and

Kronheimer call “one-instantons.”

13.3.1 SU(2) of One-Instantons over S*

From our previous discussion of Yang-Mills, we have the family of BPST instantons Ay, with
A €R.pand n € H=R* It is a theorem of Atiyah, Hitchin, and Singer [AHS78] that these give
a complete description of the moduli space M;. That is, M; = Ry x R%, so it is homeomorphic
to an open five-ball D®. This five-ball has a natural compactification by adjoining a copy of S*

to the boundary. Recall that
48)\2

(A2 + g = )"

For fixed n, the A-family of connections converges to the point n € S* as A — 0, where this

|F/\,n(Q)| =

boundary “connection” is singular with field strength the delta function centered at n.
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13.3.2 SU(2) of One-Instantons over CP? and cr

On CP?, there are actually no ASD connections with instanton number -1, the moduli space is
empty. The moduli spaces are non-empty on SU(2) bundles P with ¢o(P) > 1.
The one-instanton moduli space over @2 is an open (real) cone on @2. Indeed, choose a base
point z € @2, then for ¢ € [0,1) consider the su(2) = ImH connection matrix

1
5 (01 + thoj + t05k),

Jo=——
L Ty P P

where, in local (real) coordinates,

01 = I’ldl’g — I’le’l — I’gdl’4 + I4dl’3
0y = x1drs — x3dry — radxs + xodry

03 = x1dry — wadrxy — vodxs + x3dTs.

The natural compactification of M; in this case is again given by gluing a copy of TP at the

boundary t = 1.

13.3.3 SO(3) ASD Instantons over CP?

Let P be a SO(3) bundle over CP? with Stiefel-Whitney number wy(P) # 0. We will consider
bundles P with p;(P) = —(3 +47). (The condition that p;(P) =1 (mod 4) is explained, among
other things, by Buchdahl in [Buc86].) For j = 0, there is a unique ASD connection (up to
gauge), so the moduli space is a point. If j = 1, then the moduli space can be identified with
the unordered configuration of two points in CP?: Confy(CP?) := (CP? x CP?\ ACP?)/S,.
This example is best understand from a complex geometric/algebro-geometric viewpoint of stable

bundles over K&hler manifolds as described in Chapter 6 of [DK90).

13.4 A Bit About Compactification

Let X be a locally compact, Hausdorff space which itself is non-compact. A compactification of X
is a compact Hausdorff space Y together with a continuous map c¢: X — Y which is a homeomor-
phism onto its image and such that the image ¢(X) is dense in Y. Under our hypotheses, every
such X has a compactification. In fact, there is a whole poset of compactifications with minimal
element the one-point compactification and maximal element the Stone—Cech compactification.

In actuality, one should take more care. That is, we consider the partially ordered set of equiv-
alence classes of compactifications. If (Y7,c¢1) and (Ya,¢s) are compactifications, then they are
equivalent if there is a homeomorphism ¢: Y7 — Y5 such that f oc¢; = ¢p. The partial order is

then defined as follows: (Y1,¢1) > (Y3, c) if there exists a continuous map f: Y3 — Y5 such that
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foecp = ca. One can readily check that (Y1, ¢1) > (Y2, ¢2) and (Ya, c2) > (Y7, ¢1) if and only if the
compactifications are equivalent.

The above notions are standard and contained in many first year topology texts. If our space X
is a manifold, we are most interested in compactifications Y which are also manifolds. There are
elementary point-set requirements for the one-point compactification X+ to be a manifold. As
an example C* = $2 while (C\ Z)* is not a manifold.

More generally, given a non-compact manifold X we would like a compact manifold Y such that
there is a smooth map (or of whatever regularity) ¢: X — Y which is a homeomorphism onto an
open subset of Y. The inverse to stereographic projection from the north pole is such a map for
C — S2%. Not every manifold admits a manifold compactification, e.g., a surface of infinite genus
does not. The question of compactification/tameness of ends for manifolds is a classic question

in geometric topology; a good reference with which to start is Larry Siebenmann’s thesis.

13.5 Exercises

(a) Consider the first-order formulation of Yang—Mills, i.e., let E € Q?(M,gp) be an auxiliary

field and consider the functional

Sy (A, E) = Z/ Tr(E A Fa) +Tr(E A +E).
M

a) Show that the Euler-Lagrange equations for S{'¢, are given by
Y M
1xFqa+2E=0
7% dAE =0.

(b) Show that there is a bijection between solutions to these Euler-Lagrange equations and

those for the standard Yang-Mills action. (Hint: apply *d 4 to the first equation.)

(b) Describe an explicit example to show that the h-Cobordism Theorem indeed fails in dimen-

sion 4.
(c) Let X and Y be locally compact, Hausdorff spaces.

(a) Show that if X and Y are homeomorphic, then X and Y are homeomorphic.
(b) Compute 71((S* x (0,1))7) and 71 (M), where M is the open Mébius band.
(¢) Congratulate yourself for completing a funky proof that M is not homeomorphic to an

open cylinder.

(d) Let ||—||: H — R be the norm on a Hilbert space H. Prove that |—|| is Fréchet differentiable
at x # 0. Prove that the norm is not differentiable at 0. What is the regularity of the norm
on K\ {0}?
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14 Gravity as a Gauge Theory: 3D

14.1 Introduction to General Relativity

Newtonian Gravity Let’s consider the force on the mass m at r from the mass mg at rq:

Gmmy

F(r) = —m(f —19),

where G is Newton’s gravitational constant. We can write the above as F(r) = —mV®(r) with

the gravitational potential:

LRy T

_|r7r0|_ |r —r/|

when the general mass distribution is p(r’) = mod(r’ — rp). From the above integral we use
V2(1/lr —1'|) = —47é(r — 1) to get

V2®(r) = 47Gp(r),

which is a Poisson equation governing Newtonian gravity.

This formulation of gravity, even with a great amount of applications, is not very satisfactory
from the point of Relativity. First, it implies an instantaneous action at a distance, which violates
the statement of Relativity that no information or physical object can travel faster than the finite
speed of light. Second, the above lacks in a covariant framework, that is, it is not a tensor equation.
In Relativity every Physics law should be written in a tensor equation so that it becomes covariant
under transformations. The above Poisson equation is invariant under Galilean transformations,

but it is not covariant under Lorentz transformations, let alone diffeomorphisms.

The ideas of General Relativity We recall that in Special Relativity energy and momentum
are not separately covariant under Lorentz transformations, but together they form a covariant
four momentum. Thus we ask the question: is it possible that we can find a true tensor equation
which has the above Poisson equation as a component? Also recall that in Special Relativity the
space and time are in the same footing: we use coordinate a# = (2%, 2!, 22, 23) = (ct,z,v, 2).
Then Az* or dz* is a four-vector, a type of tensor. Let’s consider a particle whose world line in

the spacetime is parametrized by z*(\) in an inertial frame. Then it can be reparametrized by

using its proper time 7, which is given by
Adr? = Adt? — da® — dy® — d2°.

The four-velocity vector of the particle is given by

_dat dt 1

#—7: = —= —
u'=—— = (ev), v = NS
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Then the four-momentum is given by
p' = mut = (yme,ymv) = (E/c, p),

where m is the rest mass and FE is the energy of the particle. Observe that ym can be regarded

as the mass of the moving particle.

Now we look at the right hand side of the Poisson equation. There we find the mass distribution
p, which we regard as the proper mass density, that is, the mass density viewed in the frame
of the moving particle. Observe that this frame varies as 7 varies. In our inertial frame, the
fluid element or the particle is moving at speed v at an instance. Then, the mass density in our
frame is v2p, where « is the Lorentz factor given above. Here, one factor of v is from the length
contraction, hence a smaller volume, and the other is from the mass of the moving particle. We

naturally consider the rank two tensor, the energy momentum tensor, given by,
T = putu”.

Here T%° = pu®u® = v2pc? is the energy density,

» ~ 2pAdxt)c?
T — A2 02y — ("

R4 Adr )
is the energy flux in the i-th direction, 7% = ~4%pu’ is the density of the i-th component of
the momentum and 7% = ~2pu’u/ is the flux of the i-th component of the momentum in the
j-th direction. Notice that T" is a symmetric tensor. Then, our Poisson equation V?® = 47Gp

becomes the 00-th component of the ”tensor-like” equation
w2 = 4rG T,

where both sides have the unit of ¢*/m? in SI.

Another idea of General Relativity is that the gravity can be explained geometrically. Imagine
a mass in an otherwise empty space. In view of Newton’s first law of motion we, in an inertial
frame, expect that the mass will move at a constant velocity in a straight line. As soon as we
introduce a massive object not far from our mass, our mass will feel a Newton’s gravitational
attraction, thereby it will move in a curved path with acceleration. Einstein thought that the
presence of a massive object distorted the flat Minkowski spacetime (R*, Nuv) into a Lorentzian
manifold (R%,g,,) and that our mass would still move as straight as possible in this ”curved”
spacetime, that is, it would move along a geodesic. The geodesics, in this Lorentzian manifold,
are not necessarily straight lines in our frame. That’s why we observe gravitational attractions.

Once we have a metric g,,,, we can think of its Levi-Civita connection

« 1 (0%
%, = 59 6(8#95,, + Ovgus — 989yun),
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thus, the covariant derivative of a tensor h*,
Vaht, = 0ah#, +T" 0P, =17, h,

and the derivative of a vector field w*()) along a curve z#()\)

Dw"  dw"
DX d)

dxP
OLI‘\,U, -
T sy

Here, h*, is a tensor in the sense that if h*, is the component of the tensor in the coordinate z*,

then ,
B . oxH Oz” u
v Ozt Oxv' ¥

is the component of the same tensor in the coordinate z* . Notice the minus sign in front of the

connection coeflicient corresponding to the covariant index v. One can check that V,h*, is a
tensor if h#, is. Also, we have F”aﬁ = I‘”ﬂa and V,g,,, = 0, that is, our connection is torsion-free
and metric compatible.

We define that the curve z#(7) of a particle is a geodesic if its four-velocity u# = dx*/dr along

the path doesn’t change, that is,

Du* A2zt
_ ami B _
D = a2 + u®T apl =0.

One can define a geodesic in a more general way so that it can include light-like geodesics. In

that case one uses affine parameters instead of proper time parametrization.

Weak gravitational fields and the Newtonian limit We ask the question: how is the
gravitational potential ® related to the metric g,, 7 Let’s assume the Newtonian approximation,
that is, our Lorentzian manifold (R?, g,,,,) is not much different from the flat spacetime, the metric
guv is static and our particle moves

%

< ¢ for i=1,2,3.

X
Guv = M + h,“/, 8og,w =0 and ’ 7

Here we assume that h,, and Jnhy, are small as well. Of course we postulate that our particle

follows a geodesic. Since dz/dr < cdt/dr, our geodesic equation becomes
APt dt\?
w2 —
d7'2 + F OOC (dT) = 0
in first order. Observe that 9yg,, = 0 implies

1 1 1
oo = 59“”(80901/ + dogor — ugoo) = —59’“/3:/900 = —gnwauhoo,

hence, I'%, = 0 and Iy, = —160;hoo. Notice that we are using the convention 7,, =

diag(—1,1,1,1). Thus the geodesic equations become

a2t ezt 1, [dt\?
- d == == 2 ( 2 ih,
dr? 0 an dr? 2 ¢ ( dr ) 9"hoo,
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from which we see that % is a constant, hence that the gravitational acceleration is

d’r 1
—V® = — = ~c*Vhy.
V=g = g Vi
Since ® tends to zero at infinity, we have hgg = —2®/c?, or
29
goo = —1— 2
Thus our Poisson equation V2® = 47Gp becomes
2 2 81G 871G 8rG
—V?g00 = 5 V?® = S4nGp = %P”YQCQ = %PUOUO = L4T007
c c c c c

where we used the low velocity limit v = 1. We want to find a rank two tensor G, such that

Goo = —V?2ggo in the weak gravitational field approximation. Then the sought after equation

would be G, = (87G/c*)T},,.

Einstein’s field equations The curvature is how much the spacetime deviates from being

flat and one way of measuring it is to compute the difference between two mixed second order

derivatives, that is, the Riemann curvature tensor Raﬁ/w is defined by
Vo, V,]wg = wo R%,,,,-
In Exercise 1 we check that R is indeed a tensor and

RQBMV = (altrav[i’ + Fa}LO'FUVB) - (u A V)'

From the Riemann tensor we define the Ricci tensor R, and the scalar curvature R by

R, =R%,,, and R=R".
In Exercise 2 we derive the Bianchi identity
ViyRagjuw =0, where  Rapp, = gaanBuu'

In the same exercise we see that the Bianchi identity implies V,RM" = %V”R.

Suppose that the gravity is expressed by the equation

R, +aRgu, = KT,,.

Conservation of energy and momentum implies V#T),,, = 0, which implies that a = % Since

1 1
we can write the above equation as

1
R, =5 (Tuv — 2Tgm,> .
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In order to fix the constant x we again use the Newtonian approximation, that is,

dx?
Guv = Nuv + hHVv 80_9”” =0 and ‘ ar

< ¢ for i=1,2,3.

As before we assume that h,, and O,h,, are small. Since we consider weak gravity we are
assuming that 7),, is small as well. We also consider a perfect fluid with negligible pressure, hence

TH = putu”. Now we compute both sides of

1
Ry =k <T00 - 2T900) .

First, in first order, we have
Roo = R0 = 0aT %0 — 00T %0 =TT 00 + T 0
=0y = %@'gi’g(@ogﬁo + dogos — Ipgoo)
= —%niﬂaiaﬁhoo = —%yﬂ'ajhoo = —%v%oo.
Second, Tog = v?pc? = pc?, T = pguru’ = y2p(—c* —v?) = —pc? and Tgoo = (—pc®)(—1 +
hoo) = pc?. Hence, using hoo = —2®/c2, we get

2 1
47TGp = VQ(D = —%V2h00 = C2R00 = Czli (TOO - 2T900)

1 1
— 5pc?) = Srpct,

2

= k(pc?

from which we get
_ 8nG

K 7]

C

and the Einstein equation of gravity becomes

8rG

1
Guv =Ry — iRQ/w = CTTIW-

In Exercise 3 we consider Einstein’s equation with the cosmological constant and the relationship

with the vacuum energy.

Schwarzschild Solution Let’s consider a solution of the Einstein equation outside a static

spherical body. Thus, the equation becomes

1
R, =k (T,“, — 2Tgl“,) =0.

Since the source is static the metric is invariant under the time inversion t — —t, hence there is no
mixed terms like cdt dx® in the metric. Using the spherical symmetry we can use the coordinate

at = (et, 7,0, ¢) and write the metric as
ds® = —e2A2dt? + P di? + 220, dQ? = d6? + sin® 0d¢?,
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where A, B, C are functions of 7. Now, we use a new coordinate r = e¢“7 which satisfies

2
dr? = <1+FC;C) dr?.

7
Then, with
e2B — (1 + ?:dc> - 623720
dr
we get
ds? = —e*A2dt? + 2B dr? + r2d0?,
where A, B are now functions of . Here we identify that goo = —e?4, g11 = €28, goo = 12, g33 =

2

r?2sin? 0 and g0 = —e24, gl = =25 422 =

=2, ¢33 = r~2sin"? 6. Thus, we have

1 dA
I‘001 = §goa(5’oga1 + 01900 — Oagor) = I =A
r
and similarly we have

Floo = A/62(A_B)7 Plu =B, F122 = —7’6_2B7 I‘133 = —re ?Bsin?9

1 1

I, =-, F233 = —sinfcosf, F313 = -, I‘323 = cot b,
r r

where the symmetry of I',, is assumed and all the other terms are zero. Now we have
Roo = 0aT%0 — 0T %0 + %5000 — T4,
- <A” +(A)? - A'B + iA’) A8,
Similarly we get
Ry =-A"— (A2 +AB + %B’, Roy =1+ [r(B' — A") — 1]e 2B, R33 = Ry sin? .

From Ryg = R11 = 0 we get A’ + B’ = 0, hence A + B is a constant. Since we expect the
space to be flat at infinite we have A = —B. Then from Ry, = 0 we get 2 +2rB’ = 1, or

—goo=e*B =1+ C/r for a constant C. In the weak-field limit we have hgg = —2®/c?, hence

C 2 2 GM 2GM 1
Stenge(3)(2) -2

r & C r C r

Thus we have C = —2GM/c? and the Schwarzschild metric is

1
ds? = — (1 — 2GM> Adt? + (1 — 2GM> dr? + r2dQ2.

cr 2r
If we consider a charged rotating body with mass M, electric charge ) and angular momentum

J, then it is known that we get the Kerr-Newman solution with the metric in Boyer-Lindquist

coordinates (ct,r, 8, ¢) given by:
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2
ds® = — % (cdt — asin29d0)2 +p? (dr + d02>

A
.2
sin” 6
122 [(7‘2 + a2) do — acdt}2 ,
where a = ﬁ is the rotation parameter and
2GM °G
p* =1%+a%cos?, A:r2—|—a2—7r @ .
c? 4dmregct

Observe that we recover the Schwarzschild solution when both @ and J are zero. The case J =0

is called the Reissner-Nordstrom solution and the case () = 0 is called the Kerr solution.

14.2 Field Theory Approach

We consider an oriented manifold M of dimension n on which we have matter fields ¢. Let g,
be a metric with Lorentzian signature. Observe that covariant derivative, Riemannian tensor and
all other tensor calculus can be generalized to this Lorentzian spacetime (M, g, ). We consider

two Lagrangian densities

LEH (guu) =R—-2A and Lmatter (gul/7 (b)

and the action

S = S(guy) = SEH + Smatter7
where the Einstein-Hilbert action and the matter action are given by
1
Sex = M /dnﬂﬁ V—9Len and Smatter = /dnl“ —3 Lmatter-

Here k = ng, g is the determinant of the metric tensor g, and A is the cosmological constant.

We also assume that Lpatter 1S @ tensor. Since the volume form dz™./—g is diffeomorphism
invariant, so is our action.

Our goal in this section is to show that the above action yields, as the Euler-Lagrange equation,
the Einstein equation

1
R,uu - iRg;w + Ag,uu = /fT;w’
if the energy-momentum tensor 7),, is defined by

T - _ 2 5(\/ _ngatter) )
SRVET N

Since
dn{L‘ 6( V _ngatter)

35 = 6k + / S

1
(Sg“y = 6SEH — /dnl’\/ —g 5 Tuy(sgltv’
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it suffices to check

1 1
5SEH = %/dnm\/ -9 (RHV - iRg}J«V + Aguu) .

In fact, we have
2085 = [ d"z8(/=g(R - 20))
- /dnx5(\/jg) (R —2A)) + /=g R 09" + V=g(6 Ry )g"” -

In Exercise 4 we check that
1 v
=g = —=/—99,0g"" .

Hence, the integral of the first two terms becomes
mn 1 v
d"zv/—g | Ry — §ng +Agu ) 09"

Also, in the same exercise, we check that there is a tensor V* = V*(g,,) such that (6R,,)g"" =
V.V¢, thus

/d”x\/jg(éRW)g"” = /dnz\/fgvava =0
if M is closed. Even if M has boundary, the above integral is zero by the Stokes theorem if we are
varying Lorentzian metrics g, so that dg,, and V,dg,, vanish on the boundary of M, hence that
V@ also vanishes on the boundary. Physically it may not be natural to assume vanishing V,0g,. .
In that case we can still get the same Einstein equation by adding the Gibbons-Hawking-York

action term Sgyy to our action. The action is given by
1 m—1
Scay = — d" "y /|h| K,
K Jom

where K = hK,, is the trace of the extrinsic curvature of the boundary, defined as K,, =

ht'hy'V m,,, with hgy the induced metric and n,, the normal vector to the boundary.
14.3 Exercises
1. We define R¢ v DY the equation

[V, Viwg = wa R%,,,,

which holds for every tensor wg,.

(a) Show that R*

3 18 @ tensor.

(b) Using the definition of covariant derivative derive that

Raﬂuu = (a,u]'—‘avﬁ + Fayarguﬁ) - (/j‘ < l/)'
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2. (a) Suppose that we are falling in a gravitational field. If we use the frame of our path, then

we will find that all objects near us are falling at the same rate. This follows from

d2
F=mja=-mgV® or ar__me

Vo
dt2 mr

and the experimental fact that mq/m; is the same for every object. Here my is the inertia mass
and mg is the gravitational mass. So, there is no acceleration in the relative motion between
objects around us, that is, we are in a flat spacetime if we use the freely falling coordinate.
Mathematically, in a Lorentzian manifold (R, 9uv) show the following: for each event P there is

. ’
a coordinate x* near P such that
’
gy/l/, = nﬂ/’/ and ].—‘O;L/V/ = O

at P. This coordinate is called a normal coordinate at P. [Hint. Start with any coordinate a*

near P and define a new coordinate 2 by
ey =ap ot () @ e+ g (afaxﬁ)P (@ — )@ — al)
and count the number of coefficients in the above so that we can impose g, = 7, and
O gy =0 at P. ]
(b) Prove that
Rappw = =Rapuy = —Rapoy = Ruvap,  Rajpun) = 0.
(c) Prove the Bianchi identity
ViyBagjuw = 0.
(d) Show that V*R,, = $V,R.

3. Consider the Einstein equation with cosmological constant
1
R, — §Rgm, +Agu = kT,

(a) Show that the above equation is consistent with the energy-momentum conservation V,T" =

0. Show that —R + 4A = kT.

(b) In the weak-field Newtonian approximation show that the above equation becomes
V2P = 4nGp — Ac?.

Also, with p(r) = Md(r) show that

GM A
Vo = 77"731. + 71‘.

(c) Write the general metric for a spacetime with homogeneous and isotropic spatial structure

with a constant curvature K. Using a perfect fluid distribution, impose the Einstein equation

with cosmological constant to get Friedmann equations. When is this universe expanding?
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4. Let g, be a Lorentzian metric on a manifold M.
(a) Show that
1 v
0V=9 = =5V =99 09"

(b) Show that there is a tensor V* = V*(g,,) such that (0R,,)g"" = V V.

15 Gravity (cont): Palatini—Cartan

15.1 Palatini Action

In the previous section we fixed an oriented manifold M of dimension n, a matter field ¢ on M
and a function Lpatter = Lmatter(-, @). And for each Lorentzian metric g, on M we considered

the action
1

S[g/,“/] = 2/4/

/ dnl'\/jg(R — 2A) + / dnx\/jgﬁmatter(guua ¢)
M M

Here g = det(g,.), & = 87G/c*, A is the cosmological constant, £matter (9w, @) is a Lagrangian
density and R = R(g,.) is the scalar curvature determined by the metric g,,,. Imposing that g,,.

is a critical metric with respect to the action S we showed that g, satisfies the Einstein equation
1
R/w - iRg/w + Ag/w = "@T/wy

where the energy momentum tensor 7}, is defined by

T —_ 2 5(\/ _gfcmatter).
M V=g o dg

Now we introduce the Palatini formalism: a good reference is Lecture Notes on General Rela-

tivity by Matthias Blau. In this formalism we view the metric g,, and the connection I'Y,, as

independent variables, where the Ricci tensor is defined from the connection as
Ry = Ruw(I'%,) = 0.1, + F%BFBIJM — (lower a <> v).

Thus, the Palatini action is defined as

1
7/ d"ov/=g (9" R (T%,) — 2A)
K Jm

Jr/ dnl'\/jgﬁ/matter(guw(b)'
M

S = S[gltllv Ofi’y} =
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Then, as in the previous section we get the variation of the action

55 = % /M & 2(5v/=g) (R — 2A)

1
+ —/ d"z/—g (09" )Ry + g""OR,.)]
26 Jur

+/ d"zd (\/ngmatter(guua¢))
M
1

:ﬂM

1 1
+ — dx"/—g R, 69" + —/ d"zv/—g g"" OR ..
2K M 2K M
1
+/ d"z (—\/—g T/w) agh”
M 2
1

1
=5 d"z\/—g (RW — Ry + Mg — /{TW> ogH”
R Jm 2

1
—l——/ d"xv/—g 9" dR,,.
2K M

1
0 (—Qﬁgmgﬂ”) (R 24)

We will show that

i/ d"x\/—gg""dR,,, = L / dz/—gALYore

2K M " 2K M @ By
for some expression A = AP7(g,,,C" ), where

~ ~ 1
Con=Th -1,y and T, = 59’” (Ovgox + Ongvo — Dogur) -
Thus, critical metric g,,, and connection I'Y,, satisfies the equations
1
R, — iRg,“, + Aguy — kT, and Ao’?"’(gw, cty)=0.

Clearly the first is the Einstein equation. Assuming that %, = I'%s, we will show that the
second equation implies that I'%. is the Levi-Civita connection of the metric g,,. Indeed, as in

Exercise 4 of Section 14, we compute

SR = (I, + TN T,) — (A & v)
= Ox6T%,, + (0T, )T, + T, 017, — 9,613, — (6T, )T, — T, 017 .

Let V5 be the covariant derivative with respect the Levi-Civita connection fo‘ﬁ,y. Then we have

O\OT?,, = V0TS, — T, 617, + 17 6T, + 17 01, hence

vy vn

SRy, = V6T, — T, 017, + 17,007, + 7 617, + (6T, )T, +T%,00",
— V00, + 17,007 =7 617, =T, 6T, — (61, )17, — T, 6T,
= V6T, = V0T, + (0T4,)C,, + C},,6T7,, — (6T%,)C, — C3,6T", .
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Thus,

9" SR = V(9" 0T%,,) — Vo (g"6TA,) + AT,
where

ALYOT = g ((5F*M)C"W + 0,017, — (6T7,)C", — C?,U(SF”M)
= (9"05C, + 971 Cho — " C,, — O, ) 6T,
In the above we made index changes like
A A o «
6T, C1,, = 650T%,C",, = 65C7,,6T%,.

In the above we have divergence terms and (51“";3,y = 0 on OM, hence we get

1 1
» / &2/ =Gg" SRy — — / "/ —gAL 6T,
K M 2/’? M

and the Euler-Lagrange equations A7 = 0. Contracting this equation with gp~ and using the

symmetry C%, = C% 5, we get

0 = gg»YAaﬂ’Y
= gpy (glJ«V(;gC"Z/“ + gﬁ’yc)&a - gﬂucrgu - gy’ycﬁua)

=CJ, +4C3, - C7, - CY,
= Co?\)\ + 2CA)\0¢‘

Similarly, multiplying d5 to the same equation, we get
20,2, +C*, =0.
Hence C )}, = C*,, = 0, which implies

0=ApM
= g"onC,, + 97 CA, - " C,, — g Ch,
= 39O, + 97O = g Cy = 97O,
= =970 — 970

= —(CP g™ + 7, g™).

Now, since @agm = 0, the compatibility of the connection I, with respect to the metric g,

follows from
Vag®' = Vag® + CiAgM + ClAgBA =0.
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15.2 Tetrads and Spin Connections

Let’s consider a four dimensional manifold M. Given a Lorentzian metric g, on M we can find
a local orthonormal basis e, for the tangent space at each point in the manifold: this was shown

in Exercise 2.(a) in Section 14. Thus writing e, = €*,0,, we have

14
efqe bGuv = Tab,

the metric of flat Minkowski spacetime. Since e”, is invertible it has the inverse e,®, which is
called a tetrad. For tetrads and Cartan formalism see Theory of Gravitational Interactions by
Maurizio Gasperini or Spacetime and Geometry by Sean Carroll. Observe that the original metric
is recovered from the tetrad as
G = €€, Nab-

In Exercise 1 we show that det(e,*) = /—g; our convention is that det(e,*) > 0. In the tetrad
e, the index p is called a curved index, while a is a flat index. We can raise and lower flat indices
by multiplying 7% or 74. If V = VEO, = V%, is a vector field, then we have V¢ = Vte,“.
Here V¢ can be viewed as the e, component of the projection of the vector V' on the tangent

Minkowski space. A local Lorentz transformation is a transformation A% ,(z) such that
A aAb bTa’b’ = Tab-

Observe that the tetrad related to g,, is not unique; if e,* is related to g, , then so is e#a' =

’ . . . . .
A 4e,%: see Exercise 1. For a tensor with mixed indices T*, we have

!’
yn

T = Oz
oxH

a
Aa’ Tﬂaa

where A, ? is the inverse transformation of Aa'a. The requirement of general covariance under coor-
dinate transformations(diffeomorphisms) in a curved space—time manifold, thus translates—within
the tetrads formalism—into the requirement of local Lorentz invariance.

Besides the tetrads e,® we will consider spin connections w,ﬁb so that we can defines a new

covariant derivative D,, as
DA = 0,A," =T, A\ +w," A = VA +w, A0

Recall that, related to the metric g,, we have a special connection, that is, the Levi-Civita
connection I'“,,, which is metric compatible and torsion-free. Similarly on our spin connection

we impose ”tetrad postualte” and ”local Lorentz invariance”, that is,
Dye,* =0 and Dyng = 0.

The first requirement fixes the spin connection in terms of the tetrad and the Levi-Civita connec-
tion:

D,e,* = 0,e," — F’\,we)\a + w#abeyb =0,
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which implies

wuab = (FAHVeA“ — 8,&,,“) et
The second requirement yields
0= Dunab = aunab - wucancb - wucbnca = _(wuba + W,uab)>
showing that w;b is anti-symmetric in a, b.
Similarly as above we get in Exercise 2 that
R%,, = e®aes” [Ouwny — wu W] — (1< v).

We introduce Cartan formalism to the above tetrad and spin connection. For this we first make
1-forms:

e = e, dz" and W = wﬂabdz“.
Cartan structure equations are
T = De® :=de® + w Ae® and RY = dw®™ + w®. A wC.

So, in Cartan formalism we use the coframe 1-form, the spin-connection 1-form and the curvature
2-from, e®,w® and R, instead of the metric, Levi-Civita connection and the Riemann tensor,

9w, 1Py and RP5,,,,. We can check that the above usage of the curvature 2-orm R ig consistent

[0}

B introduced earlier: see Exercise 3. Here T'* is called the

with the Riemann curvature tensor R

torsion because
A A A b A A
T =T = o (Open +wuye’) — (n e v) =17, —T

vuo

where we used the formula for the Levi-Civita connection which is obtained from the tetrad

postulate.

In Exercise 3 we check two Bianchi identities
DT* = R% Ae® and DR =0.
One can also show that the above two identities are equivalent to our old identities
Rajgun) =0 and Vi Rag = 0.
Observe that the torsion-free condition implies
—de® = w A€,

which, along with the anti-symmetry of wg;,, enables us to compute the spin connections wg,. As

an example let’s consider the Schwarzschild metric

ds® = —f2c2dt? + f72dr? + r2(d6? + sin® 0dp?),
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where

From g, = euaeybnab we can propose the tetrads

e = fedt, et = fldr, 2 =1 df), € = rsinfdo.

Here

de® = f'dr A cdt,

del =0,

de? = dr A db,

de® = (drsin@ + rcos 0 df) A do.
From

cotd
de® = iel ANed+ ——e? ned
r r

:fcu?’o/\eof(,u‘sl/\el—(.032/\62

3

we propose that w? = w3 is proportional to e and

f cot @
W =l = L3 B =2 — 3.
r r
Similar computation shows
GM 1 f
WO — — S0 W=y 2= L2
c?r? f r

This describes the spin connection completely since it is anti-symmetric.

15.3 Palatini-Cartan Action

Recall that for a sourceless case the Einstein-Hilbert action takes the form

S = 2i /M daz"/—g(R — 2A).

R

Now let’s take the general tetrads and spin connection as our independent variables: we are
assuming neither the torsion-free condition nor the tetrad postulate, but we assume that the spin
connection is anti-symmetric. We will need some knowledge about tensor densities and Levi-Civita

symbols.

First the Levi-Civita symbol of rank 4 is e#"?? satisfying

9123 — 1 and evaf — (lprabl
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Even though we used curved indices in the above definition we can equally work with flat indices.

Observe that for a coordinate transformation matrix J¢, with determinant J we have
J=J0JL 2,0 et el
Since we impose that e#*?? take the same form in each coordinate, we have
eo"ﬁ"y'(s' _ Eaﬁfyé _ Jflja#JBVJ'prégeuupa.

Thus e"¥?? is a tensor density with weight —1. We know that /—g is also a scalar density with

weight —1. Therefore we have a tensor(tensor density with weight 0)

5
0 = .
v—9g
In Exercise 4 we show that lower index tensor has the form 7.5y5 = v/—g€agys, Where €123 = —1

and €ap5 = €[ap45)- In the same exercise we also check that
naﬁ%’?wﬁ = _2(5;755 - 5355)a 77,“/7677#!'75 = —24.

Now we will show that

1
S = Sle,*,w, ™) = o /M d*z/—g(R — 2A)
1 1 a A a C
= I Md4:1: oBe a <2Rw b_ geu eyb> eq eﬂd
1 A
= ——/ €abed (Rab — —e? A eb) A€ A e,
4K M 6

Indeed we compute

o a.b_c_d
mebe o ap(—eoer’eaes)enpea

= nMVaBGPUaﬁ\/j = nwjaﬂnpaaﬁ = _2(6565 - (Sg(SZ),

vo a, b, ¢, d
77“ ,Bep €s €a €38 €abcd = 1]

thus
e””“ﬁeacegdeabcd = /=g P el 1% eapea = —2\/jg€pa€ab(5555 — 04dy)
= —4y/—gelt ey,
Then
VIR = V=gRuw" = v/=getae"y R = V—gel se"l R 1,
= —ie“”aﬁeabcdewabeacegd
and

1
d*z\/—gR = _deo Adzt Adz? A da:ge“”aﬁeabcdRWabeace,gd
1
= —Zdac“ ANdz” Adz™ A dmﬁ%bcdR,wabeacegd

1
= —§6abcdRab Aec A e,
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On the other hand, we have
b d b d
El“jaﬁe/iaeu eaceﬁ €abcd = Eﬂyaﬂﬁpuaﬁ(_eoael 62063 )Gabcd = _24\/ )
and

d*z/—g = ——da: Adzt Ada? A de e’“’o‘ﬁ 2., 65 €abed

1
—ﬂdz“ Adz” Adz™ A dx euaeybeaceﬁdeabcd

1
—2—46'1 AeP A el A eegped.

From these the action formulas for the Palatini-Cartan follow.

In order to get the Euler-Lagrange equations we take the variation of the action that

1 A
S = ——/ €abed (Rab — —e? A eb> AeSAel,
4/{ M 6

-4k 68 = / €abed [5Rab AeC A ed] + 2/
M M

that is ,

ab A a b c d
€abed | R fge ANe’| Aef A de’.
For the first integral we observe that

SR

dw® 4w A w)

o(
A(6w™) + (w™e) A w?® + we A (Sw™)
d(

Sw®) + Wl A Sw® + we A (Jwe)
D(6w),

where we used the antisymmetry of w®. Using the same antisymmetry we get Degpeq = 0, hence

€abed [(5R“b A e N ed} = eabcdD((Swab) Aef A el
=D [eabcd(&u“b) A€ A ed) + eqpea(0w™®) A D(e€ A ed]

=d [eabcd(éw“b) Aef A ed] + 2€apea(0w®) A e AT,

where we used the definition of torsion 7% and the fact that e4peq(dw®) AecAe? is a scalar. Hence,

when the Stokes theorem is applied, the first integral becomes

2/ (6w™) A €qpeq €€ AT
M

and our Euler-Lagrange equations are
c d ab A a b c
€abed € NT =0 and €4peq |RY — ge ANe’| Ne€ = 0.

We want to check that the first is just 7% = 0, the torsion-free condition and the second is the

Einstein equation R, — 39, + Agu, = 0.
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Indeed, wedging dz? with the expression

1
0 = €aped € AT = €aped €a° §dedxa Adz? N dx”

we get
0 = €aped Ty "eadat N dx” A dz® A da” = eapea T e dat' e P d*
= €abed Lpv €a QX" N adT” N AT N Ax” = €abed Ly €a ATTE x.
Since
uveB . uvP
€abed € = —€.bd
= et el el g+ el uel ety + €8 et pe?
—e’qetpelq — e e et q — et gl e’ y,
we get

0="Tu"" 4+ Tha'e’ o + Tuae’y — Toa"e’ s — Tan'e” o — Tua"e”s
= Q(Tabdeﬁd + Sbe’ga — Saeﬁb),
where S, = T,4% and we used the antisymmetry of T, in a,b. Multiplying the above by eg”

we get Sp = 0, hence Tw? = 0 as wanted to show. We leave the equivalence of the second

Euler-Lagrange equation to the Einstein equation to Exercise 5.

15.4 Lie Algebra s0(2,2) and an Invariant Pairing

For the Chern-Simons formulation of 2+ 1-dimensional gravity we will need the Lie algebra so(2, 2),
which is the Lie algebra of the Lie group SO(2,2). In order to define this Lie algebra let 1 be the
diagonal matrix n = diag(—1,1,1,—1). Now let
S0(2,2) = {g € Maty(R) | detg =1, gTng = 7]}.
By definition a matrix A is in s0(2,2) iff !4 € SO(2,2) for all t € R. Observe that
dete! = !4 = 1 iff TrA = 0.
Also,
AT 1A tAT A
(e ) ne'” =¢e net® =n forall teR
iff
d ( (AT 1A tAT (AT tA
O:a(e ne ):e (A'n+nA)e'” for;all t e R
iff ATp+nA=0.
Writing
Ao Aor Aoz Aoz

Agg Aoy Axy Ass
Azy Asr Aszpy Ass



we have

—2A00 Ao —Aor Agg — Aga  —Aszg — Aoz

ATn 4+ nA = A — Ao 241, Aoy +A1p —A31 + Ags
—Agz + Az App+ A+ 249 —Asoy + Aps
—Apz — Azg Az — Azr Az — Aso —2A33

Thus, from ATn +nA =0 we get

0 a1 ag —b3
ap 0 —a b

50(2,2) = ! o ar,az,as, by, by, b3 € R
az as 0 b1

bs by by 0

Let’s write the generators of s0(2,2) as

0100 001 0 00 0 0
1000 00 0 0 00 —1 0
A1: 7A2: 7A3: )
000 0 100 0 01 0 0
0 0 0 0 0 0 0 0 0 0 0 o
(0 0 0 o0 0 0 0 0 0 0 0 —1]
000 0 00 0 1 000 0
Blz 7B2: 7_33:
000 1 000 0 000 0
0 0 1 0 0 1 0 0 100 0]

Then we have
[X, Y] Al A2 A3 B]_ B2 B3

A, |0 —A; -4, 0 —-Bs; -B,
Ay |A3 0 —-A —-Bs 0 -B
As | Ay A, 0 —By —-B, 0
By | 0 By By 0 A5 A
By, |Bs 0 -By —-A3 0 Ay
B3 By B 0 —A;, —A; 0.

Recall that the adjoint operators adx : s0(2,2) — s0(2,2) is given by adxY = [X,Y]. Thus in
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the basis Ay, As, A3, By, B2, B3 we have matrix representations

00 0 0 0 0 001 0 0 0
00 -1 0 0 0 000 O 0 O
01 0 0 0 0 000 0 0 O

adAI: ,adA2:

00 0 0 0 O 100 0 0 —1
00 0 0 0 -1 000 0 0 O
00 0 0 -1 0] 000 -1 0 0]
(0 =1 0 0 0 0] (0 0 0 0 0 O]
1 0 0 0 00 00000 1
0 0 0 0 00 000010
ada, = , adp, =
0 0 0 0 10 00000 0
0 0 0 -1 00 001000
0 0 0 0 0 0] 01 0 0 0 0]
00 0o 0 o0 1] 000 0 -1 0
00 0 0 00 000 -1 0 0
00 0 —-100 000 O 0 0
ad32: ,ad33:
00 -1 0 0 0 010 0 0 0
00 0 0 00 100 0 0 0
10 0 0 0 0 000 0 0 0]

Then, with the pairing from the Killing form

1
<X, Y> = Z Tr [adx o ady] .

we have

(X,)Y)| Ay Ay A3 By By Bs
Ay 1 0 0 0 0 O
Aqy o 1 0 0 0 O
As O 0 -1 0 0 O
By o 0 0 1 o0 o0
By o 0 o0 o 1 o0
B3 o o0 0 o0 0 -1

Since the table is diagonal with non-zero diagonal entries, we see that the pairing is non-degenerate.

Also, being the Killing form, the pairing is invariant, that is,

<[X7Y]7Z> = <X7 [Y, Z]>
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From the above computation we easily get Lie algebra s0(2,1) of the Lie group SO(2,1). With
n = diag(—1,1,1) we let

50(2,1) = {g € Mat3(R) | detg = 1, g"ng =n}

to get

0 ap a2
50(2,1)=1q |lag 0 —ag| |ai,a2,a3 €R
as as 0

and the generators

As above we have

As | Ay Ay 0

Also, with the pairing from the Killing form
1
(X,Y) = B Tr[adx o ady].

we have

15.5 BTZ Black Hole

We first review AdSs spacetime. For this we consider the hyperboloid
PR —0? = 2
in the flat spacetime R* with the metric = diag(—1,1,1 — 1), that is,

ds? = —du® + dz® + dy® — dv?.
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Here [ is a parameter representing the radius of curvature of our AdS spacetime. Using the

coordinates t € R, » >0, 0 < 6 < 27 and putting
t t
u= \/12—|—r2cosCT7 x=rcosf, y=rsinf, v=+/12 —&—rzsin%,

we get the induced metric on the hyperboloid

2

dr ct r2 . ct

ds® = (T cos — — A/ 1+ —sin —cdt | + (dr cosd — rsin 6)?
VT2 R

2
d 1 2 t
+ (dr sin @ + r cos §)* — (;_:ﬂsincl +4/1+ ;cosclcdt>

2 d 2
= — (1 + 7«2) Adt® + Lﬂ + r2d6>.
! 1+
The hyperboloid with this induced metric is called the anti-de Sitter space of dimension 3. Just
like the flat spacetime this space has the maximal symmetry SO(2,2). One can check that AdS;

solves the Einstein field equation with the cosmological constant A = —1/1% and
R;waﬁ = A(guaguﬁ - guﬁgua)7 Ruz/ = 2Ag;wa R = 6A.

In 1992 Banados, Teitelboim and Zanelli introduced (2+1)-dimensional black hole with the metric

1
ds? = f2c*dt* + Fdrz +r?(d — Qedt)?,
where ) 9
20 — LT AP
P ==Mt7%+ 5 2= g3

here the coordinates t,r, 6 are as in AdSz, M is the mass and J is the angular momentum of the
black hole. Notice that we are using the units so that M is dimensionless and J has unit of length.
If IM > J, then the black hole has horizons at r = ry, where f(ry) = 0. One can also write

POt el
Notice that BTZ black hole is reduced to AdSs if J = 0 and we adjust the reference energy level
so that M = —1. BTZ black hole is locally AdS3, hence it satisfies the same Einstein equations

and J = 270#47.

as AdSs. Good references for BTZ black hole and 3D gravity as a gauge theory are the papers
”The (2+ 1)-Dimensional Black Hole” in 1995 by S. Carlip and "2+ 1 Dimensional Gravity as an
Exactly Soluble System” in 1988 by Edward Witten.

From the metric one can easily find a triad
¥ = fedt, e! = f~dr, € =r(df — Qcdt).

As before we can use T% = de® + w% A e’ = 0 and w® = —w"® to get the corresponding spin
connection
wOl _ f/eO _ 9627 OJO2 — _9617 w12 _ _Qe() _ *62.
r

ab

Notice that since w®” is antisymmetric, hence it is a 1-form with values in s0(2,1).
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15.6 Chern-Simons Functional

For the BTZ black hole we computed a triads and its spin connection. In general whenever we have

ab

a triads e® and a spin connection w® on a closed oriented 3D manifold with values in s0(2,1) we

can combine them to form the cooresponding Chern-Simons connection A with values in so(2, 2):

00 01 02 L0
w w w e/l

10 11 12 1
4AB _ | Y w w e/l
W20 2t W2 el

-/l —elJl -2/l 0

The argument below works in general with any Lie algebra g with a non-degenerate invariant
pairing (X,Y) in place of s0(2,2). Let’s first define a few operations on Lie algebra valued forms.
Let a € QP(M), 8 € Q4(M) and X,Y € g. Then we define

(e X,p0Y)) = (X,Y) (@A)
(a@X)ANBRY)=(aAp)®[X,Y]
@ X,00Y]=2(aAp)®[X,Y].

Of course these operations can be extended bilinearly. We observe following properties for A €
OP(M,g) and B € Q4(M, g):

(i) ((4,B)) = (=1)"*((B, 4))

(ii) d((A, B)) = ({dA, B)) + (=1)"((A,dB))

(iii) ((A,BAC)) = {((AAB,C))
) ANB=—(—-1)""BA A.

(iv

In particular, the last one follows from the invariance of the pairing.

Now we can consider the Chern-Simons form CS(A) and the Chern-Simons action Scg[A]:
2
CS(A) = ((dA, A) + SUAN A, Sesla] = [ cs(a).
M

We then have the following
Theorem 1. (a) dCS(A) = F, where F = dA + A A A is the curvature of the connection A.
(b) 6CS(A) = d({dA, A)) + 2((0A, F)) and the Euler-Lagrange equation of the Chern-Simons

action is F' = 0.

(c) Scs(a)y = Scs(a+sa) under the gauge transformation
§A=DX =dX + [A, X],

where X € Q°(M, g).
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We leave the proof of (a) and (b) as Exercise 6. In order to prove (c) we use the result in (b)
JCS(A) = d{(dA, A)) + 2((6A,dA + A N A))
and the assumption that M is closed oriented to have

0Scs = Scs(A—l- 514) — Scs(A) = 2/M<<(5A, dA+ AN A>>

:2/ (A, X1, dAY) + (([A, X], A A AY) + ((dX, dAY) + ((5dX, A A A)).

Using (ii) we get

/M<(dX,dA)>:/ (X, dAY) — (X, d2A)) = 0.

Also,
{[A, X],ANA)) =({(ANX,ANA) — (X NA,ANA)) =0
({ANX,ANA)) = ((ANAANX)Y)Y = ((ANANA X)) = (X, ANANA))
=({(X NA AN A)).
Thus

5Scs = 2/M<<[A,X],dA>) 4 ((dA, AN A))
:2/M<<A/\X—X/\A,dA>>+<<dX,A/\A>>
_ 2/M<<A,X AdAY) — (X A A, dAY) + ((dA) A A, A))
:/M<<X/\dA—|—(dX)/\A,A>><(X/\A,dA)>
—2 [ aqxnaa)

=0.

In case A is made of a triad e® and its spin connection w* we have

Theorem 2. (a) The Euler-Lagrange equations are R%® — Ae® A e® = 0 and 7% = 0, which, in

turn, are equivalent to the Einstein equation and torsion-free condition.

(b) The action is written as
2
Scsle,w] = ({(dw, w)) + §(<w Aw,w)) — A{{de +w N e, e)).
Proof of (a) We use indices a,b, ¢ for 0,1,2. Then, we have

1
A% =% and A% = ze“.
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Thus,
1
F% = dA™ 4 A% N A + A% A A3 = dw® + 0w Aw® + Z—Ze“ Aeb = RW® — Ae® A e

and
. 1 1 1
F = dA® 4 A% N AS + A% A A3 = Tde“ + w A <l> e’ = jT“,
from which we get the desired Euler-Lagrange equations. We have checked that 7% = 0 is
equivalent to torsion-free condition in 15.2 right after we introduced Cartan structure equations.
To show that the first is equivalent to Einstein equations we follow the argument in Exercise 5.

Thus, using similar properties of Levi-Civita symbol in dimension 3, we have
0 = €gpe (R“b —Ae A eb) A dx®

1
= €abe <2Ruuab - Ae,ﬂe/’) dzt A dx¥ A dz®

1
= €a4be <2Rm,“b — Aeuae,,b) M By

1
= —el <2R#V“b - Ae#aeyb> Bz,

or

_ vV _« ro «@ 14 v, « v o UV
O——§(R,w” e”c+ Ry et o+ Ry e’ e — Ry Me®c — Ry Vel e — Ry M el )

b
+ A (e'e”pe” e + eV gepel c + e et pe’ . — eV get e — e“ge et — et e e’ ) e e,

1
3 (Re®. — R.* — R.* 4+ Re®. — R.* — R.%)
+ A (9% + e +e%. —3eY. — 3e%. — 3e“,)

1
=2 (Rca — aRe"‘c + Aeac)

1 14
=2 <RW - §R9W + Agu,,> et.g™.
completing the proof.
Proof of (b) We can write

1 1 1
A= w01A1 + w02A2 — w12A3 — TGOBg + 76132 + T€2B1,

hence

((dA, A)) = dw® A WP + dw®? AW — dw'? Aw'? — %260 Aed + llze1 Aed + %262 A e?
= ({dw,w)) — A((de, e)).

Also, from

%A ANA=—w" AwA45 + W A w45 — W% A w24,

1
+ 7 [—wm N 6133 + W AeBy — w2 A 6233 + w2 AeB; + w2 Ae?By —w!? A elBl]
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we get

1
((A/\A,A>>:73w01/\w02/\w12+l—2 WA Aet +w? AP Ae? —w! Ae! Ae?]

1 1
= S{lwAww) = SA{wAee)).

1
2

15.7 Exercise

1. (a) Show that if e,® is related to g,,, then so is e,* = A“/ae,ﬂ.
(b) Assuming that e,* is related to g, show that det(e,) = v/—g.

(c) If V# is a vector in the curved spacetime, show that V* is a tensor in flat Lorentzian spacetime,

but a scalar in the curved spacetime.
2. Show that

By = e“aes’ [Opwy %y — wy Cywn “e] = (1> v).

3. (a) Show

Rwabdm”dx” = dw™ + W A W.
(b) Prove two Bianchi identities DT® = R%, Ae® and DR = 0.
4. (a) Prove that

naﬁ’wnﬂl”)’é = 72(6555 — 5355)7 n#V’Y(SnMU’Y& — _94 na,@wénabcé _ 7604[37

abc *

(b) Show that n48vs = v/—Gg€aps-
5. Show that the Euler-Lagrange equation €,pcq (R“b - %ea A eb) A e = 0 is equivalent to the

Einstein equation R, — %gw + Ag, = 0.

6. (a) Show that d CS(A) = (

= ((F, F)), where F = dA+ AA A is the curvature of the connection A.
(b) Prove that 6CS(A) = d({dA, A)) + 2((6A, F)) and that the Euler-Lagrange equation of the

Chern-Simons action is F = 0.

16 The BV Formalism

Our presentation follows Costello [Cosll1| Section 5.2, for an in-depth modern presentation from

another perspective, see Mnev’s text [Mnel9).

16.1 Two key maneuvers

One mathematical route to Batalin—Vilkovisky (BV) Theory is through two homological algebra

maneuvers: resolving quotients and approaching integration on manifolds (co)homologically. This
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approach essentially goes back to Albert Schwarz and his work with culminated in [Sch93|. The
physical motivations for Batalin and Vilkovisky was the quantization of gauge theories and the
development of techniques beyond the existent BRST and Fadeev-Popov methods, the original
article on BV is [BV8I].

16.1.1 Resolution of Quotients

Perturbation techniques, e.g., stationary phase, work best for functionals with isolated critical
points. Let S: F — C be a functional with gauge symmetry group G. If ¢ € ¥ is a critical point
of S, then the entire gauge orbit G - ¢ C F is also critical. Under such conditions, and provided
G is neither discrete nor trivial, critical points are not isolated. It was realized early on that one
solution is gauge fixing which in simplest terms is the choice of a “slice” in F, containing ¢, which
is transverse to gauge orbits. BRST, Fadeev—Popov, and symplectic reduction are all approaches
to gauge fixing.

A conceptual way of thinking about gauge fixing is the selection of a representative for each
equivalence class in the quotient ¥/G. By the universal property of quotients, if our functional
S is G-invariant, then it descends to a functional on F/G. If F/G were a nice mathematical
object/space and supported a sufficiently rich class of functionals, we could just attempt to work
directly with the quotient. However, the quotient space F/G is typically a wild object in that
its topology may not be Hausdorff or have any nice linear properties. Such “bad” quotients are
already familiar to us from topology, e.g., the quotient of S* or T? by an irrational rotation or
slope.

One (of many) standard approach to working with quotients like F/G is to work with the algebra
of functions and find a resolution thereof by “tame” objects. While this is a common theme
throughout algebra, geoemtry, and algebraic geometry, it is perhaps best illustrated through a
particular construction. For simplicity, we will work in the “linearized” setting, so our fields will
be simply a vector space V and gauge symmetries will be implemented by an action of the gauge
(Lie) algebra g acting on V. Functions on fields will be modeled by the (completed) symmetric
algebra, O(V) := S/yHl(VV), on the linear dual of V'; thus functions inherit an action of the gauge
algebra g.

Now, we would like to understand functions on V/G as g-invariant functions of V| i.e.,
O(V)® :={1p € Sym(VY) : X -4p =0, for all X € g}.

It will be more convenient (and in line with the yoga of homological algebra) to find a resolution,
i.e., a cochain complex, such that the zeroth cohomology recovers O(V)?® and satisfies other
desirable properties. Such a desire is satisfied by Lie algebra cohomology. Following [Wei94|,
for g a Lie algebra and M a g-module, we will define a cochain complex, CE*(g, M), such that
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HO(CE*(g,M)) = M?®. More generally, we define Hf, (g, M) := H*(CE*(g,M)). (Using the
language of derived functors, there is a more universal approach to Lie algebra cohomology. It

standard that our definition agrees with the one obtained via derived functors.)

Definition 16.1.1. Let g be a Lie algebra (over a field K) and M a g-module. The Chevalley—
FEilenberg complex, CE*(g, M), has underlying graded vector space

OEﬁ ga HHOIH]K g, )[ n]a

with differential dog given by
(depf) (X1, Xop) = (1) XG - f(Xy,., X5
(DX X g X X, X,
While the Chevalley—FEilenberg differential looks complicated, it really is just a sum of all reason-
able ways of taking an alternating multilinear functional of n entries and producing an alternating
linear functional of n 4 1 entries. Let us unpack the differential dog in low degrees. Starting in
degree zero,
dép: M — Homg(g, M), (dégpm)(X)=X m.

Hence, we see that HY, (g, M) = M? as desired. In degree one we have

dt g Homg (g, M) — Homg (g A g, M),

(depf) (X1, X2) = X1+ f(X2) = Xa - f(X1) = f([X1, X2]).
Returning to our motivation, we have our gauge algebra g and our g-module is functions on fields,
so O(V'). Hence, we are interested in the Chevalley—Eilenberg complex CE*(g, O(V)). Following
the conventions of graded multilinear algebra, note that

Sym(g[l] @ V) = [[A"g" @ Sym(V¥)[~n] = CE*(g,0(V)).

The upshot of these isomorphisms is that CE*(g, O(V)) models functions on the graded space
g[1] @ V. The differential dcg can then be thought of as a vector field (of degree +1) on g[1] @ V.

16.1.2 Integration via (co)Homology

We now discuss a reinterpretation of integration on a smooth manifold in such a way that it will
apply to infinite dimensional spaces. Historically, much of this approach goes back to Koszul
[Kos85).

For simplicity, let X be a connected, orientable, smooth manifold without boundary of dimension

nE| Every top form p € Q"(X) then defines a linear functional
fu (X)) — R 7
foo= Jxfn

3Using densities, the following arguments can be adopted to unoriented manifolds.
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which is a natural object from several perspectives. First, from this linear functional — the
distribution associated to u — we can completely reconstruct the top form p. Second, if u is a
probability measure, then fu is precisely the expected value map. Our goal is now to rephrase fﬂ
in a way that does not explicitly depend on ordinary integration and thus to obtain a version of
volume form that can be extended to L8 spaces.

We can understand fu in a purely homological way, as follows. We know that integration over

X vanishes on total derivatives dw € Q7(X), by Stokes’ Theorem, so we have a commutative

Q(X) Jx R
HP(X)

where [w] denotes the cohomology class of the top form w. (The cohomology group HJ(X) is

diagram

1-dimensional by Poincaré duality.) In consequence, we can identify fu with the composition

where ¢, denotes “multiplication by p” (or “contraction with p”). We thus have a purely homo-
logical version of integration against u.
It is natural to extend the map “contract with p” to the whole de Rham complex, and not just

the top forms:

where PVF(X) := I'.(X,A*Tx) denotes the compactly-supported polyvector fields and div,, de-
notes “divergence with respect to p.” We require now that p is nowhere-vanishing, so that the
divergence is well-defined. This map of cochain complexes ¢, is then an isomorphism.

The significance of the bottom row is that it fully encodes integration against p but the relevant
data of y is contained in the differential div,. This kind of integration notion works even for
infinite-dimensional spaces, for which there are no top forms but there is a ring of functions and
polyvector fields.

The complex (PV(X),div,) is a fundamental example of a BV algebra, a notion we recall in the

next section, the associated bracket {—,—} is the Schouten bracket. Recall that the Schouten
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bracket is the extension of the Lie bracket of vector fields to polyvector fields by requiring it to

be a derivation of the wedge product. Further, note that we have an equivalence
O(T*[-1]X) =2 PV(X),

where T*[—1]X is the shifted cotangent bundle of the space X.

16.1.3 Summary

Given a classical field theory with field content ¥, action S: F — C, and gauge symmetries G,

the (perturbative) BV formalism can be understood as a two step procedure:

(a) Given ¢ € F, the tangent space to the gauge orbit [¢] € F/G can be modeled on F/g. More
precisely, we resolve the quotient F/g using the Chevalley—Eilenberg complex, CE*(g, O(F)),
which can be understood as functions on the graded space F @ g[1] equipped with a vector

field corresponding to the differential dog.

(b) Even in the linear case, the spaces ¥ and g are often infinite dimensional, so it is convenient

to interpret integration (co)homologically. Hence, we consider the shifted cotangent bundle
T[-1]Fel) =Fegl]e T’ [-1] &g [-2].

Functions on T*[—1](F & g[1]) model polyvector fields, so if we can find a divergence oper-
ator, we have a well-behaved theory of integration. The main goal of our approach to BV
quantization will then be to find such a divergence operator; this operator will be called the

BV Laplacian and is denoted by A.

16.2 BV Theory a la Costello

Having discussed the BV formalism in some generality, following Costello [Cosll], we now spe-
cialize to the case where our field theory is determined by a vector bundle on spacetime equipped
with a local functional. To begin, it will be useful to codify the algebraic structure we observed

in the case of polyvector fields. Our presentation follows that of [GLL17] and [Li23]|.

16.2.1 BV Algebras and Observables

Definition 16.2.1. A BV algebra is a pair (A, A) where

— A is a Z-graded commutative associative unital algebra.

— A: A — A is a second-order operator of degree 1 such that A? = 0.
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Here A is called the BV operator. A being “second-order” means the following: define the BV

bracket {—, —}a as the measuring of the failure of A being a derivation
{a,b}a = A(ab) — (Aa)b — (—=1)1"laAb.

In this section we will suppress A from the notation, simply writing {—, —}. Then {—, -} :

A ® A — A defines a Poisson bracket of degree 1 satisfying
= {a,b} = (~1)l*IPl{b, a}.
— {a,bc} = {a,b}c+ (=1)IalFVPIp{a c}.
— Afa,b} = —{Aa, b} — (—1)ll{a, Ab}.
Definition 16.2.2. A differential BV algebra is a triple (A, @, A) where
— (A, A) is a BV algebra (see Definition [16.2.1)).
— @Q: A — Ais a derivation of degree 1 such that Q? = 0 and [Q, A] = 0.

Definition 16.2.3. Let (A, Q, A) be a differential BV algebra. A degree 0 element Iy € A is said
to satisfy the classical master equation (CME) if

QIo+ %{Io,fo} =0.
A degree 0 element I € A[[fi]] is said to satisfy the quantum master equation (QME) if
QI + hAT + %{I,I} =0.
Here h is a formal (perturbative) parameter.
The “second-order” property of A implies that QME is equivalent to
(Q + hA)e! /" = 0.

If we decompose I = Y I k9, then the i — 0 limit of the QME recovers the CME: QI +
920

HIo, In} =0.

A solution Iy of the CME leads to a differential @ + {Iy, —}, which is usually called the BRST

operator in physics.

Definition 16.2.4. Let (A, @, A) be a differential BV algebra and I € A satisfy the CME. Then

the complex of classical observables, Obs°! is given by
Obs < (A,Q + {Io, -}).

Similarly, a solution I of the QME yields a differential and correspondingly a complex of quantum

observables.
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Definition 16.2.5. Let (A, Q,A) be a differential BV algebra and I € A[[h]] satisfy the QME.

Then the complex of quantum observables, Obs? is given by
Obs? = (A[[H]], Q + hA +{I,-}).

Note that Obs® has a degree 1 Poisson bracket, so following |[CG21] we call it a Py algebra.
Similarly, in ibid. the structure on Obs? is called a BD algebra.

16.2.2 Perturbative BV Quantization

The data of a classical field theory over a manifold M consists of a graded vector bundle F
(possibly of infinite rank), whose sections we denote by &€, equipped with a -1 symplectic pairing
and a local functional S € OZOC(E)H expressed as S(e) = (e, Q(e)) + Ip(e), where @ is a square

zero differential operator of cohomological degree 1, such that
(a) S satisfies the CME, i.e., {S,S} = 0;
(b) Iy is at least cubic; and
(c) (€,Q) is an elliptic complex.
Quantization of a field theory (&,.5) over M consists of two stages:
(a) Build a BV algebra from the data of the pairing on the bundle F; and
(b) Promote the classical action S to a solution of the QME in this BV algebra.

The first difficulty is that the Poisson kernel K dual to the symplectic pairing is nearly always
singular, so the naive definition of the BV operator Ay = 9y is ill-defined. In |[Cosll|, Costello
uses homotopical ideas (built on the heat kernel) to build a family of well defined (smooth)
BV operators Ay, for 0 < L < co. Consequently, there is a family of differential BV algebras
{(€,Q,AL)} ;- Costello also describes homotopy renormalization group flow (HRG) to relate
solutions of the QME between algebras in this family.

Definition 16.2.6. Let (&,.5) be a classical field theory over M. A perturbative quantization is
a family of solutions to the QME, {I[L]} >0, linked by the HRG, such that

lim I[L] = I (modulo h).

L—0

Remark 16.2.7. Flow via the HRG induces a chain homotopy between quantum observables as
we vary within the family of BV algebras {(&, @, Ar)}>0. Thus, we will supress the dependence
on L and abusively refer to these chain homotopic complexes as the global quantum observables

of our field theory.

4As before, O(€) = S/yTn(SV)7 the subspace Oj,c(€) C O(E) consists of those functionals determined by Lagrangian densities.
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16.2.3 Scalar Field Theory

As a first example, we consider scalar field theory. Because our space of (classical) fields is simply
smooth functions on a manifold C*° (M) with no gauge symmetry, we don’t need to use the full
power of the BV formalism. Nonetheless, we do find this example helpful to illustrate Costello’s
approach. We will discuss some gauge theory examples in the next lecture.
For simplicity, let us consider M = R"™ and let A be the non-negative Laplace operator, i.e., A is
just the sum of the second partial derivatives in the coordinate directions. Our complex of fields
is given by
€ : C®(R™) 25 C°(R™)[-1].
Our action functional is given by
§(6)= | 6Dé+1o(9)
for ¢ € E and I an interaction term (which is local and at least cubic).
For a specific example, let us consider n = 4 and interaction
(@) =Ta=5 [ o)
* JzeR?
i.e., ¢* theory on R*. If we try to quantize this theory naively by just using standard Feynman
diagrammatic techniques (which is equivalent to running homotopy renormalization group flow),
we will run into an issue in the L — 0 limit. Indeed, there are two diagrams/Feynman weights at
one-loop which are divergent. Following |[Cos11| Section 4, Chapter 4, we introduce counterterms
to cancel these divergences.
The main idea is that homotopy RG flow/Feynman diagrammatics utilize the propagator of the
theory which is determined by the underlying free theory: the complex (&, A). In this scalar
field case, the propagator is simply given by the scalar heat kernel on R*. These propagators
connect functionals at different scales, so for 0 < ¢ < L we have the propagator P._,;. One

diagram/weight that is divergent in the ¢ — 0 limit is given by the following:

. Per 7
A I ) ( I 7
A doa 04 f_
// \\

Pé—)L

The weight for this diagram, which is a functional on fields, is given explicitly as

1 e—Hxl—962”2((451)714'(452)71)
=g [ - ola1)2(xa)”
2871—4 @1,@26[6,[1] fEl,IzGR‘L 6162

In the € — 0 limit this weight diverges like loge, therefore we must add another functional to

cancel this divergence. The requisite counterterm, which only depends on small ¢, is given by

1
100 = 505 [ ot




For this theory, one other counterterm is needed:

CT(, _ 1 )2
177 (0)(9) s

€2672

The naive quantization of our theory is then given by the family of functionals
I[L]) = lim W (P, Io + IT () + 173 (€))

where the operator W is the homotopy RG flow operator. That this family of functionals actually
satisfies the QME at all scales follows from simple algebraic techniques Costello sets up in Chapter

5 of [Cosll].

16.3 Exercises

(a) Let g be a Lie algebra over R. Recall that a central extension of g is a short exact sequence
0> a-es g—0
where a is an Abelian Lie algebra.

(a) Prove that HZ, (g, R) is in bijection with equivalence classes of central extensions of g.

(b) Prove that if g is finite dimensional and simple, then HZ, (g,R) = 0. (Whitehead’s
Second Lemma extends this result to say that for any finite dimensional g-module V,

with g finite dimensional and semi-simple, HZ, (g, V) = 0.)

(¢) (Weibel p.235) Let n3 be the Lie algebra of strictly upper triangular 3x 3 (real) matrices.
The commutator [nz,ns] =: Reys is the Abelian subalgebra of matrices which are zero
except for the (1,3) spot. Finally, let n3® be the Abelianization of nz. Show that the
extension

0 — Reps — n3 — n*® =0

does not split. In particular, this shows that the Lie algebra ng is not semi-simple.

(b) Compute Hf, (sl2(R),R). Similarly, compute Hf; (sl2(R), slo(R)) and Hy;, (sl2(R), sl2(R)Y)

for the adjoint and co-adjoint modules.

(c) Consider ¢ theory on RS. That is, our underlying complex and interaction are given by

1

CE@E) S cr@)-1. 10)=g [ o
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where A is the non-negative Laplacian. There is a one-loop divergence of order log e, show
that the needed (one-loop) counter term (so that the family of functionals I[L] has a well-

defined L — 0 limit) is given by

IfT(e) = 2722773 loge/ o(z).
' z€R6

(d) This exercise is difficult and considers the Lie algebra cohomology of some infinite dimen-

sional Lie algebras.

(a) (|GS73]) Consider the Lie algebra of formal vector fields in n-dimensions, so

v, = {ZfzaiZ cfi € R[[xl,,;vn]]} .
i=1

(Guillemin and Shnider 1973.). Prove that H{. (v,,R) =0 for 0 < i < n.

(b) ([Fuk86] 2.4.11) Let Vect(S') denote the Lie algebra of smooth vector fields. Compute
Hi; (Vect(S),C>(S1)).

17 Perturbative Gauge Theory in the BV Formalism
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A Invariance and Equivariance

Ryan fill in to clarify things that show up repeatedly!!

B Solutions to Selected Exercises

B.1 Section [1]

Exercise 1: Use Mazwell’s equations to derive the continuity equation.

Solution:

Taking the divergence of Ampere’s Law and applying Gauss’s Law yields the desired result:

- - OE
woV-J =V -(V x B —eypo

)
OF o_ =
—€eopoV (E) GOMO&V -
o 0p
= ouoat c Ho ot
Thus
)
VT4 —f =0
as desired.

Exercise 2: Let U be an open, contractible subset of R*. Let ¢,¢' € C>°(U) be time dependent
scalar fields, and let /T, AU = R3 be C™ time dependent vector fields. Show that if ¢,ff and
(b',/_l" generate the same electric and magnetic field, then there exists a gauge transformation re-

lating ¢, A to ¢/, A'.

Solution:

-,

Since Vx A =V x A, then V x (A’ — A) = 0. Since U is contractible, then we know there exists
x € C*>(U) such that

A=A+ Vy.
Since R . .,
= 0A , 0A" , 0A ax
E=—Vo-Gr =V -5 =V % Var
then
ox
I —_ —) =
V(@' —¢—5) =0
on all of U. Therefore ¢’ = ¢ — %—’t‘. Hence we conclude ¢, A and ¢, A" are related be a gauge

transformation (in particular a gauge transformation would be ).
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Exercise 3:
(a) Let ¢ € C®(R*), and let A : R* — R3 be a C™ vector field. Let
= a/i’ — —
E=-V¢— — B= A.
Vo 5 V x

Show the Euler-Lagrange equations from the lagrangian

L(0,7,7) = gl 7 — Qolt, 1) + Qi A(1,7)

where Q is a real constant and & = (x*, 2%, x3) implies the Lorentz Force Law: F= Q(E+§c’x é)

Solution:

We simply compute
0¥ _ i 0L
ozt dt 01t

and show each equation yields a component of F= Q(E + 7 x E) Since

=0 i=1,2,3

3

0L __, aqzs@“r@z@jam

oz’ ozt , oz’
j=1
and
d 0.% d i i
DA 2L 9A!
i .
mi' + Q 5 +Q;axjx,

then the Euler-Lagrange equation for #° becomes

i

0 SL0AT DA 2L 0A
0=-Q ¢—|—Q2x] — —mi' —Q Qzﬁxjm]
j=1

oz , oz’ ot
j=1
Thus
i op DA L (0AT DAl
mi' =0\ ~55 o +;x (axi _axj>
Since ,
i ;09 0A Loom ne .y (0AT DAl
Flomit Be-gi-gy @xBr=)i <axi axj>’

j=1
then we have
Fi' = Q(E' + (& x B)Y).

Since this holds for ¢ = 1,2, 3, then we conclude
F=Q(E +# x B)
as desired.
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(b) Consider the real lagrangian density

0™
ot )

h a¢>
2 =5 (Vo) (Vo") + Vg ——(¢>

where ¢ and ¢* are independent of one another and are functions of space-time, V' is a function of
space-time, and h is a constant. Show the FEuler-Lagrange equations from this lagrangian density

implies Schrodinger’s Equation:

8¢ h‘ 2 % * _ g 3(;5*
——v O+ Vo=ihg:  — VALV = —ih

Solution:

We compute the Euler-Lagrange equation with respect to our scalar fields ¢ and ¢*. Varying ¢,

we obtain
,_0Z 00% 23: o 0L
= 5% " 1708 )
0 6taaf<f jzlaxﬂaa;@
ih 9¢* —ili §¢* B 920
(W RECR7 ) < 2 ot ) (m;a(xiﬁ
=V tihg - — 5V
so that

——v% + Vo* _—mag)

Varying ¢*, we obtain

0:%_Eaag:« _;@a%

=1 ox
B ih ¢ ih ¢ ho~ 9%
= (W)‘ m) - <26t) - <2mz_; a<x1>2>
_ve—indl _ P
=Vonihg oY e
so that
h dp

A v — 9
2mV o+ Vo zhat.

(¢) Show the Euler-Lagrange equations from the electrodynamics lagrangian density for the scalar

fields from the vector potential implies Ampere’s Law.

Solution:
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We compute
3

0% 0 0% 0 0%
0= "o —0 =)y —— =123
0At Ot (’)% = oxI (’)%
to obtain the components from Ampere’s Law. Note,
oA |loA|’
El? = 249V —
IBIP = 1961 +296- 50 + || 2
and ) )
||B'H2* 37143787142 n 8A173A3 n 8A278A1
\ 022 Ox3 oz3  Ox! oxrl  0x2
Since
02 9 0x 723:&33
0A" 0Ot a% = ol a%
. 929 024 1 o L0 (DA DA
=T oo e | = — S (—1) —— 2
J (60 otox? e ot? ) o ;( OxI (8301 Ozl
, OF" 1 o
_ 7t - B)?
J + €o B 1% (V X ),
then

)
=

(V X B)Z — Mp€o

ot

Since this holds for i = 1,2, 3, then we conclude
- OF
B - —
V x €040 ot

which is Ampere’s Law.
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Exercise 4: If one starts with equations of motion and determines an appropriate lagrangian
density, then it makes sense to ask if the lagrangian density is unique. The answer turns out to

be no. Suppose we have a lagrangian density

0
&= z(xk,%,ﬂ) k=1,....n j=1,....,m
where x1,...,T, are the independent variables and ¢1, ..., ¢, are the scalar fields dependent on
X1y, L. Suppose f = (f1,..., fn) is a R™ valued-function where fr, = fr(¢1,...,Pm). Show
the lagrangian density
— Ofp
=Y -
+ ];1 Oxk

generates the same Euler-Lagrange equations as £ .

Solution:
First, note
: —~ Ofi - Ofi 09!
k=1 k=11=1
Since for j € {1,...,m},
0" 0% " 92 f
961 01 Zl 960"
and
- 88.,2”’_" 0 0% - Ofy 0¢
i 3 i 007 Z i J ZZ I 9k
8:10 82327 P oz aa¢ oz’ ag{ = 09! Oz
_ zn: 19) 8.,2” "0 0f;
oxt 83¢’ — Ozt Ogi
"9 0 "N 9%f; O
B zz oz’ agii ; ; 09l0¢7 Oz’
SR AR St S (L
- Z Oxt 7t Z Z j i
il agﬁi i=1 1=1 097 04! Ox
N0 0L N Pf
= Z i ;T Z -
i=1 Oz 32& = DI Ok
then
69%/_ n if).i” ank B n 8 8$_§: 82fk
O¢ = Oz’ 982 8¢J — 0¢J0zF L= Ot 928 L= IOk
AR N
O P ot 53¢J
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proving the claim.

B.2 Section [2

Exercise 1: Let p € R.
(a) Verify the Dirac Delta function at p, denoted as 0, is a distribution on R.

Solution:

Clearly d, : D(R) — R Is a linear map. To see d,, is continuous, let K be a compact subset of R.
Since for each ¢ € D(R) with supp(¢) C K,

10p9] = |¢(p)] < [|0]] oo

then ¢, is continuous. Therefore is a distribution on R.

(b) Verify the heavy side function at p, denoted as H,, is locally integrable on R.

Solution:

Since H, = X(p,00) and (p, 00) is a Borel measureable set, then H,, is indeed a measurable function.
Let K be a compact subset of R, then, using the Heine-Borel Theorem, K C [—a,a] for some
a € R. Let A\ denote the Lebesgue measure on R, then

/ \H|d) < / \H,|d) < / crd = 2a < o0
K [—a,a] [—a,a]

where ¢;(z) = 1. Therefore H), is indeed a locally integrable function on R.

(c) Verify LAy, =6,.

Solution:

Let ¢ € D(R). Since supp(¢) is compact, then supp(¢) C [—a,a] where a > 0. In particular, we
can pick a > 0 such that ¢(a) = 0 and a > p. Therefore

Ao = - / H, / e /¢’<x>dx
— 6(p) — $(a) = B(p) = 6,0

. . d _
Since ¢ was arbitrary, we conclude =Ag, = d,.

Exercise 2: Verify that if G is the Green’s function for a continuous partial differential operator

L, then a solution to Lf = g is indeed f(z) = [ G(z,2")g(z")dx’.
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Solution:

Since L is continuous and differentiates in x while the f is define as an integral in 2/, then

/wa dx—/LG(m,x dx—/&x—x "Ndz' = g(x).

Hence Lf = g.

Exercise 3: Verify taking X = OVG + GV and f = ¢ in the Divergence Theorem does in fact
yield the equation for ¢ in terms of the the Green’s function G, charge density p, and boundary

condition .

Solution:
Since
V- (GV¢—¢VG) =VG-Vé+GV?p—Ve- VG — ¢V3G
=-GL — 45z’ — )
€0
then

p’)

€0

/V (z,2"\V — p(2")V )dV:—/UG(z,:E’) dV — ¢(x)

Using the Divergence Theorem, we also know

/ V- (GVe — ¢VG)dV = / (GV — ¢VG) - hdA
U ou

Since
Dab=Vé- i DyG=VG-i
then
/ (G2, 2 )V — (' )VG) -#dA = [ G(z,2")Daé — ¢)2') DaGdA
ouU ou
so that

/ G(z,z")p(z")dV + &(2")DiG — G(z,2") Dy pd A.

oU
Since ¢loy = 1, then

/ Gla, 2 )p(e)dV + | $(@')DaG — G(z,2')DaddA.
oU

as desired.
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Exercise 4: The following problem will have you prove the uniqueness for solutions to the Dirich-
let Boundary Value Problem. Let U C R™ be open such that U is compact. Fix a continuous
functions f : OU — R and g : U — R. Let ¢ : U — R be a function such that ¢ is C? on
U and ¢ is continuous on OU. Show that if ¢lov = f and V¢ = g on U, then ¢ is unique.
(Hint: consider an approach similar to showing Poisson’s equation has unique solutions using the

Divergence Theorem,)

Solution:

Suppose ¢1 and ¢, are two solutions, then 1 = ¢ — ¢ is a solution to V2 = 0 on U with
Y|ov = 0. Therefore

0=y(V*) =V (¥Vy) — |[Vy[]
so that
0= [ wvtuav = [ V- @ve) - |volFay
Let n be an outward point IlOI‘IZlal vector ﬁeldUalong 0U, then the Divergence Theorem tells us
/ V~1/JV1/JdV:/ YV - ndA
U au

Since ¥]gy = 0, then

/v-wwdvz/ z/JVz/J-ﬁdAz/ VY|ou Vb - ndA = 0.
U ou ou

Thus
0= [ ovuav = [ v @ve) - [wulPav = [ |vulrav
U U U
Therefore ||[V#|| = 0 on U which implies Vi) = 0 on U. Therefore 1) is constant on U. Since 1

is continuous on the boundary of U and is zero on the boundary, then ¢ = 0 on U. Therefore

¢1 = ¢2. Hence a solution to the Dirichlet Boundary Problem is indeed unique.
B.3 Section 3: Electrodynamics

1. Prove following identities:
V- (ExB)=B:-(VxE)—E-(VxB)

1
Ex(VxE)=§V\E\2—(E-V)-E.

Solution We use the Levi-Civita symbol to compute
V- (E x B) = 0s¢;1.E; By,
= €;jx(0;E;j) By + €, E;(0; By)
=B - (VxE)—-E-(VxB)
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and we also use the identity, €;jx€xim = 0i1jm — dimbj1, to have

[E x (V x E)|; = €jpEjerimOi Em
= (6i6jm — 6im0j1) E;0 En,
= E;0,E; — E;0;E;
= |3VEr-® V)

9

2. Conservation of the total angular momentum of the electromagnetic fields [Wald, Problem 5.2]

The angular momentum density of the electromagnetic field is given by
l=xxP=¢xx(ExB).

Consider a source-free (p = 0,J = 0) solution to Maxwell’s equations with E and B vanishing

rapidly as |x| — 0o, so the total momentum
L= / 1d%x
is well defined. Show that L is conserved (i.e., independent of time).

Solution In the source free case we have 0P;/0t = 0;0,;. Hence, assuming that |E| and |B|

decrease to zero fast as |x| tends to infinity so that the same holds for z;0y;, we get

dj: = %d?’x
:/ {x X C?:L d*x
:/eijkxj%d?’x
Z/Eijkxjaz@kldgfﬂ

= / [01(€1j1xiOn1) — €i10,1Ok] d*x
= —/Gim@kl d*x
=0,

where we observed that €;;;, = —¢;5; and Oy = Oy, hence €;;:04; = 0.

3. Force on a charge from a circularly moving charge [Wald, Problem 5.3] A particle of charge ¢;
moves with velocity v in a circular orbit of radius R about the origin in the z-y plane, such that
its ¢ coordinate varies as ¢ = wt, with w = v/R. Assume that v < c¢. Another particle of charge
g2 is at rest at point x, where |x| > R. To order 1/|x|, find the force F on the particle of charge

q2 at time t.
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Solution We are in the radiation zone approximation. With p(t,x) = ¢15(x — Re®™?) for the
moving charge we get the electric dipole moment p(t) = [xp(t,x) d*z = Rqe''. Here ¢! =
(coswt, sinwt, 0). Thus,

E(t,x) ~ f?(;x x (% x Pt — z/c))

= —HO 2Rgi% X (% X D(t — z/c)).
4

The force on the charge g2 from oscillating charge ¢; is
F(t,x) = @E(t, %) ~ —ZJ@&RM(&@ — z/e))i(t — z/c),
T x

where 0(t — x/c) is the angle between x and p(t — x/c), and n(t — x/c) is the unit vector on the

plane containing x and p(t — z/c) obtained by rotating x by 90 degree away from p.

4. Radiation of electromagnetic energy from an oscillating charge [Wald, Problem 5.6] A point
charge of charge ¢ and mass m is placed on the end of a spring with spring constant k. The charge
is displaced in the z-direction by an amount « away from its equilibrium position and is then

released to oscillate. Assume that the resulting motion is nonrelativistic, v < c.

(a) Assume that the charge oscillates harmonically with amplitude «. To order 1/r in distance
from the charge and to leading order in v/c, what are the resulting electromagnetic potential
o, A?

(b) What is the radiated power?

(c¢) As a result of the radiation of electromagnetic energy, the maximum amplitude of oscillation,

a, will, in fact, slowly decay with time. Find «(t).

Solution (a) From p(t) = Zqa(t) coswt we get

p(t) = q(a(t) coswt — wa(t)sinwt)z,  P(t) = q(G(t) coswt — 2wa(t) sinwt — w?a(t) coswt)z.

We have
L [plt=x=X/e,X) 5, 4
t,x) = d’r’ ~ —
9t %) 47‘(‘60/ |x — x’| T
and
A(t,x) = 4%1&) (t - g) = f?orq [d(t) cos w (t - g) —wa(t)sinw (t - g)} z
~ s 0 _ - _ f)
~ z4ﬂ_rqwa(t r/c)sinw (t .

if we assume |&(t)/a(t)] < w.

(b) If 6 is the angle between z-axis and x, then assuming | (t)/a(t)|, |(t)/a(t)|'/? < w, we have

Ko
4m2r2¢

S(t,x) = Ho

1 2T20|ﬁ [qwa(t —r/c) cosw(t—r/c)fsinQO X
T

X Pt —r/c)*x ~
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and the radiated power is

P(t) ~ ﬁ(qwza(t —dJe))? cos(w(t — dJc)) /d . sin? 0dS

- %(qw‘za(t — dJe))? cos?(w(t — dJc))

Ho 4 2
= t
Toadw @ (t),

where we assumed that o < d < ct, hence cos®(wt) was averaged over time.

(¢) Under the same assumption about « as above we have the total energy of the charge

k
Echarge = %22 + 522 = %[(o’z(t) coswt — wa(t) sinwt)? + wa?(t) cos? wt]
~ TwQaQ(t).

2
Thus, from dEcharge/dt = —P, we get

d /m o5 Ho 2 4 2 d , ,u0q2w22
— [ — t):—i t, - t) = — t7
dt(2wa() 12ﬂcqwa()ordta() 67rmca()

which implies

2,,2
Hogq~w
a(t) = aexp (— (" t) .

This solution satisfies the condition | (t)/a(t)], |é(t)/a(t)|'/? < w, since we have a non-relativistic

motion.

5. Schwartz space and tempered distributions
(a) Show that the Fourier transform is a bijection on the Schwartz space §(R?). Is it continuous?

(b) Show that any tempered distribution is a distribution. Is the delta function §(x) on R* a

tempered distribution?

(c) Show that the Fourier inverse transform of the Fourier transform of a tempered distribution

T is T itself.

Solution (a) Let f € §(R*) and «, 3 be multi-indices. From the definition of the Schwartz space
we have 0;f(x), 2 f(x) € 8(R*) for each i, hence g(x) := DP(ix)*f(x) € $§(R*). Thus, there is
C > 0 such that |g(x)| < C/|x|%, hence g(k) is bounded. Using

1 —ix-k 74
f(k):m/f(x)e d'x
and integration by parts, we get
. a 1 Y —ix- ~
(ik)° D f (k) = H/Dﬁ(lx) flx)em™ d'z = g(k),

hence 1k?D® f(k) is bounded. This shows that f € S(R%).
(b) Clearly D(R*) C §(R*). Also, if ¢,, — 0 in D(R?), then the same holds in §(R*). Thus, if T
is a tempered distribution, then whenever ¢, — 0 in D(R*), we have (T, ¢,,) — 0, that is, T is

186



a distribution. Suppose that ¢,, — 0 in §(R*). Then, (§(x), $,) = ¢,(0) — 0, showing that the
Dirac delta function is a tempered distribution.

(¢) The inverse Fourier transform is given by
F 1 ixk 4
fk) = o f(x)e™ d x.

The Fourier inversion theorem and the change of variable yields that (Z = ¢ for all ¢ € S(RY).

Thus, if T is a tempered distribution, then, by the definition of the inverse Fourier transformation

we have (T, ¢) = (T, ¢ = (T, JA)) = (T, ).

B.4 Solutions to Section 4 Exercises
(a) The equation of propagation from the WKB approximation is
Pz W?

g2 = C—zn(sc)Vn(zc)

and the action integral is given by

de ||? .
8—/71(33)“‘(”\ d)\—/L(w,w)d)\
Here & = dx/dA.

Let’s find the Euler-Lagrange equation of this action

oL _ n(x @
o Il
d (OL\ d T _dn(x) ® n(x).. n(x).
i (05) =in | o) v Tl el el
Since dn/d\ = 0.
oL
OL — Vn(a)y/ i)
Putting these together
n(x) .. .
T = Vn(z)l|z
edl
or , )
d“x 1 ||d=z
a2 n(x) ’ o V@)
Then if we reparameterize to 7, in which ||92|2 = n2°CJ—22 we recover
d’z  w?
i c—2n(:1:)Vn(a:)
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(b)

Noting that

n(@) = v/efeo = \/a— b + o)

the gradient of n can be calculated

The equation of propagation then becomes

P’z W? w? —bw

This is a decoupled system of undamped harmonic oscillators. Hence, the solution is

&(0)

(1) = x(0) cos(kt) + -

sin(k7)

where Kk =

@. If the initial conditions are sufficiently small the solution will oscillate

around the axis for all time.

Note that each side of the zy-plane has a homogeneous index of refraction so we have a
straight line from x; to some point p in the xy-plane and a straight line from p to 5. This

means the total time of travel is the sum of times for each straight segment, i.e.
1 no
Tp)=T1+Tr = EHP— x| + ?Hf’b -p|

Now we want to minimize time by varying p, that is we want

dT' 1lpi— x| no|ze — pi

—_——_——— = 0
dp;  cllp—aifl ¢ [z —pl
Using basic trigonometry we have for each i
7|pz _ I1i| = SiIl 911' and 7|l'21' _ pl| = Sil’l 02,’
Ip — 1| @2 —pl|
Which is exactly Snell’s law
sin 01 . No
=sinfy—
c c
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B.5 Section [3

Exercise 1: Let V be a finite dimensional vector space with symmetric, nondegenerate bilinear

form w on V. For a vector subspace S C V, define St ={u €V : Vv € S,w(u,v) = 0}.

(a) Show dim(S+) + dim(S) = dim(V).

Proof.
Define f : V — SV (the dual of S) where f(v) : S — R given by f(v)s = w(s,v). Since w is
bilinear, then f(v) is a linear map. Therefore f is well defined. Using the bilinearity of w again,

we know f is in fact bilinear. We claim ker(f) = S+ and Image(f) = SV so that
dim (V) = dim(ker(f)) + dim(Image(f)) = dim(S™*) + dim(S)

To see ker(f) = S+, suppose v € S+, then for all s € S, w(s,v) = 0. Hence f(v) = 0 so that
v € ker(f). Now suppose v € ker(f), then for all s € S, 0 = f(v)s = w(s,v). Hence v € S*.
Thus we conclude ker(f) = S*. To see Image(f) = SV, note that the inclusion map inc: S — V
induces a linear map 7 : V¥V — SV where 7(¢) = ¢|s. Since V is finite dimensional, then we know
7 is surjective. Furthermore, f = r ow’. Thus f is surjective proving Image(f) = SV.

O

(b) Show (SH)t =S.

Proof.

Note,
St ={uecV:vwe S wu,v) =0}

and
(SH)t ={veV:Vse St wv,s) =0}

Thus we clearly have S C (S+)+. Using (a), we know dim(S) = dim((S+)*). Therefore we
conclude S = (S+)*+.
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Exercise 2: Let V be a finite dimensional vector space with symmetric, nondegenerate bilinear
form w on V. A wvector subspace S C V is nondegenerate if w|sxs is nondegenerate. Show the

following are equivalent:

(a) S is nondegenerate.
(b) S+ is nondegenerate.
(c) StnS={0}.

(d) V=Sa&St.

Proof.

First, suppose S is nondegenerate. For the sake of contradiction, suppose S+ is not nondegenerate,
then there exists a non-zero v € S+ such that for all w € S+, w(v,w) = 0. Thus v € (S+)+ = S.
However, for all s € S, w(v,s) = 0 as v € S*. Therefore S is not nondegenerate which is a

contradiction. Hence St is indeed nondegenerate. Therefore (1) implies (2).

Now suppose S* is nondegenerate. Let v € S+ N S. Since v € S, then for all s € S+, w(v, s) = 0.
Since v € S* and w|g1 g1 is nondegenerate, then v = 0. Hence S~ NS = {0}. Thus (2) implies
(3).

Now suppose S+ NS = {0}, then, using Exercise 1.a, we know dim(S+ + S) = dim(V). Hence
S+ @ S = V. Therefore (3) implies (4).

Finally, suppose V = S @ S+. Let s € S, then there exists v € V for which w(s,v) # 0. Since
V =8 @ S+, then we can uniquely write v = a + b where a € S and b € S*. Therefore

0# w(s,v) =w(s,a+b) =w(s,a) +w(s,b) =w(s, a)

Therefore w|gx s is indeed nondegenerate. Hence (4) implies (1).
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Exercise 3: Let V be a finite dimensional vector space with symmetric, nondegenerate bilinear
formw on V.

(a) Show that if S is nondegenerate and S # 0, then there exits v € S such that w(v,v) # 0.

Proof.

Suppose S is nondegenerate with S # 0, but for all v € V| w(v,v) = 0. Then w is anti-symmetric
on S. Therefore w|sxs = 0 which contradicts S being nondegenerate. Thus there indeed exists
v € S such that w(v,v) # 0.

O

(b) A linearly independent list of vectors vq,...,v, € V are nondegenerate provided w(vj,v;) # 0

for each j € {1,...,k}. Suppose dim(V) =n and k < n. Show there exists vgi1,...,0, €V such

that vy, ...,v, is a nondegenerate basis for V.
Proof.
Suppose v, ...,vr € V are nondegenerate. Therefore S = Span(vy,...,v;) is a nondegenerate

subspace of V. Therefore S+ is a nondegenerate subspace of V. Since k < n, then S+ # 0.
Hence, by (a), there exists vy1 € ST with w(vgs1,vgs1) # 0. Thus vy, ..., vey1 is nondegenerate.
Applying the same argument to v1,...,vr4+1, we can continue to find such vectors vgyo,...,v, €
V such that vy,...,v, is nondegenerate. Since we have n-linearly independent vectors, then
v1,...,V, iS a basis for V.

O

(¢) Show that for V has a nondegenerate basis.

Proof.
Since V is nondegenerate and V' # 0, then there exists v € V such that w(v,v) # 0. Thus, by (b),

we know v can be extended to a nondegenerate basis for V. Hence V has a nondegenerate basis.

O

(d) Show that V' has a basis eq, ..., e, for such that w(e;,e;) = 6;; or w(e;,e;) = —0;;.

Proof.

Let v1,...,v, be a nondegenerate basis of V' which exists by (c¢). Applying Graham-Schmidt to
v1,...,V, yields the desired basis for V.
O
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Exercise 4: The following exercise investigates some of the topological features of O(r,s).
(a) Assume r,s > 0. Show that O(r,s) has at least four connected components.

(b) Assume r,s > 0. Show that O(r,s) is not compact.

(¢) Show for all r,s € Ng, O(r,s) and O(s,r) are isomorphic as Lie groups (recall that bijective

Lie group homomorphisms are automatically Lie group isomorphisms)
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Exercise 5: Verify xd«xF =]
Answer (not fully complete yet need to check signs):

First, observe

k-form Hodge star of the k-form
1 dt Ndx Ndy Ndz
dt dex ANdy Ndz
dx dt Ndy N\ dz
dy —dt ANdx N\ dz
dz dt Adx A dy
dt N dx dy N dz
dt A dy —dx Ndz
dt Ndz dx N\ dy
dx N dy —dt Ndz
dx N\ dz dt N\ dy
dy N dz dt N\ dx
dt Ndxz A\ dy —dz
dt Ndx Ndz dy
dt Ndy N\ dz —dx
dx Ndy N dz —dt
dt Ndx Ndy N dz -1

Using the table, we compute xd(xF) explicitly. We start by determining xF:
*F = Bydt Ndx + Bydt ANdy + B.dt Ndz + E,dy ANdz + Eydz Adx + E.dx A dy

With *F' in hand, we compute d(*F):

d(*F):aaBymdy/\dt/\d:c+ aa;dzAthder%dxAthder%deMdy
+a;zjdx/\dz/\dwraayzdy/\dt/\ter(aaim +a£y+aa€z)dwdwdz
,aaE;dt/\dy/\dz—%dt/\dz/\dzfaizthdIAdy
:(8£y 7883; —atiz)dt/\dy/\der(aaB; 758% +a£y)deIAdZ
+(a£f _a;g —aa]%)dmdmdw(aix+38E;y+8£”)dmdym

=pdx Ndy Ndz — Jpdt Ndy ANdz + Jydt ANdx Adz — J.dt ANdx A dy

where the last equality is equivalent to Ampere’s Law and Gauss’s Law. Finally, we compute
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*xd(xF):

*d(xF) = — pdt + Jpdz + Jydy + J.dz =]

B.6 Section 6

Exercise 1: Show that if we make the transformation A, — A, + 0,x, then Equation @ s not
necessarily preserved.

Solution:

Exercise 2: Show that if we assume that the inverse Compton wavelength is much larger
than the space derivatives of @, then we can recover Equation[3 from Equation [5.

Solution:

Exercise 3: Show that a G-bundle over X is isomorphic to the trivial bundle X x G if and only
if it admits a global section.

Solution: (sketch) Let ? : P — X be a principal G-bundle with global section s : X — P.
For p € P, let ¢(p) € G be the (unique) element of G where p = s(P(p)) - ¢(p). Then define a
morphism ¥ : P — X x G where U(p) = (P(p),g(p)). Then ¥ is a isomorphism with inverse
(z,9) — s(x) - g. Conversely, suppose that we have an isomorphism ¥ : P — X x G. Then we

can define a global section s : X — P where s(z) is the first projection of ¥~1(x,e).

B.7 Section 8

(a) The group SO(n) consists of n X n real orthogonal matrices with determinant 1. These

matrices represent rotations in n-dimensional Euclidean space:
SO(n) ={R e R™" | RTR =1,det(R) = 1}.

The spin group Spin(n) is defined as a subgroup of the even Clifford algebra CI®, generated
by products of even numbers of elements from the Clifford algebra Cl,. Let Cl,, be the

Clifford algebra generated by a set of elements {ej,es,...,e,} with the relation
eiej +eje; = —20;;, fori,j=1,2,...,n.

We now define the covering map p : Spin(n) — SO(n). Given an element g € Spin(n) and
a vector v € R™, the action of g on v is given by

v gvg_l.

For each element R € SO(n), there are exactly two elements in Spin(n) that map to R
under p. This is because the kernel of p consists of two elements: {1,—1}. Therefore, the

covering map is 2-to-1.
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(b) We will use the description of Spin(4) as the universal (double-cover) of SO(4) so we will
explicitly produce a smooth 2 : 1 group morphism SU(2) x SU(2) — SO(4). Again we
think of SU(2) as the group of unit quaternions. Thus each pair (g1, q2) € SU(2)x SU(2)

defines a real linear map
Thgo - H—H, 20 Tg 0= qrq

Clearly |z| = |q1] - |#] - [@2] = |Tgy,qox| V& € H, so that each Ty, 4, is an orthogonal trans-

1,92

formation of H. Since SU(2) x SU(2) is connected, all the operators Ty, 4, belong to the

component of O(4) containing ¥, i.e,. T defines an (obviously smooth) group morphism
T:5U(2) x SU(2) = SO(4)

Note that ker T = {1, —1}, so that T"is 2 : 1. In order to prove T is a double cover it suffices
to show it is onto. This follows easily by noticing 7" is a submersion, so that its range must
contain an entire neighborhood of ¥ € SO(4). Since the range of T is closed we conclude
that 7" must be onto because the closure of the subgroup (algebraically) generated by an

open set in a connected Lie group coincides with the group itself.

(c) The first Stiefel-Whitney class w; (M) € H'(M,Z/2) represents the orientability of a man-
ifold M. To find a representative for w; (M) using Cech cocycles built from transition
functions, we begin by choosing an open cover {U;} of M such that the tangent bundle T M
is trivialized over each open set U;. Over each overlap U;NUj, the difference in trivializations
is captured by the transition functions g;; : U; NU; — GL(n,R), where n is the dimension of
M. The orientation-preserving or orientation-reversing nature of these transition functions
is determined by their determinant. Define s;; : U; N U; — Z/2 by s;; = 0 if det(g;;) > 0,
and s;; = 1 if det(g;;) < 0. The functions s;; form a Cech 1-cocycle, as they satisfy the
cocycle condition s;; + s + Sk = 0 mod 2 on triple overlaps U; N U; N Uy. This ensures
that the transition functions are consistent across overlapping charts, and the cocycle {s;;}
defines a class in H'(M,Z/2), which represents wy (M).

B.8 Section 9: Dirac Operators and Indices

(a) Let us consider a simplified equation of the form ¢*d,¢(x) = 0. If A € O(1,3), ie., a

transformation z# — A¥z", then
0ud(x) = 0u($(A™"x)) = (A1) (09) (A x).

Now if ¢# € C is a scalar, then they assemble to a vector ¢ € C*. In order, for the our
(simplified) equation to be Lorentz invariant, we need the vector ¢ to transform under A as
well, but as ¢* are simply scalars they commute with matrix multiplication and invariance

fails.
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(b)

(c)
(d)

(a) If our new basis is written as 7/ it is an explicit verification that the anti-commutation
{T#, 7V} = 2n" holds, so we obtain a different (faithful) matrix representation of Cly 3 (b)

C = iv?y°. (c¢) plug and chug.
The kernel is one-dimensional, while the operator is surjective, and hence has trivial cokernel.

We have that
dimker SoT < dimker S + dimker T'

and

dim coker S o T' < dim coker S + dim coker T'.

As the closed range condition is actually redundant, it follows that SoT is indeed Fredholm.

To compute the index, we take advantage of the local constancy of the index. For 0 <¢ <m

define Cy: Y& X - Z6 X by

Scost —(SoT)sint S 0
Ct = = (Rott X I)
Isint T cost 0 I

For each t, Cy is a composition of Fredholm operators and hence defines a (continuous) path

in the space of such operators. Finally,

IndCo =IndT +1IndS, while IndCz=IndSoT.

The key idea is that if X\ # 0, then the composition

Dt _ A"D~
HY = Hy, = Hy

is the identity, so nj = ny for A > 0.

Fix a basis {[A1],...,[As]} for Hy(M,Z)/Tor. The dual basis for (Hy(M,Z)/Tor)" =
H?*(M,Z)/Tor is {a1,...,a,} which has the defining property «;([A;]) = &;;. Take the
Poincaré dual of the dual basis to get {af,...,a}}, a different basis of Hy(M,Z)/Tor. This
basis has the property that Q([A;],a}) = d;;. Hence the matrix representing @ in the
basis {[A1],...,[An]} is the same as the change of basis matrix from {[A],...,[4,]} —

{af,...,a%} which is invertible over Z so must have det ==+1.

Let M, N be two connected, closed, oriented 4-manifolds. The connected sum only alters 4-
cells so the homology in dimension 2 should be unaffacted. Explicitly, apply Mayer-Vietoris
to the triple (M#N, M — D* N — D*) where D* is the open 4-disk. This yields the result.

CP? has H,(CP? Z) = 7Z with generator [CP']. Since any projective line intersects itself

once we have

Qcp> = [1]
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——=2

. The opposite orientation CP~ has intersection form
Q@2 = [-1]

. Using the result of exercise 2 we have

1 0

Qup o =
CP2#CP 0 —1

(d) We know from the Kiinneth formula that

Hy(S2xS)H=2ZaZ

Fix points p € S2 and ¢ € S? so that the generators for the homology group are v = [S2 x {¢}]

and 3 = [{p} x S7]. Then we can compute the intersections
a-f=1=0 -«
since these intersect at the point (p,q) € S2 x S} and the self intersections are both zero as

we can perturb the spheres so that that do not intersect at all.

For the twisted bundle we can think of the first generator of the homology as a section
of the bundle S? — S? which due to the twist at the equator there is no way to perturb this

sphere out of self intersection. This gives the intersection form

QsZisZ = 0

If we change basis a +— A and @ — § — B then the matrix becomes

Q=
0 -1

which is the same intersection form of (C]PQ#@Q. While this does not imply that the two
manifolds are diffeomorphic or even homeomorphic it can be shown that in fact S?x S? =

CP24CP° as smooth manifolds.
B.9 Section 14: Gravity as a Gauge Theory
1. We define R%;, by the equation

Vo, Vuwg = waR%,,,,,

which holds for every tensor wg.
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(a) Show that R

50 15 @ tensor.

(b) Using the definition of covariant derivative derive that
Raﬁuu = (aural/ﬂ + FQHUFJVB) - (:u A l/)'

Proof of (a) Put Tg,, = [V,, V,Jwg. We know that T, is a tensor. Thus we have

oxP ozt ¥ _ 0zP Oa 8x"w
oxB ozt dxv P T 0xP ozt HxV
dx® dzP Ozt dx¥

Oz Oxb’ dxn dxv' T PP

aR?

’
(o7
'l,UO/R B/ v = Tﬁl#/u’ = 5

= Wy

for all tensor w,s, which yields that

dx® 9P Ozt dxv _,

R iy =
B = gpa ggB gzr dxv' T PRV

proving (a).
Proof of (b) We compute

VVV,ng = 6V(VW5) — FUWLVUWB — FJV,BV#LUU

= 0,(0uwp — Fofwwa) - F"W(&,wﬁ =T pwa) — I, 5(0uws — Fofwwa)
= 0,0,w3 — F"W(&,w[g —T'% pwa) — (F(Lﬁé),jwa + 19 50uwa) + (—&,F(’Lﬂ + F"l,ﬂl“c:w)wa.

Here, the first three terms are symmetric in ¢ and v, hence

waRaﬁ;w = [V, ViJwg = ([Vo, Vi]ws) — (1 < v)
= (=05 + T 510 )Jwa) — (1 <> v)

= wa((aﬂrauﬁ + Faparavﬁ) - (:LL s I/))
for all wy, which proves (b).

2. (a) Suppose that we are falling in a gravitational field. If we use the frame of our path, then

we will find that all objects near us are falling at the same rate. This follows from

d2
F=mja=-mgV® or ar_ —%VCID
dt? mr

and the experimental fact that mq/m; is the same for every object. Here my is the inertia mass
and m¢ is the gravitational mass. So, there is no acceleration in the relative motion between
objects around us, that is, we are in a flat spacetime if we use the freely falling coordinate.
Mathematically, in a Lorentzian manifold (R*, g,,,) show the following: for each event P there is

a coordinate z# near P such that

’
gl‘/l’/ = T]u/l,/ and FOL‘/V/ =0
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at P. This coordinate is called a normal coordinate at P. [Hint. Start with any coordinate a*

near P and define a new coordinate z® by
’ 8:17” ’ / 1 82’1}# ’ / ’ ’
(@) = ol + (ax,,)Pw o)+ (M)P< — )@ — )
and count the number of coefficients in the above so that we can impose g, = 7,7, and

Oargu =0 at P. |
(b) Prove that

Raﬁuu = *Raﬁuu = *Raﬁu,u = R,ul/ozﬁy Ra[B/M/] = 0.
(c) Prove the Bianchi identity
ViyRapuw = 0.

(d) Show that VR, = 1V,R.

Proof of (a) Two equations in the hint are written as

o )p = (222N (222 (gu)p =
Juv' )P = OxH’ P oxv' P G I =yt

@ \p = 92z ox” . ozt 9%z” (g)
Oz/guly/ P — axa/axu/ P 8.’1}'”’ P 81’“” P axa/axl/ P gull P
ox® ox# ox”
(o), (), (50, oo

Because of the symmetry of the metric the first one is 10 equations for which we have 16 variables

. . . . . 2
g;’:, available and the second one is 40 equations for which we also have 40 variables (%)
P

available. Hence we have solutions of such partial derivative at P, which defines the new coordinate

and

=0.

2. From the definition of the Levi-Civita connection FO;;,U, = 0 at P follows from 0y g,/ =0
at P.

Proof of (b) We have all tensor equations. Thus, it is enough to check them in one specific
coordinate. Let P be an arbitrary event. Then by (a) we have a normal coordinate z* about
P. Thus, at P we have g,, = 1, and I'},, = 0. Then, at P we use the metric compatibility
Vug"‘s = f)ug"(S =0 to get

2Rapu = 2ganR"5W
= 2gan0ul", 5 — (L v)

= Gan0ul9" (D055 + Opgus — Dsgup)] — (1 > v)

= 9ang" (0400958 + 0u039us — 0, 059up)] — (11 > )
= (040v9ap + 0u089va — 0u0agup) — (1 <> V)

= (9.089va = 0uagup) — (1 <> v).
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Now from the above all four equations in (b) follows immediately.

Proof of (c) Let z* be a normal coordinates about P. At P we have
2Rapuw = 2Ryvap = (0000 gpp — 0alugpy) — (o ¢ B).
Hence,
2V Raglw = 2V Rapuw + 2V o Ry + 2V g Ryapw
= (07020,98 — 04000980 + 000809~ — 0a030,9+1

+ aﬁa’yavgau - aﬁafyﬁugau) — (< B)

since the first term is symmetric in « and .

Proof of (d) In the Bianchi identity in (c)
Vo Rapuw + VaBpyuw + VeRyau =0
we multiply both sides by ¢g** and use the metric compatibility to have
VyRgy + V*Rgyar — VR, = 0.
This time we multiply ¢”* to get
VYRg, + V*Rgoa — VR = 0.

On the other hand multiplying the first equation in (b) by ¢** we get Rg, = R, g, that is, R, is
symmetric. Thus we have VYR, 3 = %V[;R, which proves (d).

3. Consider the Einstein equation with cosmological constant
1
Ry = 5R9u + Mgy = KT

(a) Show that the above equation is consistent with the energy-momentum conservation V,TH" =
0. Show that —R + 4A = &kT.

(b) In the weak-field Newtonian approximation show that the above equation becomes
V20 = 4wGp — A2

Also, with p(r) = M§(r) show that

GM A
Vo = 77"731' + TI‘.

(c) Write the general metric for a spacetime with homogeneous and isotropic spatial structure

with a constant curvature K. Using a perfect fluid distribution, impose the Einstein equation

with cosmological constant to get Friedmann equations. When is this universe expanding?
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Proof of (a) By the metric compatibility we have Vg, = ¢*’Vgg,,, = 0, hence
1 1 iz Lo 1 n
\Y Rp,u - §ng/ + Ag;u/ =V R;ux - §(V R)guu + _§R +A )V Guv
1
- V#R;u/ - 5V,,R - O7
which follows from 2(d). Since g"g,,, = 4 it follows that
1 1
KT = g" KT, = g"” (R;w - §Rg,“, + Agm,) =R-— §4R +4A = —R+4A.
Proof of (b) Using the result from (a) we write the equation as

1
R, =k (T;w — 2Tglw) + Agp.

In the weak-field Newtonian approximation we had Ry = —%V2h007 Too = =T = pc?, goo = —1
and hgp = —2®/c?. Thus,

1 1 1
ijzq’ =Ry =k (Too - 2Tgoo) + Agoo = §"€P02 — A,

or

V2® = 4nGp — A2
Now, with p(r) = Md(r) we have the acceleration

GM A
Vo = _’/‘Tr + 71‘,

where the last term explains the expanding acceleration if the cosmological constant is positive.

Answer of (c) It turns out that the general metric for a spacetime with homogeneous and

isotropic spatial structure with constant curvature K is

dr?

2 _ 2 1,2 2

+r2d0?,

where a(t) is the scale factor describing the expansion of the universe. Indeed, when K > 0 we can
write the metric as ds? = —c? dt? + a®(t)do?, where the 3-space is identified with the hyperspace
w? 4+ 22 4+ y? + 22 = 1/K with the induced metric

do? = dw? + dz? + dy? + d2*%.
Using the spherical coordinates, w? 4+ r? = 1/K and wdw + rdr = 0, we get

do? = a4 ar? 4 r2a0? — —9 2402,
w? 1—Kr?
The cases K =0 and K < 0 can be handled similarly.
With a perfect fluid

T;w = (P + %) UpUy + PGy
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we impose the Einstein equation

1 8tG
RHV — iRguV + Agﬂ” = ?THV'

After some computation involving the Riemann tensor we get Friedmann equations

2~ 3 PT3 4T3 3

Here the first equation relates the rate of the expansion to the energy density, the curvature and the

a c?

<d>2 K2 8nG Ac? a 747TG ( 3p> n Aic2

cosmological constant and the second describes the acceleration or deceleration of the expansion.
Thus, A drives the overall dynamics of the universe’s expansion (accelerated or decelerated), while

K influences the spatial geometry (flat, open, or closed).

4. Let g, be a Lorentzian metric on a manifold M.
(a) Show that
1 v
0V=9 = =5V =99u09"".
(b) Show that there is a tensor V* = V*(g,,) such that (0R,,)g"" = V,V*.

Proof of (a) For fixed u, v we write
9= det(gap) = Y ausgup,
B

where (a,) is the adjugate matrix of (gag). Notice that in the above we are not using the Einstein
summation convention. Observe that the term a,g is independent of g,,,,, hence

dg 99us
p) :Z%ﬁa = aupden = ap
Guv 3 Guv 3

Recall that the matrix (a,g) is g times the inverse matrix of (g,,). Thus, coming back to sum-

mation convention, we have
9g

5 =
g )

09 = 99" 0G0 -

On the other hand we have

0=04= 5(9111’9#”) = (5guy)g,uu + guyég;wv
hence
5g = —ggw,(Sg‘“'.

Thus,

1 1 1 1
V—g=———"9>3g=| —— | (— HYY = .\ /— Ky

Proof of (b) First we notice that

SRy = 0RS,,, = 6(0uT%, +T%517,,) — (a(lower) <> v)

pav a

= 0461, + (0T )T, + T 5017, — 0,074, — (6T%5)T%,, — T%5007%,,.
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Since . ,
oz Oxz* Oz" _, oz™  9%a°
Ox> OxH Oxv'~ M Oxo OxH Oxv'’

I'9,, is not a tensor, but 6I'7,, is a tensor and we can consider its covariant derivative. Rearranging

’
Fa},‘z/ VI

some terms in the previous equation for 6 R, and using the metric compatibility, we arrive at

G SR, = g (VadT, — V,6T%,) = VoV,

ap

where

Ve = g"sre, — gheorY,,

is a tensor in term of g"” and §g"”. Observe that V =0 if g*¥ = 0 and 9,9g"*" = 0.

B.10 Section 15: Gravity (cont): Palatini—Cartan

1. (a) Show that if e, is related to g,,, then so is e, = A% 4e,®.

(b) Assuming that e,* is related to g,., show that det(e*,) = /—g.

(¢) If V# is a vector in the curved spacetime, show that V¢ is a tensor in flat Lorentzian spacetime,
but a scalar in the curved spacetime.

a

Proof of (a)  Since e, is related to g,,, we have

’ /

uv = @Maeybnab = @MaeybAaaAbbT]a/b/ = eua el,b Na'b’
that is, e,ﬂ/ is also related to g,
Proof of (b)  We have

—g = —det(gu) = —det(e#“eubnab) = —detz(e#“)det(nab) = detQ(eu“),

which proves the formula upon our convention that det(e,®) > 0.

Proof of (c)  This follows from
Va/ _ BMQ,V# — Aaaieuavy. — A(laiva

and ,
/ ozt Ozt
V=e,*VF =¢,° VY =¢,%0"VY =¢,*VF =V,
e H ax#/ oxV n v "

2. Show that

Gy = €%ap” [Opw %y — wy Sy “o] = (1 v).
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Proof We use the definition of the Riemann curvature tensor and the tetrad postulate to get

AaR%%, = [V, Vil As = Vi Viu(es" ) = (1 4 v)
="V, V, Ay — (u > v)
= 5" [0,V Ay — T%,Vady — w, 5V, Ad] — (1 v)
es” [00(0uAb — wuyAa) = T, Va Ay — w, (04 Ac — w,* Ad)| — (14> v)

— egb [—aywuab + wucbwuac] Ay — (n e v)

= eaaegb [aﬂwﬁb — w#cbwyac] Ag — (p o v),

from which the equation follows when we read off the coefficients of A,,.

3. (a) Show

1
ngabdm“ Adz’ = dw™ + w?e A wS.
(b) Prove two Bianchi identities DT® = R%, Ae® and DR = 0.

Proof of (a) We use the symmetry of Riemann tensor Ragu, = Ruvap and the result from

Exercise 2 to have

R,“,abdx” Adx? = ea“egbRWO‘ﬁ da* A dz”
= ea“egbRaBW dax? A dx”
egbgﬁﬂ,Ro‘ﬁ/W dxt N dx”

pry eaa
_ a, b BB« v a’ c a’ o v
= (ea eg’g"" e pep (auwy b — W Wy Cl) —(u+ I/)) dzt A dx
= (Quwy “p — wy o %o — (1 > v)) da* A da”
= 2(dw® + W AWS).
Proof of (b)  We have
DT® =dT° + w* A T? = d(de® + w A eb) + w A (deb + W A €e)

= dw® A e’ — w Ade? + w Ade® + W Awy A el

= R% A eb.
Also, we have

DR® = dR® +w". A R + w’. A R*
_ d(dwab +wacwcb) +wac(dwcb +wcdwdb) +wbc(dwac +wadwd0)
= dw Aw® — W A dw® + W A dw® + W A wCyg A w®

+ Wb A dw® 4 Wb A wy A w®

=0.
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4. (a) Prove that

EQB’WSG#V»Y(; = —2(5355 - 53‘55), e“’”"seﬂwg =924 V¢ 5= —eg‘bﬁcﬂ’.

(b) Show that 1agys = vV—g€apsys-

Proof of (a) In order to prove e*"%¢,,,5 = —2(6565 — 036) we notice that both sides are zero
if @« = B or u = v. Now assume that o # § and p # v. In the left hand side only summands with
{a, B,7,0} = {p,v,7v,0} = {0,1,2,3} are non-zero. Thus, we may assume {«, §} = {u, v}, that
is, « =, =v or a =v, = pu. In the first case {v,} = {u < v} is fixed and

Eaﬁvéeuu'yé = 6aﬁuv€o¢ﬁuv + Gaﬁvueaﬁvu = 723
since €"123 = 1, €g193 = —1. The other case is handled similarly.
Second formula e“”’*‘seuwg = —24 is proved similarly because in the left hand side we can assume

that {u,v,v,0} = {0,1,2,3}, there are 4! = 24 ways of enumerating 0, 1,2,3 and the product

Euwéeww for each enumeration is —1 as above.

For the third formula we have

’

! ’

Gaﬁ’y5€abc5 = €aﬁry6€o¢/6”y/5€a ae'B be’Y c
= (—02,05,60, tations)e® e e’
= (—0a/05,07, £ permu ations)e® ,e” e .

aBy

= “Cabc »

where we observed that both sides are zero unless «, 8, are distinct, in which case, the sum over
d is only the one with {a, 8,v,6} = {0,1,2,3}. Hence {«, 5,7} ={c/, 8,7} = {u < v < w} and
there are six permutations.

Proof of (b) We have

NaBys = gaa’gﬁﬁ’g’y"/'g55’na Fre
6&’/3’7/6,
= Yoo’ 9Bp" Gy~ 955’ \/jg
1
= —Y€apyi—FT—
R

=V —Y€apys-

5. Show that the Euler-Lagrange equation €gpeq [Rab - %ea A eb] A e = 0 is equivalent to the

Einstein equation R, — 3¢, + Agu = 0.
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Proof We have

= €abed

0 = €abed (Rab —e% Ne ) A e A dxP

R,w 611 ey ) eo S dzt A dz¥ A dx® A dzP

A
= €ubed <2ijab 3 e, €Vb) eaceﬂuaﬁ d4$

A
— et (37 - Jentet) di
or
1
0=—3 (R e g+ Ry Pety + Ry e’y — Ryt el g — Ry ety — Ry Pe?) d

B B B

A
+ 3 (e“ae”beﬁd +e¥ el pet g+ el et e’y — e wet el g — el petpety — et qe be”d) eu“e,,b
1 A
= *i(Reﬁd — Rdﬁ — Rdﬁ + Reﬁd — Rd’B — Rd’B) + g(lGe’Bd + G'Bd + eﬂd — 466(1 — 4eﬁd — 4eﬂd)
1
=2 <Rdﬁ — iReﬁd + Aeﬂd>
1 w B
=2 Rm/ - §Rgul/ + Agm/ €49
from which the equation R, — %gw + Ag,, = 0 follows.

6. (a) Show that d CS(A) = ((F, F)), where F' = dA+ AN\ A is the curvature of the connection A.
(b) Prove that 6CS(A) = d ({04, A)) + 2((0A, F)) and that the Euler-Lagrange equation of the

Chern-Simons action is F' = 0.
Proof of (a) Using properties (i)-(iv), we have
dCS(A) =d (((dA, A)) + %((A NA, A)))
= ((d®A, A)) + ((dA,dA)) + %((dA NAA)) — %((A NdA, A)) + %((A NAdA))

= ((dA,dA)) + ((dA, AN A)) + ((AN A, dA))
((dA+ANA, dA+ AN A))

((F,F)),

where we used the fact that our manifold has dimension 3, hence AN AANAANA=D0.

Proof of (b) Using the same properties, we get

5 CS(A) =6 <<<dA,A>> + §<<A A A,A>>>
= ((dSA, A)) + ((dA, 5A)) + §<<5A A A, A)) + §<<A NSA, A + §(<A A A,SAY)

= d((5A, A)) +2((6A, dA+ A A A)).

206



Since M is closed and the pairing is non-degenerate, from

0=0Scs = 2/M<<5A, F))

we get the Euler-Lagrange equation F = 0.
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